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The death of Simon Newcoms, D.Sc., Ph.D. LL.D., D.C.L,, etc., 
on July 11, 1909, brought to a close a life of marvelous activity, 
productivo of many achievements -of very high order and value. 

Notwithstanding his many other duties, NEWCOUS accepted 
a call to the Johns Hopkins University as Frofessor of Mathe- 
matics and Astronomy on the departure of Sylvester for England 
in 1854. At the same time he assumed the editorship of the 
American Journal of Mathematics. 

As Professor and Emeritus Professor in the University, and 


as Editor-in-Chief and Co-editor of this Journal he exerted here 
the marked influence of his personality for a quarter of a century 





The Quadric Spreads Connected with the Configuration 
ri}? and a Special Case in the Pascal Hexagram. 


Br W. B. CARVER. 


e —À— —— —— -—— 


In a paper on the Cayley-Veron se Configurations * the author called . 


attention to six cogics connected with tie’ configuration T%,s. This configuration 
contains six T$ ,'8 (a T? , is the well-known Desargues configuration), and with 
each I? , is connected a conic $ whose polar system sends each point of the con- 





figuration into its corresponding line. These six conics lie in a pencil, 4. e., they 


pass through four points. This theorem was proven in the previous paper by a 


i/ synthetic method which was not capable of immediate extension to the n-dimen- 


sional case. The first object of the present paper will be to give an analytic 
proof for the plane configuration, and then, by a simple extension, to obtain 
similar theorems for the n-dimensional configuration T%}7 „. In the second part 
ofthis paper certain of these pencils of conics connected with the Pagcal hexa- 
gram will be considered. | 


l. Tue Quapeic SPREADS or THE 171; „. 


‘1. The Plane Configuration T$. We may take as the equations of any 
six points in &, 
i Aa [5261,20 5, 6) 
with the relation s 


Any three of these points, as £; = 0, £, = 0, and £, = 0, determine a plane, 128; 
and there are twenty such planes. When we take a plane section of this figure 


— — — 








* Transactions of the American Mathematical Society, Vol. VI, pp. 584-545 (October, 1905). The notation 
used in this present paper was defined in the earlier paper. 


pt 


IM 


2 Carver: The Quadrie Spreads Connected with the 


we obtain the plane configuration I% ,, and the plane ijk of the 4-dimensional 
figure gives the point ijk" of the configuration Pj. Let the equations of the 
cutting plane be | 
| z Q4 X = 0 
$ . 
EISE. 
X B, c. ie 0 ( 2.33 ? ) 
i 


Then the equations of the twenty points of the Tj, will be 
Pe | 


£m HT 31 (pm erm |= Oe (659, Ee Se Fe ae 8] 
with the relations is | 
Y & 2 = 
b i i 


f 


(The last two relations may be regarded as definitions of " and Bs.) 

If wa, take the coefficients of the £’s in these equations as co-ordinates of the 
points we have three superfluous co-ordinates. These superfluous co-ordinates 
are conducive to symmetry, but they are very inconvenient in determining the 
equations of the conics $. Hence, sacrificing symmetry to some extent, we 
eliminate £, by using the relation | 


and then simply drop the 4th and 5th co-ordinates, leaving three ordinary 
homogeneous co-ordinates for each point.} These, together with the co-ordinates’ 
dropped, are shown ia the table which follows. 


— —— 








—— — — 


* Loc. cit, p. 535. í | 
+ Discarding thé 4th and 5th co-ordinates of these points amounts to projecting them from the line 45 
upon the plane 123 of the reference figure in §,. 


Li 











Configuration IR}? „, and a Special: Case in the Pascal Hexagram. 3 
iie v BY s i (L; 
! 7b, — 
Vb X pc B; Ê; 
i ‘Co-ordinates, . 
7» 0 0 
7l; | 7L; F Tes Mss F 74s 
Nas [ 7b Q 
Mis Tgi | 0 
0° hs RS 9 0 
f Mee 0:78:28 Tz 
Ts ; 0 May 
0 | . $0 Tyo 
0 7U5; 70 
0 Thig Tiz 
7r Msg Tgi 
T Ta F- Mie um 
7b, 7b, Ar 70s Ay 
Mz T 703 Tigy 17 765 07108, 
Tis 7hs Ms F Nig 
Tia 7b; 7b; F 7t» 
7t F Mes 7lgs Mas E gs 
765 F Thee Mog 7b 
753; F 7t5 Tgi Msi 
75» 7t» Tt 














Now the conie $, is such that its polar system sends any point of the con- 
figuration whose symbol contains the digit 4 into the line whose symbol contains 
the digit è together with the three digits not contained in the symbol of the 
point.* "Thus $, sends the point 123 into the line 1456, $, sends this line 1456 
into the point 236, etc. Since the line 1456 contains the points 456, 156, 146, 
and 145, it is evident that any one of these four points together with the point 
123 forms a conjugate pair with respect to ®ı- Five independent pairs of con- 
Jugate points determine the conie, and its equation may be written at once in 
terms of the co-ordinates of these points. Having treated 4 and 5 in a special 
manner, we do not expect the equations of $, and ®; to be symmetrical with 


—, 











* Loc. cit., p. 548. 
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those of 9, $», $5, and Ọs | We obtain the following sufficiently simple 
results : | | | | | 
Oy = Tu (7t + 76i) 2j + ASUNT ET 0 ` 
5 = 2 ta (7t; + 745) vi + 22 Ms Pjs Xi rj OO” 
$i (atis nis (7t + M) + 765 ny (764 + 704) | €; 
Muy (Mig Mis 765 F Mis Mia Mh) Li Lj — 764 Ds H Map =O (71, 2, 8, 6) 


(i, 7 = 1, 2, 3) 


The fact that the six conics lie in a pencil is evident at once from these 
equations. 

[The zs may be regarded as co-ordinates in S, of the cutting plane, an . 
extension of Plücker's line co-ordinates in ordinary space. There are altogether 
(2) or 15 of them. Between these 15 z's, however, there are six independeni* 
quadratic relations of the type | 


ffs Ti + Tog Me E 764 765 = 0 

In finding the equatiods of the ¢’s, these six relations have been used to 
eliminate six of the z's. Hence these equations are expressed in terms of nine 
708, between which there are only the two linear relations 

D == 0 
and We -34.,0) 

| Z Mig = 0 

If we use these two relations to eliminate ate, and 7, the equations of the @’s 
will contain only seven homogeneous, or six non-homogeneous, independent 
constants— the proper number to fix a plane in §,.] 


2. The n-Dimensional Case. The (" }*) points of the configuration PE? „ 
may be given by the equations 
be E; £x | | 
4% a, | = 0 (6,2, 5 1, 2; ....,2+ 4) 


b: B; Bx 


with the relations 


-———— 





um 


* There are altogether ({) or 15 such relations. We obtain a set of six which are independent by selecting 
the six which contain a particular T, as 7,,. 
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Configuration Ti}? p, and a Special Case in the Pascal Hezagram. 5 
With this configuration are connected n + 4 quadric spreads. The spread d, is 
defined by the fact that its polar system sends any point whose symbol contains 
the digit t into the co-point (or S, ;) whose symbol contains the digit 7 and the 
^» 4-3 digits not contained in the symbol of the point.* "The equations of these 
autlvies are, | 


; ad € ! 
Pires * Min +2) (7t +2) T 7o» 42): + 22 Minta Nin +2) €; t; =O, 
$4573 i Tin + 8) (Tinta T Anse) (n 4-3) à p d Min +8) Min +3) Gr; = 0 


o Enemy Pues + 7-3) Prya = 9 Per | d 
| (57-7 1,2, 5...,n--1 and kz51,2,...., n - 1, n 4- 4) 
it is evident that these n +4 quadrics lie in a pencil, i. e, that they all 
pass through! am (n = 2)-way spread of the 4th degree.f The equations contain 
^" + 6 ns which are connected only by the two linear relations 
| 2 Min 4-2) 770 
> Tim 4.3) 7— 9 


ve have then 2n + 3 homogeneous, or 2n + 2 non-homogeneous, independent 
constants. ae 


3... The P^ 12, Determined by the Quadrics. Tf to the 2n + 2 constants in 
our equations of the quadrics we add the n? + 2n constants of a eollineation in 


S., we have n? + 4n + 2, the proper number of constants for the general pencil 
of 4 quadries in §,. The configuration Titin is also determined by 


‚aan 4-9 arbitrary constants. This suggests that the pencil of n+ 4 


quadrics may be taken arbitrarily, and that the configuration with which they 
ere connected will then be determined. This may be verified analytically. 

| Consider, for simplicity, the plane case. The polar system of the conic $, 
sends the point 123 into the line 1456, ete. Hence, using the @’s as operators, 
and operating on the point 123 successively with 9,, $,, Ps, Os, and $., it is sent 


3 — o —— — 











* Cf. Veronese, Behandlung der projectivischen Verhältnisse der Ränme von verschiedenen Dimensionen, 
21c., Mathematische Annalen, Vol. XIX (1882), p. 194. 

{Tho simple one-dimensional case of this theorem is interesting, and is, to the best of the writer’s 
knowledge, new, The T?, is the configuration of ten points on a straight line obtained by making an arbi- 
trary lins-section of the Desargues figure. It is well known that we can pick out of these ten points (in five 
dific cal Ways) a set of six which form three pairs of a quadratic involution. Our theorem gives the additional 
fact insi the Ane -pairs of double points of these involutions are pairs of another involution, 

tAuthor’s paper, loc. cit., Theorem IX. | 
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into the line 1236, and this line passes through the point 123. The equations 
of the @’s being known, this gives a quadratic relation which the co-ordinates of 
the point 123 must satisfy. If now we replace $, and 9, by 9, and >, ‚respect- 
ively, the point 123 will be sent into the line 1234; and this gives a second 
similar relation. These two equations are sufficient to determine the point 123; 
but since they are quadratic equations, there will be four solutions. Having 
thus determined the point 123 (or any other point of the configuration) the 
remainder of the configuration is uniquely determined, being readily built up by 
the linear process of taking poles and polars with respect to the g’s. A given 
pencil of six conics may then be connected with any one of four Tes COn- 
figurations which are determined by the conics. 

—-A similar procedure serves for any Thn. The quadrics $i, $1, 9», Qs, 
and 9, will send the point 123 into the co-point (or 5,3) 12367 .... (n + 4), 


ss giving a quadratic relation which must be satisfied by the sd lilinates of the 


l 


—point 123. iiptacing $, and >; by $; and $, respectively, then 9, and p, by | 
Ds and 9,,.. f. and finally $,,, and $,,5 by n+ and $,44, we obtain, in all, 
^n equations,* which are sufficient to determine the point 123. Since they are 


quadratic relations, there will be 2" solutions. Hence, a given pencil of n+ 4 


-quadric spreads in S,, may be connected with any one of 2" T343 „ configura- 


tions which are determined, by the quadrics. 


4. -Quadric Spreads Connected with the General Configuration D The 
theorems in the author's previous paper} concerning the conics Meu 


-— with the general plane configuration T}, > may now be readily extended, We 


have first the following: 
Connected with every So (where vSr+2 and n>Sv+ 2) are. 


Ga 25.) (abii t) farie ae by (r+ A's in G vn) C Hg 
meneiis, each quadric in v —r —1 pencils. 

And combining this theorem with its dual, we have: 

Oonneeled with every Ti, (where v Sr 4+2 and n5v+3) are 


[ 15] fa PERS quadrics which lie by (r + 4)'s in EG UR 
pencils, each quadrie in y —r—1 pencils; and which also lie by (r + Ays in 
(oz EE 11 ranges, each quadric in n-—v—2 ranges. 


y —T—1 











*' here are, in fact, (^j!) such conditions on the point 123; but n of them, which are independent, may be 


chose» in the manner indicated. 


+ Loc. cit., pp. 544, 545, 
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II. SPECIAL Li;s IN THE PasoAL HEXAGRAM. 


1. Cayley’s Special Y$,. There are eleven examples of the configuration 
T$a in the Pascal hexagram, of which the best known and least interesting 
js made up of the twenty Steiner points and fifteen Plücker lines.* The 
remaining ten examples were treated by Cayley.+ Let a, b, c, d, e and f be 
six points on a conic C. Consider the six hexagons obtained by taking a, b and c 
as alternate vertices and permuting d, e and f in the six possible ways for the 
other vertices. The six corresponding Pascal lines meet by threes in two Steiner 
points. These six Pascal lines and the nine lines which make up the sides of 
the six hexagons are the fifteen lines of a T$a. (See Fig. 1. The Pascal lines 
are, dotted, and the other nine lines are solid) But these lines meet by threes, 
not only in the twenty points of the T$ ,, but also in six extra points— the points 
on the conie C. The lines and points of the T, are designated by the usual 
combinations of the digits 1, 2, ...., 6. The two Steiner points, being opposite 
points of the configuration, have the symbols 123 and 456. The three lines 
2345, 1356 and 1246, which in the general I'$ , would not be collinear, meet in the 
point a. The two digits not contained in the symbol of each of these three lines 
are respectively 16, 24 and 35; each pair being composed of one of the digits 
1, 2, 8, and one of the digits 4, 5, 6. Paring them off differently, as 15, 26 and 
34, we are led to the three lines 2346, 1345 and 1256 which meet in the point b. 
We may similarly find each of the six sets of three lines which meet at each of 
the points a, b, ...., f. They are shown in the following table: 


a b c d e f 


1 6: 28345 5: 2346 4: 2306 6: 2345 4: 2356 5: 2346 
2 4: 1356 6: 1345 5: 1846 B: 1346 6: 1845 4: 1356 
3. 5: 1246 4: 1256 6: 1245 4: 1256 b: 1246 6: 1245 





* For a bibliography of the Pascal hexagram and a résumé of the known theorems, see Salmon, Conic 
Sections, p. 379; Richmond, On the Figure of Six Points in Space of Four Dimensions, Quarteriy Journal, 
Vol. XXXI (1899), p. 125; Klug, Die Configuration des Pascal’schen Bechseckes (1898). 

tSur Quelques Thöorömes de la Géométrie de Position, Crelle’s Journal, Vol, XXXI (1846); or Collected 
Papers, Vol. I, p. 817. Also, On Pascal’s Theorem, Quarterly Journal, Vol. IX (1868); or Collected Papers, 
Val. VI, p. 129. 
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2. Analytic Methods. Since we have the co-ordinates of the points of the 
general T$ a, the equations of its lines may be written, and we may derive at once 
the conditions that the required sets of lines may be collinear. Thus the lines 

2345 x, = 0 
1356 — 745% + (Mis + Mag + Mes) Le — Mgs Xg = 0 
and 1246  — 76,2, — Mey Ze F (7t + 7t F My) Hy = 0 


are collinear if 


1 0 0 
— Thy Mis + 76s + Mes — ag | =0 
— Wy — Thy Nyu F ny + Mey 
By using the relations 
X My = 0, Èm = 0 (=1,2,....,6) 


and 70, 7tgs F 7055 Thy F Tes Tyg = 0 


the condition reduces to 
Teg + 7s F Tes + Ty = 0 


The six conditions obtained thus are: 


(a) Mag + st nea + 7% = 0 

(b) — 7t + ty + At 7 = 0 2 
(c) na + 7üs + Ms + My = 0 (I) 
(d) Mag + Tus + 75 + T = 0 

(e) — 7üs + Tus + 7t + My == 0 

(f) Ta t na + 76s + ys = 0 


. As a matter of fact, however, there are only three independent conditions 
upon the xs, the following set of three conditions, for instance, being entirely 
equivalent* to set (I) above: - 


(1) 7& + ags + ag —0 | 
(2) Tlo + Mes + us = 0 Í (II) 
(3) us + 7s + ag = 0 


* Any condition of set (I) may be derived from set (II) (and conversely) by using the relations such as 
Wig Ky t uy My t+ Hy mu, = 0 
and assuming that none of the ms are zero. If one of the ms were zero, we would have a degenerate con- 
figuration of no interest. 


2 


10 Carver: The Quadric Spreads Connected with the 


This set of three conditions is convenient in that they contain only the 
seven independent n’s. By adding these three equations, we obtain the useful 
additional relation 

(4) Tyg F Mes — 76g = 0 

When conditions (II) are imposed upon the genera] l'$ 5, the six sets of three 
lines will be collinear, and in addition, the six meeting points a, b, ...., f will 
lie onaconic. Cayley’s special I, has, then, eleven degrees of freedom instead 
of the fourteen degrees of freedom of the general Té.” The general T$, 
(Desargues figure) has also just eleven degrees of freedom; and it is interesting 
io note that any one of the six [},’s in our Cayley figure may be taken 
arbitrarily, and that the remainder of the configuration will then be determined. 
Consider, for instance, the I'$ ; made up of those elements containing the digit 6. 
‚(See Fig. 1.) The two triangles 146, 246, 346 and 156, 256, 356 are perspective, 
with the point 456 and the line 1236 respectively as center and axis of perspec- 
tive. The non-corresponding sides of these two triangles meet in six points of 
a conic, a, b, ...., f. The sides of the first triangle join the points ae, bf and 
cd; those of the second triangle, a f, bd and ce. If we pair off these letters 
in the third way cyclic with these two, ad, be and cf, and join these pairs of 
. points, we form a third triangle, 145, 245, 345, perspective with the two original 
triangles from the same center 456. Adding the two new axes of perspective, 
1234 and 1235, our Cayley figure is completed. - 

Since the ws are co-ordinates in &, of the plane of intersection, the three 
conditions we have found may be interpreted as geometrical restrictions upon 
the choice of this plane. A linear condition on the ws means that the plane 
belongs to a linear complex of planes. Our plane must then be one of the o? 
planes which are common to three such complexes. In set (I) each of the six 
conditions indicates that the plane is one of the complex of planes which cut a 
certain line. Condition (a), for example, indicates that the plane cuts the line 
common to the three spaces 2345, 1356 and 1246. 





* Author’s paper, loc. cit., Theorem IX. 

t Notloe that in this Cayley figure there is symmetry with respect to the two triads of letters a, b, c and 
d, e, f; also with respect to the two triads of digits 1, 2, 8 and 4, 5, 6. In our analytic treatment, the 
symmetry with respect to 1,2,8 is evident, but the symmetry with respect to 4, 5,6 has been obscured by 
the special treatment of these digits. 

{Cayley treated this T$, a5 & Cis, i. e, as being the projection upon a plane of the figure of six planes 
in ordinary space. In his first paper, loc. cit., he stated that for this special 0, there were certain conditions 
upon the six planes; but in the later paper he corrected this statement, and showed that the six planes might 
be chosen arbitrarily, and that there were three conditions upon the point chosen as center for the projection. 
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The plane section may of course be obtained by taking first a space section 
and then a plane section. In this case, the space section may be taken 
arbitrarily; and then, .to obtain the special Cayley figure, the cutting plane is 
determined. In the intermediate space configuration Ij, (the figure of two 
perspective tetrahedra), the combinations 2345, 1356, and 1246 represent planes. 
Let the point determined by these three planes be called a. Five other points, 
b,c, ...., f, may be similarly determined in accordance with the table in 
paragraph 1. . These six points lie in a plane, which we use as the cutting plane. 
‘Ten such planes are determined by any T% s configuration, corresponding to the 
ten ways of separating the six digits into two triads. 


3. The Conics of the Cayley Figure. We naturally expect to find some 
connection between the conic C and the pencil of conics $. Using the relations 
of set (II), the equations of the conics $, and $, reduce to 

Q, o5 Eua Thy gio 22 76, 75, Wy 0 = 0 
| PE E ras meat H 2E mg mpm 25 = 0 
The —€ of the six points a,b, ...., f are found to be 
a: (O, Tss, a) — d: (0, Tis, tas) 
b: (7144, 0, Ts) e (Ti, 0, 7&1) 
e: (765, 754; 0) J: (7t; 75, 0) 
and the conic C, through these points, is simply - 
C= 22 Ts Tas 21 + 23 (nu 76, +) = + P = O 
which shows that the conic C lies in the pencil with the conics $. Any conic 
of this pencil may be expressed in the form 


$3 AGS = 0 
the three conics q,, @; and C becoming thus the base conics of the pencil, +. e., 
the conics having the parameters 0, © and 1 respectively. 
If A, denote the parameter of the conic $,, we have 


450, A =o, and A mE (when 4 — 1, 2, 3 or 6) 
5 
and or we have the relation 
1 1 
atrata ratrat 


If the X's were parameters of points on a line, this equation would indicate 
that the point whose parameter was 1 had the same second polar with respect to 
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the three points 2,, %s, A, that it had with respect to the points 24, As, As. * 
Considering the conics of our pencil, then, as elements, we may say that C has 
the same second polar with respect to the two triads of conics $,, $3, Ọs and 
$1, $s, Po- The conic C’ which is the common second polar of O with respect 
to the two triads has the parameter (see Fig. 2) 


— Ta IT 
Mes + 75 
4. The Conics k. We next notice that the conic 
$,— 0570 


has no square terms, and is therefore circumscribed to the triangle 145, 245, 345. 
This is one of the three triangles which are in perspective from the point 456. 
Because of the peculiar symmetry of our configuration, it follows that there is a 
conie of the pencil which is cireumscribed to each of the six triangles 


(1) 234, 235, 236 (4) 156, 256, 356 
(2). 134, 135, 136 (5) 146, 246, 346 
(3) 124, 125, 126 (6) 145, 245, 845 


and these six conics may be designated respectively (see Fig. 3) as 

: ky, ky, ks, ky, ks and ks 
We have seen that the parameter of % is —1. Hence we may say that A, is the 
polar of C with respect to $, and &,. Similarly %, must be the polar of C with 
respect to &,, a; Æ the polar of C with respect to ,, Qs; etc. The parameter À 
for each of the conics in ‘the pencil is shown in the following table: 


. Conic Parameter Gonic Parameter 
g 1 ; C! Tiss — 3 Meg 
Tes F 7s 
Thy | Tag T They 
" 76 A Thos + Tes 
De ` Tiz, Ti + Tei 
Teg Nes + 7s 
Thos Thy 7 
9s Tas Ms Ts + Mos 
2 — 
Q; 0 k, 0 
u. 
Qs = kes Dr — Thay 
$o B LM 


* These }’s may, for instance, be considered as the partmeters of the centers of the conics. These centers 
have the polar relations as stated (see Fig. 2). 


i 
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b. The Common Tangents to Pairs of the Conics k. It will be seen that 
eighteen of the twenty points of the configuration — all except the points 123 
and 456 — lie on the conics k, three points on each of the six conics. Opposite 
points of the configuration, such as 124 and 356, are conjugate with respect to 
each conic of the pencil.* Hence the line joining 124 and 356 is cut by these 
conics in a quadratic involution of which 124 and 356 are the double points. 
But since these points lie respectively on %, and &,, they must be the points of 
contact of a common tangent to these two conics. Similarly, all the points of 
the configuration except 123 and 456 are points of contact of common tangents 
to two conics, one from each of the two sets %,, ks, 4; and k,, kg, Ke. 

If we draw tangents to the conics %,, ky and k; respectively at the points 
156, 146 and 145, these tangents all touch the conic Æ. The points 156, 146 
and 145 lie on the straight line 1456. There must, of course, be some relation 
between four conics of a pencil in order that such an arrangement be possible. 
To discover this relation, we may consider the metrically special case of a pencil 
of circles. Using rectangular Cartesian co-ordinates, and taking the pencil 


(à? +o + 2ac ta) +All + s? — 2a; 4-07) —0 


the base circles of the pencil will be the three degenerate circles. By taking 
the pencil in this way, any projective relation between circles of the pencil will 
be given by a condition on the 2/s independent of the constant a, and the result 
will be applicable to any pencil of conics. The common tangent to the two 
circles &, and %, touches k, at the point 


QAM A Vy ACA) 
GIU (ACA TENA, 


and the condition that the three such pointe for k,, ks and k, lie on a straight 
line is 








" 1 1 
Ah, v 1—4A, 
1 1 
1 — e À— —0 
^ 5 A/ 1— Ag 
ral 003 


* Author's paper, loc. cit., p. 044. 
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When we remove the factors* which simply make A, = As, etc., we have left the 
condition 


WA + M24) ^ 1 — Ay + (MÀ + A 24) ^/ 1— As 
+ (Vay + vi) VI —Ag=O (HD 


It is noticeable that this condition is entirely free from à. A similar relation 
must exist, of course, between 24, às, and As. | 

It is. interesting to build up the configuration from these conics k. The 
three degenerate conics of any pencil are chosen; and then the conics %,, ky, 
and 4 of the pencil are taken with their parameters (referred to the degenerate 
conics) satisfying condition (III). X, may then be taken as any other conic of the 
pencil. Any one of the four common tangents to k, and k, may be drawn, the 
points of contact being the points 234 and 156. "Then we can select one of the 
common tangents to 4, and ks, and one of the common tangents to k, and &, so 
that the points of contact 146 and 145 on ks and k, respectively will lie on a line 
with 156. The sixteen possible selections after the first common tangent is 
drawn correspond to the sixteen possible choices of sign in condition (III). The 
remaining points of the configuration will now be linearly determined, together 
with all the other conics. Although there are thus four different configurations 
determined when the conics 4,, 4, ks and k, are fixed, the conics A, and A, are 
the same for each of the four cases, and hence are uniquely determined, by 
ky, hts, k,and k. It has been shown (Part I, Section 3) that when the six conics 
@ are given, four different I'/'s are determined by them. If, in this special 
DI';5, the W's are given instead of the $'s, the same four I'4*;'s are determined. 

If we consider the metrically special case in which ‘the $'s and As are 
circles, it is evident that when one of the four configurations is drawn, another 
of the four may be obtained by reflecting the whole figure in the line of centers 
of the circles. This fact may be readily. translated into projective language. 
Let the conics $ and & be given, and let one of the four configurations which 
they determine be drawn. Ifa point of the configuration lying upon A, be pro- 
. jected upon %, from one of the vertices of the common self-polar triangle of the 
conies, the point obtained will be the corresponding point of one of the other 





*If we make the substitution A, = sin? a,, we can readily remove the factors sin A , Bin a and 


sin 4, {rom the determinant. 


^ 
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configurations. Hach vertex of the self-polar triangle may thus be used to 
obtain the points of one of the configurations. The points a, b, c, d, e, and fon 
the conic C will be similarly projected into three other sets—a set corresponding 
to each configuration. 


The Pascal hexagram contains ten of these Cayley configurations, each with 
its pencil of conics. The conic C lies in all of the ten pencils. The conics of any 
one of these ten pencils determine three new Cayley configurations and three 
new sets of six points, a, b, ....,f, on C. The three new sets determined by the 
conics of one pencil are not the same as the three sets determined by the conics of 
another. It would be interesting to discover just how this extensive system 
closes in. 


CORNELL UNIVERSITY, June, 1907. 
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The Group-Membership of Singular Matrices. 


By Artaur RANUM. 


INTRODUCTION. 


It is well-known* that the totality of non-singular matrices (linear homo- 
geneous substitutions with non-vanishing determinants) form a group under the 
usual law of composition or multiplication. It has not been so generally recog- 
nized that there exist sets of singular matrices (linear substitutions with vanishing 
determinants), which also form groups under the same law of composition. For 


instance, the set of binary matrices of the form E eh a d 0, obviously form 
aa) 


a group of which H D is the identical matrix. 


Not all singular matrices, however, belong to groups 5. €. g., & <1) 


does not belong to any group whatsoever. It becomes of interest, therefore, to 
determine whether a given matrix belongs to any group or not; if it does, to find 
the nature of the largest group to which it belongs; and if it does not belong 
to any group, to show that there always exists a certain simple relation between 
it and a uniquely determinable group. 

In short, we wish to make a complete classification of all n-ary matrices as 
to their group-membership and exact relationship to groups. It will also be 
found that we shall naturally be led to certain incidental results on the roots - 
of & matrix. | | 


* Weber's Algebra, Vol. II, 2nd edition (1899), $ 41, p. 168. 

+ In this paper the word group will be used in the generally accepted sense and not in the broader sense 
recently given to it by Frobenius and Schur in the Berliner Siteungsberichte, 1900, I, p. 209, and by Autonne in 
the Comptes Rendus, 1906, Vol. CXLIII, p. 670. Frobenius and Schur fn their other papers employ the word 
in its usual sense. 
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Part I. Group-MEMBERs. 
Definitions and Preliminary Notions. l 

1. Throughout this paper the elements of the matrices will be unrestricted 
real or complex numbers, belonging, therefore, to the continuous domain. The 
number of rows or columns of a matrix will be called its degree. As usual, 
a matrix will be said to be of rank r, if it contains at least one r-rowed minor 
determinant that does not vanish, while all its r-+-1-rowed minor determinants 
vanish. Following Sylvester, the vacuity* of a matrix will be. defined as the 
number of zero roots of its characteristic equation. A non-singular matrix of 
degree n is therefore of vacuity 0 and of rank n, while a singular matrix is of 
vacuity v >0 and of rank r<n. The matrix zero (whose elements are all zero) 
will be denoted by the symbol 0,, where is its degree. A matrix different 
from zero is said to be nilpotent, if one of its powers is equal to zero. The nil- 
potent matrices are known to be precisely those whose vacuity is equal to their 
degree and whose rank is >0.7 The unit matrix of degree n will be denoted 
by the symbol U,. 

Two matrices M and M' are jud to be stmtlar, if there exists a non-singular 
matrix L such that L^ ML = M'. L is said to transform M into M’. In the 
same way two sets of matrices S.and S’ are similar, if there exists a non-singular 
matrix that transforms all the matrices of S into those of S’. A set of matrices S 
is said to be completely reducible, or simply reducible, f if there exists a similar 
set S’, all of whose matrices are of the form 

M, 0: 

0" M) 
where the symbols M, and M, stand for component matrices of degrees a and b 
respectively, and the elements of the remaining rectangular matrices are all zero. 
Symbolically, we may write 


S — " si): 


* AMERICAN JOURNAL OF MATHEMATIOBS, Vol. VI (1884), p. 273. 
+ Frobenius, Orelle's Journal, Vol. LXX XIV (1878), p. 15, VI. | 
1 It is well-known that there are groups of non-singular matrices that are reducible to the form 


(m ey) 

da Fy 

without being completely reducible In the sense defined above, But it will be shown that every group of 
singular matrices is reducible In the latter sense. 
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2. From the theory of elementary divisors* we borrow the theorem that 
every matrix M! of degree n is similar to a matrix of the form 


~ 


M= (X) etz, G) 


in which the component Z, is non-singular and the component N, is either nil- 
potent or zero; v is then the vacuity of M’. If M! is non-singular, v — 0 and 
M = L,; on the other hand, if M’ is nilpotent or zero, u — 0 and M = N,. 
Let the characteristic equation of M’ be written d (A) —0. It has v roots 
equal to zero. Let the corresponding elementary divisors of the characteristic 
determinant of M', which we shall call vacuous elementary divisors, be denoted 
by A9, ...., A^, where &(26,1(?— 1, ...., 8—1) and e + .... $e — v, 
Then [6,&....&,] is the characteristic] of the component matrix N,. Now M ` 
can be chosen in such a way that 


E, 0 0 
0 E 0 
ls NT oA (2) 
Ü 0.... E - 
where 
010 . 0 
001. ....0 l 
Wh REN REN , Of degreė e (=1,...., 8). (3) 
000.... I i i 
000. 0) 


When this is done, M; is said to be in its canonical form. When the non-singular 
component L, is also chosen in its corresponding canonical form, M is said 
to be the canonical form of M’. Since the irreducible nilpotent component 
E, ($—1,....,6) is obviously of rank e, —1, it follows that M, and therefore W’, 


is of rank r= u + S (¢,—1)=u+v—s=n—s. If N, is irreducible, so that 
i 1 


8-1, M! is of rank n — 1. On the other hand, if any one of the vacuous 
elementary divisors of the characteristic determinant of M' is linear, e. g., if 


* Bee Muth's *«Elementertheller" (1809), 88 77-79, pp. 162-158; also Bécher’s “Introduction to Higher 
Algebra” (1907), Chap. XXI, and In particular $100, p. 292. The latter book is especially to be recommended 
as an introduction both to the theory of matrices and to the theory of elementary divisors. 

+See Böcher’s +t Higher Algebra," $$ 99 and 100. 
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6, —1, then Z,=0, and M has at least one irreducible zero component. If all of 
the vacuous elementary divisors are linear, then N, is zero, 


el | (5 


and M! is of rank r= u — n — v; in other words, its rank is equal to its degree 
minus its vacuity. 


Groups of Singular Matrices 


3. Consider a set of matrices, finite or infinite in number, of the for 


L, Ju Fr 
37 M uL 0,)? ete., 


of rank 7 and vacuity v, in which Z,, Li, etc., are non-singular, if r >0.* 
It is apparent that if L, Ll = L/, then M M' = M", and conversely. Therefore 
the given set of matrices will form a group G = (€ # if, and only if, their 


non-singular components form a group G,. In every such group @ the identical 
matrix is 
putt (5) 


and the inverse of any matrix M is | 
M= Ip 0 


In particular, the totality of the matrices of this form constitutes an r?- parameter 
continuous group,.of which all the other groups are subgroups. It will be noticed 
that all its matrices have the same rank r. | 

We wish to show that every possible group of matrices is similar to some 
group of the kind just described. 


The Rank of a Group. 


4. Lemma: All the matrices of a group have the same rank. _ 

For if A, of rank a, and B, of rank 6, are any two matrices of a group, then 
matrices C and C^! can be found to satisfy the equations A= BC and B= AC"; 
and since the rank of the product of two matrices is equal to, or less than, the 
rank of either factor, the first of these equations shows that a <b and the second 
shows that ba; therefore a= b. 

The rank of the matrices of a group will be called the rank of the group. 

* The extreme case, in which r = 0, can be disposed of at once, The only matrix of rank zero is the 


. matrix zero, which clearly constitutes a group of order one. 
’ & 


er 


"d 
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5. This lemma compels us to exclude from group-membership every matrix 


M of the form (1), in which J, is nilpotent. A 
For ; Le 0 
M" = 0 we) J 


and since N, is nilpotent, u can be chosen large enough. so that N¥ —0,; in that 
case M^ will be of rank u. Now since N, is different from 0,, its rank is >0 
and the rank of M is > u; therefore M is of higher rank than M^". But if M 
belonged to a group G, M" would belong to @ and, by the lemma, would be of 
the same rank as M. 


The Conditions of Group-Membership. 


6. Ifa matrix belongs to a group, every similar matrix belongs to a similar 
group, and if a matrix does not belong to a group, no similar matrix can belong 
to a group. Now since every matrix is similar to a matrix of the form (1), 
which we have seen to be a group-member, if the component N, is zero, and a 
non-group-member, if N, is nilpotent, therefore we have proved the 

 TuronEM: A necessary and sufficient condition for the group-membership of a 
matrix (of rank r and vacuity v) is sts similarity to a matriz of the form 


ree! EO 
in which L, is non-singular, 

It is apparent from the proof of this theorem that the different powers of & 
matrix all have the same vacuity, but not necessarily the same rank; they do 
all-have the same rank, if, and only if, the matrix is a group-member. 

7. From this theorem, in view of the principles of elementary divisors and 
of canonical forms as stated in § 2, we easily derive several characteristic properties 
of group-members, any one of which distinguishes them from all non-group- 
members. ‘Since all non-singular matrices are group-members, it will be con- 
venient to confine the statement of the results to the only un case, that . 
in which the matrices are singular. 

Thus, a singular matrix belongs to a group, if and only tf, tt satisfies any one 
of the following equivalent conditions : 


(1) iis powers are all of the same rank ; 

(2) its canonical form has no components that are nilpotent ; 

(3) it is reducible to a non-singular matrix bordered with zeros ; 

(4) the vacuous elementary divisors of its characteristic determinant are all linear ; 
(b) tts rank is equal to its degree minus its vacuity. 
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If the vacuity of a matrix is zero or one, condition (5) is necessarily satisfied. 
Therefore every matrix of vacuity one/ as well as every non-singular matrix, 
is a. group-member. For instance, every ternary matrix whose characteristic 
equation has at least two roots different from zero is a group-member. 


idempotent Matrices. 


8. Now consider the identical matrix J of any group. It satisfies the con- 
dition I? = J and is therefore idempotent ; conversely, every idempotent matrix 
is the identical matrix of some group. Every such matrix, by the theorem 
of §6, is similar to a matrix of the form (6), which in this ene case becomes 
the matrix (5). Accordingly, the roots of its characteristic equation are equal 
to one or zero, and not only the vacuous elementary divisors of its characteristic 
determinant, but all the elementary divisors, are linear. Since the latter con- 
dition is also sufficient, we have proved the | 

THEOREM: A matrix I (of rank r and vacuity v) is the identical matrix of a 
group, if, and only if, it satisfies any one of the following equivalent conditions : 

(1) it às idempotent, that is, P — T; 

(2) it 4s similar to a matriz of the form 


i U, 0 
(0" o RR (7) 

in which U, ts the unit matrix of degree r ; | 

(3) the roots of its characteristic equation are equal to one or zero, and the 
elementary divisors of its characteristic determinant are all linear. 

Its rank r is equal to the multiplicity of the root one, while its vacuity v 
is equal to the multiplicity of the root zero. If v=0, I= U,, while if r — 0, 
I = 0,; in each of these two extreme cases there is only one identical matrix. 


- Periotlic Matrices, . 
9. Again, suppose that a matrix M belongs to a group of finite order G';, 
then it may be spoken of as of finite period, or simply as periodic. If m is its 
period and J is the identical matrix of @, then M” = I and M^*!— M. Con- 
versely, any matrix that satisfies an equation of the form M™+1= M is periodic; 
for since the. powers of M include an identical matrix M" and an inverse to M, 
namely M”-!, they form a group. 
If, in the theorem of §6, the matrix (6) is of period m, then L7-—U,; 
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therefore L, 18 periodic i in the usual non- singular sense, and c can be chogen in the 


canonical form 
Epee 0 
PR EM (8) 
Oxon, 
in which &,, ...., e. are-mth roots of unity. Thus we have the 


THEOREM: A periodic matrix (of rank v and vacuity v) ts characterized by any 
one of the following equivalent properties : 

(1) one of rts higher powers is equal to its first power ; 

(2) 4t 4s similar to a matriz of the form | 

L, 0 
| 0.0,)° (6) 
in which L, is given by equation (8) ; 

(3) the roots of its characteristic equation are roots of unity or zero, and the 
` elementary divisors of its characteristic determinant are all linear. | 


The Canönical Form of a Group. 


10. We now come to the solution of the problem stated in 83. Let @’ be 
any group whatever, of finite or of infinite order, and let r be its rank, 7’ its 
identical matrix, and M’ any one of its matrices. Then, by the theorem of 88, 
there exists a non-singular matrix L that will transform J’ into l 


= t3 E b (5) 
Suppose that L transforms G" into G and M' into 
mE ar (5 4 
where A and B are rectangular matrices. Since M must satisfy the equations 
M-—MI-IM,itfollows by direct calculation that AÁ = 0, B = 0, and L, = 0,, 
and that M must be of the form (6); moreover, since its rank is 7, its component 
L, must be non-singular. But M is obviously any matrix of the group @. 
Therefore we have arrived at the 
THEOREM: Every group of matrices of rank r is similar to a group 
8 — (4° o). 0. Q) 
in which G, is a group of non-singular matrices of degree r.* 


- * For the special case in which the group is of finite order, this theorem was proved by Schur, “Neue 
` Begründung der Theorle der Gruppencharaktere," Berliner Sitzungsberichte, 1905, I, p. 418, VIII. 
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G is said to be a canonical form of the group. In other words, a set of 
matrices will form a group, if, and only if, it is similar to a set of matrices of 
the form (6), in which the non-singular components L, themselves form a group. 

COROLLARY 1: Every group of singular matrices is reducible to a group of 
non-singular matrices, each of which is bordered with zeros. ' 

^ COROLLARY 2: Every group of matrices of rank r is simply isomorphic with a 
group of non-singular matrices of degree r. 

For instance, every group of rank one is simply isomorphic with a unary 
non-singular group and is therefore Abelian; again, every group of rank two is 
simply isomorphic with a binary non-singular group. 

| Entire Groups. 

11. Any group of matrices which is not a subgroup of a larger group will 
be called an entire group. An entire group is thus the largest group G to which 
any one of its matrices M belongs. Every other group to which M belongs is a 
subgroup of G. Since no two entire groups can have any matrices in common, 
it follows that every group-member belongs to one and only one entire group. 
-Group-members can therefore be uniquely classified, first according to their 
ranks, and second according to the entire groups to which they belong. | 

Now in view of the theorem of the last section, it is evident that all the 
entire groups of degree n and rank r are similar to one another and that their 
canonical form is a continuous r*-parameter group of the form (9). Their 
number is obviously infinite, unless r—n or r=0. If r=n, there is just one 
entire group, including the non-singular matrices; if r — 0, there is one entire 
group, including the matrix zero alone. 


Part II. Non-GRrouPp - MEMBERS. ah 
The Group-Index of a Matrix. 

12. Let us now consider more in detail the properties of matrices that do . 
not belong to any group. By reference to $5 we see that if any such matrix be 
raised to a sufficiently high power, the resulting matrix will surely belong to 
some group. Thus every matrix whatever has some positive integral power * 
that belongs to a group; and every non-group-member is a root of some group- 
member. i 

* A negative or zero power of M obviously has no determinate meaning, unless Af is a group-member; 


in the latter case M° is the identical matrix of every group to which Af belongs and Mr is the inverse 
of M” in every such group. 


4 
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The exponent of the lowest positive integral power to which a matrix must 
be raised in order to belong to a group, will be called the group-index of the matrix. 
Hence the group-index of every group-member is unity. If M is a non-group- 
. member of group- index u, then M” and all the higher powers of M are group- 
members (and all belong to the same groups), while the lower powers of M are 
non-group-members. Therefore, if M* is a group-member, while M*-! is not, 
then u is the group-index of M. 

18. By reference to the canonical form of a non-group-member as given by 
equations (1),.(2), (3) of $2, we see that if u is its group-index, then the ranks 
“of its successive powers from the first up to the uth form a continually decreasing 
series of integers,* while the ranks of its higher powers, from the uth on, are all 
equal. 

Moreover, using the notation of 32, we see that since 


M’= E we) ; j 
and since N7 is made up of the component matrices E/ (è = 1, ...., 8), therefore 
M* will be a group-member, if, and only if, N = 0,; that is, if E = 0, 
(4 — 1, .,8)., Now the lowest value of » for which the equation. E= 0, is 


satisfied is &, the degree of Æ. This can be most easily seen by considering 
a special case. For instance, if e, — 4, then 


0100 0010 0001 
0010 a 10904 s_.f 0000 "EM 
E, = 0001]"' Ly = 0000]" E = 0000]' Ej = 6, 
0000/ ` 0000 0000 


and all the higher powers of E, are equal to 0,. Therefore the lowest value of v 
for which M” is a group-member is the largest one of the integers ej, ...., €, 
namely e. "That is, if u is the group-index of M, then u — e. This result 
also holds for singular group-members; for in their case u=a=....=e=1. 
Thus we have the general 

THEOREM: The group-indez of a singular matrix is equal to the degree of that. 
vacuous elementary divisor of its characteristic determinant which is of highest degree. 

It follows that every non-group-member of group-index u is similar to a 
‚matrix having at least one irreducible nilpotent component of degree u and none 
of higher degree; its vacuity must be >u >1. ` 


, * This fact was noticed by Taber, AMERICAN JOURNAL OF MATHEMATICS, Vol XII (1890), p. 870. His 
statement of it does not involve the notion of group-membership. 
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Group-Index and Vacutty. 


14. Since matrices exist whose characteristic determinants have any pre- 
scribed elementary divisors, therefore the degrees ¢,, ...., e, of the vacuous 
elementary divisors. can have any positive integral values such that their sum 


8 
Ze =v <n, where v is the vacuity and n the degree of the matrix. Hence the 
I 


group-index of a matrix of vacuity v can have any value from one to v inclusive, 
but can not be greater than v; that is, its maximum value is v. Similarly, the 
maximum value of the group-index of a matrix of degree n is n. 

Accordingly, the vth powers of all matrices of vacuity v are group-members, 
and the groups te which they belong are of rank n—v. The nth powers of all 
matrices whatever of degree n are group-members. - 

If the group-index of a non-group-member M is equal to its vacuity v, then 
there is just one vacuous elementary divisor A"(v 7» 1) and M is similar to a 
matrix having Just one irreducible nilpotent component; and conyersely. 

15. The extreme case in which v == n is that of the nilpotent matrices and 
the matrix zero. The group-index u of a nilpotent matrix is evidently the 
exponent of tae lowest power to which it must be raised in order to give the 
raatrix zero. If u has its maximum value n, then there is only one elementary 
divisor A” and the matrix is irreducible. Conversely, if a singular matrix of 
degree n is irreducible, it must be nilpotent and its group-index must have the 
maximum value n. 


Group-Index and Hank. 


16. Referring again to 52, we see that every non-group-znember of degree n, 
vacuity v, rank r and group-index u is similar to a canonical matrix having n—r 
irreducible nilpotent components, the sum of whose degrees is v, while at least 
one of them is of degree u and the degrees of all the rest are <u; moreover, 
if v< n, the canonical matrix has one non-singular component of degree n — v, 
which may, or may not, be further reducible. 

The rank r of a singular matrix M of vacuity v can obviously have any 
positive integral value from n-— v (when M is a group-member) up to n— 1 
(when its group-index u has the maximum value v). 

If r= n —v + 1, then e 23, e zz .... = 6 = 1, and u=2 Hence if 
the rank of a matrix is one greater than ihe difference between its degree and 
its vacuity (so that the latter must be > 1), then its group-index is two. 
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On the other hand, it is clear that if w=», "v — n — 1, and' conversely 
while if u—v—1, r —n—9. That is, every matrix whose group-index is. equal 
to its vacuity is of rank one less than its degree, and conversely; while every 
matrix whose group-index is one less than its vacuity is of rank two less than ' 
its degree. | E 

17. As an illustration of the relations existing between the degree n, the i 
vacuity v, the rank v, and the group-index x, of a matrix, a few of the corre- | 
| sponding values of these four quantities may be tabulated as follows: | 








v=0 ven, ul E ee ee ere ee ad acea ee ee ere E 
v=, r-m—-1, u= a N. 
^N r—mn—2, pl du. qd ous 
v= 2, MN ns e" r=2, u=30r2 | 
"^ LN 7 jez838, g—4,3,0r2 (if n 2:6) 
e y = nR — 8, =l ~ P oazo a2 e ** $2 * €* 9-29 n 
CAN v m3, ,7=n—2 w= 2 *-mn-—1, won 
f r= n— i1, u = 
\' un an 
n r= n — 4, u — 
M pud r=n— 3, u= 
\ 003 |rcn—2, u=3or2 |> 
i FT Zn li wad kr 1 


1 2 v « J * 
\ For the case v — 4 the corresponding canonical forms of the nilpotent 
(or zero) component N, are as follows: 


r=n— 4, =i, N, = 0, 


0100 
| 10000 
—n—8, u-—2, N= 0000 
| i0000/. n 
E | 1010 0\. 
l 10010 i 
Pa Br Ee duos 0000 j 
we | 0000/' | 
P d 10100 
Pod 0000 
26s r=n—2, w= 2, Ng oe 0001 Ä 
0000 
0100 
| 0010 
ʻa r=n—1l, &-—4, M=[ 0001 | 
nn | 0000 
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The Conditions of Non-Group-Membership. 


18. The characteristic properties of a non-group-member M, any one of 
which distinguishes it from all group-members, may be summarized as follows: 

(1) M* is of lower rank than M; 

(2) M is similar to a matriz having at least one nilpotent component ; 

(3) its characteristic determinant has at least one vacuous elementary divisor 
that ts not linear ; 

(4) tts vacutty is >1, and iis rank ts greater than its degree minus tts vacuity ; 

(5) üs group-index is 1. 


Non- Group-Membere Whose Powers Are not All Distinct. 


19. As a special case of a non-group-member, consider a matrix whose 
powers are not all distinct, while no higher power is equal to the first. Hvery 
such matrix M satisfies an equation of the form M^*" = M*(u>1). Ifu and m 
are the smallest positive integers for which this equation holds, than x is evidently 
the group-index of M, while m is the order of the cyclic group formed by the 
higher powers of M. 

For instance, if 


“—100 —100 

x-( 001), then w= ( 000), 
| 000 000 
and M satisfies the equation M* = M?; its group-index is two, and the. higher 
powers M°, M®, M*, M* form a cyclic group of order four, whose identical matrix 
is M*. 

In the canonical form (1) of a matrix of this kind the component Z, must 
be a periodic non-singular matrix of period m (if u 70) and the component N, 
must be a nilpotent matrix of group-index u. That is, LP = U, and Nt = 0. 
An immedite consequence is the 

THEOREM: A necessary and sufficient condition that the powers of a non-group- 
member are not all distinct ts that the roots of ite characteristic equation are either 
zero or roots of unity (at least two roots being zero) and that at least one of the vacuous 
elementary divisors of tis characteristic determinant ts non-linear, while all the non- 
vacuous elementary divisors are linear.” 


* This theorem, without its group implications, Is due to Frobenius, tt Ueber Lineare Substitutionen und 
Bilinsare Formen," Cretle’s Journal, Vol. LA XXIV (1878), p. 16, VIII. 


-— 
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on-Growp-Members Whose Higher Powers Are Equal. 


20. A still more special case, included under that just considered, is obtained 
by putting m=1; the equation which M satisfies is then M*t! = M* (u> 1): 
The cyclic group genärared by the higher powers of M is of order one, and M* 
is an idempotent matrix. The canonical form of M is 


U, 0 | 
0 .N/' > © 
Hence the 
THEOREM: A necessary and sufficient condition that the higher powers of a non- 
group-member are all equal to one another vs that the roots of ite characteristic equation 
are equal to zero or one (at least two roots being zero) and that at least one of the 
vacuous elementary divisors of its characteristic determinant is non-linear, while all 
the non-vacuous elementary divisors are linear. 
It is clear that all nilpotent matrices are included in this class; for if M is 
a nilpotent matrix of degree n and group-index u, it will satisfy the equation 


Me = M -—0,(u > 1). 


Part III. Tas Roots or A MATRIX. ` 2 
Associated Matrices. 
21. Two matrices M, and M’ will be said to be associated, if there exista 
a non-singular matrix L that transforms them into 
ua (is 0 


0 N, 0 N 


and M! = (o wr), (10) 
respectively, where Z, is non-singular (if & 7» 0), and N, and N/ are nilpotent or 
zero. If the vacuity of a matrix is zero or one, it has no associated matrices 
besides itself. On the other hand, if the vacuity of a matrix is 7^1, it has an 
infinite number of associates, which may be said to form a set of associates. | 

In every set of associates just one matrix, the one for which N, = 0,, isa 
group-member, and all the rest are non-group-members. Thus every group- 
member of vacuity >1 has an infinite number of associated non-group-members. 

Two sets of associates may be called similar, if there exists a non-singular 
matrix that transforms one into the other; the above set { M, M!, ....] may be 
called & canonical form of the similar set | M, MS Jr 
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Sets of Associates. 

22. 'lHEOREM: If two sets of associates S and S! have a matriz M! in common, 
they are identical. 

Proof. In the first place $ and S” must obviously be similar seta: there 
will be no loss of generality in considering one of them, S,-to be in its a 
form. The non-singular matrix L that transforms S’ into § will transform the 
common matrix M’ into some matrix M of S. Suppose M and M' to be given 


by equations (10) and let "E 
= . C D.) a 


Then since M’ L= LM, we see that L must satisfy the equations 
(a) Lu Au = 4, Lu, (©) L, B= BY, 
(c) C= CL, (d) N; D, =D, N,. 
From (b) and (c), in view of a theorem due to Frobenius," we see that B = 0, 
and C — 0, and therefore that 
di CP 


from (a) we see that 4, is commutative with L,, and therefore that L (and 
also L^) wil transform the set S into itself. But L~ transforms © back 
into |$/; consequently the two sets © and S’. are identical. ` 

This theorem shows that every matrix belongs to one, and only one, set of 
associates, and that every non-group-member is associated with a uniquely, deter- 
mined group-member. 

Pseudogroups. 

23. The matrices of an entire group of vacuity >1, together with all the 
non-group-members associated with them, constitute a set of matrices, which 
we shall call the pseudogroup associated with the given entire group. Hence 
a pseudogroup is made up of sets of associates. Since two different sets of 
associates can not have a matrix in common, and since the same is true of two 
different entire groups, therefore, similarly, two different pseudogroups can not 
have a matrix in common. In other words, pseudogroups are mutally exclusive 
sets of matrices. Accordingly, every matrix of vacuity 71 belongs to one, 
and only one, pseudogroup, just as every matrix of vacuity one or zero belongs 
to one, and only one, entire group. 

9 Crelles Journal, Vol. LXXXIV (1878), p. 23, XI. The theorem is stated only for square matrices 


(billnear forms), but can be immediately extended to cover the case In which B and C, as eo are 
rectangular matrices. 
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Since all entire groups of the same vacuity are similar, therefore all pseudo- 
groups of the same vacuity are similar. The canonical form of every pseudo- 
_group of vacuity v and degree u-+v may be written 


_ Gi, 0 
P= 0 zm) (11) 


where G, (if w 7» 0) denotes the group of non-singular matrices of degree u, and 
H, denotes the totality of nilpotent matrices of degree v plus the matrix 0,. 
The nilpotent matrices of degree n are all associated with the matrix zero, and 
with it form the only pseudogroup of vacuity n. 

Since the group @,, of (11), involves u? parameters, while in the set H, the 
v? elements of each matrix are connected only by v independent relations derived 
from the vanishing of the roots of its characteristic equation, therefore every 
pseudogroup of degree n and vacuity v is a continuous set of matrices depending on 
(n. — v)? + v? — v parameters. 

24, From the definition of a pseudogroup P it is clear that if a matrix M 
belongs to P, every power of M will belong to P; again, since pseudogroups are 
mutually exclusive, every root of M will belong to P. Hence the 

THEOREM: Every power and every root of a matriz of vacuity > 1 belongs to 
the pseudogroup to which the matrix belongs ; similarly, every power and every root of 
a matrix of vacuity one or zero belongs to the entire group to which the matrix belongs. 

On the other hand, the product of two matrices of a pseudogroup does not. 
necessarily belong to the pseudogroup, because the product of two nilpotent 
matrices is not necessarily nilpotent. 


The Roots of a Group-Member. 


‚25. Let us now consider the distribution of the powers and roots of a at 
within the pseudogroup to which the matrix belongs. In the first place, if a 
pseudogroup P is of vacuity v, then the vth power of every one or its matrices 
belongs to the entire group with which P is associated. 

Moreover, if, in formula e of $21, the group-indices of M and M' 
are <v, then 

: rn 0 
0, . 
which we may call L. Accordingly, if we te from a set of associates those 
matrices whose group-indices are S», their sth powers must all be equal to one 
another and to the »th power, .L, of their associated group-member. Therefore, 


M* = (M = 
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if Mis a vth root of a group-member L, then, among the matrices associated with M, 
those whose group-indices are & v are all vih roots of L. 

In particular, if v >v, then absolutely all the matrices associated with M 
-are vth roots of L. That is, the matrices of any set of associates of vacutty v are 
all vth roots of one and the same group-member, tf v> v. — 

26. To find all the »th roots of any given group-member L of vacuity v, 
we can therefore proceed as follows: First find all the »th roots of L that are 
contained within the entire group Œ to which L belongs. . Such roots exist for 
all positive integral values of the index v. If e is one or zero, these are the 
only vth roots of L. But if v>1, and if M is any vth root belonging to G, 
we.then select those of its associated non-group-members, whose group-indices 
are € y; in particular, if » 2v, we select all its associated non-group-members. 
The matrices so found will include all the vth roots of L and no other matrices. 

It is evident, therefore, that every group-member L possesses roots of any 
given index ». 


€ 


| The Roots of a Non-Group- Member. 

27. Finally, let M' be a non-group-member of vacuity v and group-index u 
belonging to the canonical pseudogroup P of (11), $23, and let M be any »th 
root of M'; M will also belong to P. If we put. 

L, 0 


/ 
ON end M = rg 


me 0 N!) 


then M must satisfy the conditions Ly, = Li, and N = N). Now it is not always 
possible to find a nilpotent matrix N, to satisfy the latter condition. But if it 
is possible, so that M’ possesses a vth root M, then all its vth roots are connected 
as follows: Let L and L/ be the group-members associated with M and M", 
respectively; then Z is obviously a yth root of Z/. Conversely, if L is a vth root 
of L/, Mis a vth root of M'. Hence the 

THEOREM: Jf M' is a non-group-member and L/ its assoctated group-member, 
then tf a vth root of M! exists, every vih root of M' is associated with a vth root of L! 
-and every vth ‘root of I! is assoctated with a vth root of M'. 

28. In order that M', as defined above, may possess a vth root, the mnde 


(u—i)v<o (12) 

must be satisfied. For since u is the group-index of M', the nilpotent matrix N, 

must satisfy the condition (N;) zp 0,; hence N, must satisfy the condition 
5 1 
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(N,)o-?" + 0,. This means that the group-index of M is >(u—1)». But the 
maximum value of the group-index of M is its vacuity v, 80 am e >(u— 1)». 
Therefore, 

A NER P M' of vacuity v and MET u does not possess a vih 
root, unless (u — 1) v « v. In other words, if (u — 1)» 2v, M' has no »th root, 
ind a fortiori, it has no root of index >». 

If in (12) v is fixed and u has its minimum value 2, it follows that the 
maximum value of » is <v. Hence, a non-group-member can not have any roots 
of index equal to, or greater than, its vacuity. | 

If in (12) v is fixed and v has its minimum value 2, it follows that the 


maximum value of u is «T 1. Hence, a non-group-member of vacuity v 


and group-index >> + 1 has no square roots, and so has no roots whatever. 


Example. Consider ternary nilpotent matrices (n = v — 3), which have the 
two canonical forms: 


/010\. 7 010 
A= (000 f(u =2) and B—([001](u- 3). 
000 000 


Ä 001 : 
. A has square roots, e.g. (s 0 o), but no roots of higher index than two; 
010 


on the other hand, B has no roots whatever. 


a 


Part IV. ILLUSTRATIONS AND APPLICATIONS. 
Graphical Representatson. 
29. In order to lend concreteness to the relation between the powers of a 


non-group-member M, of group-index u, and the powers of its associated group- 
member L, we may represent them by points on two converging lines, thus: 





v IL Ep 
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The points on the straight line represent the matrices of the group @ generated 
by L, in which J is the identical matrix and L^ is the inverse of L. M is 
associated with Z, M? with L?, etc.; and since u is the group-index of M, 
M" = L" and all the higher powers of M are equal to the corresponding powers 
of L.* It is plain that although the powers of M from the wth on generate the 
group G, M* itself only generates a subgroup of G. . 

30. For the special case in which M satisfies the equation M**" = M", the 
matrices of the group G may be more conveniently represented by points on a 
circle, thus: 


MM | M" w^ 





For the sake of simplicity m is here taken >u. As before, M is associated 
with Z, M? with L?, etc, and M" = L", M*"*! = LY, etc. Since L is of 
period m, the identical matrix of @ is I= L^ = M". . Moreover, M*t™ — L++" 
= L" = M". The powers of M repeat themselves, but never reproduce the first 
power. M* will generate the whole group G, if, and only if, u is prime to m. 
An instance in which it generates a subgroup is the example given in § 19. 





* By purely abstract considerations it is easy to show that if M is any mathematical entity whose uth and 
(u+1)st powers belong to a group G, then all its higher powers belong to G, provided the powers of Jf 
combine under the associative law. For since (Afaf) M -= Af (Af AM), therefore Me and Afetl are commutative; 
and since the latter matrices belong to G, (M) belongs to G and is commutative with M^. Let 
L= Met! (Me) = (Mu)? Mil; then L belongs to G. Moreover, L = M- M»(M»)^1 — (M y M» - M. 
Therefore, if 7 is the identical element of QG, L = MI = IM, and M is commutative with 7. Hence 
Ià = MaD = MAI Now suppose à =p +v, where »» 0; then Dà = H”. MH I= Mr. Mre- (since Mr 
belongs to @) = M^; and since L belongs to G, M^ belongs to G, when A>y. That is, every power of Hf, 
whose exponent is >u, belongs to G. 
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Illustration from Differential Calculus. 


31. The phenomenon of a mathematical entity not belonging to any group, 
while some of its powers do belong to a group, is not peculiar to the theory of 
matrices; it can also be exemplified elsewhere. For instance, in differential 
calculus, let D and # denote the operations of differentiating y = e** + «^^! and 
z = €"*, respectively, as toa. Then | 

Dy = aet? + w — 1) s“? and Ez= ae’, 


» 9 8 >) à s. 06 G& B B d$ * 9» 9^ * ^ 58 ^ b HH * & © fb $9 &* à 5» 3»; ew we * « *!oÁ$9 4 


Dry —a"'e** = Ez (v > u). 
Now the powers of E form a group G, provided the inverse operation E^! be 
defined by the equation .E ~z = ett, On the other hand, although the powers 


of.D evidently do not form & group, the higher powers of D, from the uth on, 
belong to the group G. 

As a special case let a be a primitive mth root of unity; then @ becomes 
a cyclic group of order m, and D an operation satisfying the equation 


DEY (= art” diam = a" e°") = Dry. 


Groups of Sead Collineations. 


32. By the use of homogeneous point coordinates every matrix of degree n 
can be written as a linear substitution and interpreted geometrically asa colline- 
ation of a linear space, R,_,, of n —1 dimensions. Every singular matrix will 
then carry the points of A, , into the points of an included space R, (r< n). 
Hence itis clear that in a group of singular collineations the identical collineation 
will not leave every point unchanged, as is the case in a group of non-singular 
collineations, and the inverse of a collineation that carries the point P into P' 
will not necessarily carry P’ back into P. 

Nevertheless the group concept, as applied to singular collineations, can be 
justified geometrically, as will be apparent from the consideration of a simple 
case. Letn be 3 and consider a group generated by the singular matrix 


110 
M=I010 
000 
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of rank 2 and of infinite period. Then M, M° = JZ and M^! may be written 


as linear substitutions, thus: " 
‘=cH+y ven C fal -—y 
M: 4 y =y y =y M>: y =y 
J = 0 g = 0 z = 0 


Considered as collineations in the plane they carry all the points of the plane 
| except C (x = y = 0) into points of the line AB(@=0). 


i 





All the points except C of any line passing through’ are carried into one and 
the same point of AB, and the points of AB are transformed projectively among - 
themselves. Let CD be any line passing through C, and suppose that M carries 
the points of OD into E; then M-! will carry the points of CF into D. 
I evidently carries the points of CD into D, those of CE into E, etc. 

Now the equations M = IM = MI and MM = M^ M = I, which deter- 
mine the group-membership of M, are aatisfied geometrically. For J carries 
any point D' of the line OD into D, and M carries D into E; therefore IM 
carries D' into E, exactly as M does, Similarly M7 transforms the points of the 
plane exactly as M does. Again, M~' carries E’ into D, and M carries D into E; 
therefore M ! M carries E' into E, just as J does. Similarly, MM! transforms 
the points of the plane just as Z does. 

This interpretation can obviously be extended to the general case is any 
group ERHIOIED of Ungulsr collineations. 
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Classification of Binary and Ternary Matrices. 
33. An application of the principles derived in this paper will now be made ` 
to the classification of binary and ternary matrices, not only with respect to their 
group-membership, but also with respect to their vacuity v, rank.r, group- 
index u, and the entire groups and pseudogroups to which they belong. In these 
simple cases (n — 2, 3) the values of v and r completely determine the vacuous 
elementary divisors of the characteristic determinants of the matrices, and there-. . 
fore also their characteristics," so far as the vacuous elementary divisors alone 
&re concerned. 
34. Binary Matrices. Every binary matrix " 2) may be considered as 
belonging to one of four great classes, as follows: | 
| (a) e — 0, r=3, u=1;aĝ—ßy £0; 
these matrices, o * in number, non-singular, form a single entire group. 


(b) v=1, p=]; ad — By —0, a+déd+0; 


| oo? matrices; characteristic [1 1]; ; canonical form E 0) a +0; they form œ? 
similar entire groups, each containing oo ! matrices. 

(c) c—2, r=1, p= 2; ee E eg. 

at least one element 3:0; œ? matrices; characteristic [2]; canonical form E B 


they are nilpotent, all similar, and their square is zero; they are all associated 
with zero and with it form a single pseudogroup. | 


(d) o = 2, r—0, u=1; a= 8 =y =8=0; 


characteristic fd 1)]; one matrix, zero, forming an entire group of order one. 
The matrices of classes (a), (b), and (d) are group-members, and those of 

class (c) are non-group-members. Thus all binary non-group-members are nil- 

potent. There are three kinds of binary idempotent matrices, viz., in class (a) 


the unit matrix P 3? in class (b) the matrices for which — i= 0 and 


atdéd=1, œw? in number, all similar, whose canonical form i i8 f 4 and in 


class (d) the matrix zero. 


* Beo $2. 
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35. Ternary Matrices. le: a ternary matrix by the symbol (ay) 
(i, J= 1, 2, 3), we shall define aj, as the cofactor of a,, in the determinant |a]. 
Ternary matrices may be divided into seven classes, as follows: 


(a) v= 0, r— 3, LE lay] d: 0; 


o0 ° matrices, non-singular, forming a single entire group. 


(b) »— 1, r—2, u= 1; ja,|=0, Xo d 0; 


000 
oo * similar entire groups, each containing oo* matrices. 


! a, 80 
oo? matrices; canonical form (7 à o) , a6— By £0; they are collected into 


3 8 
(c) v= 2, r= 2, u = 2; | ay, | — 0, X an = 0, za, = 0, 


\ 


* * * > 9 i * 
at least one first minor aj, 3-0; œ” matrices; characteristic [12]; canonical 


000 
associated with it. 


(d) v —2, r=1, w= 1; aj, — 0 (i, j — 1, 2, 3), 


a 00 | 
form (s 0 ) , a 0; every matrix has o similar matrices, of which œ? are 


: | : 
nine equations of condition, of which four are independent, > a, F0; 
Ó i 


2% « 00 
oo? matrices; characteristic [1(11)]; canonical form (s 0 o) , a 0; they 
000 
form o * similar entire groups, each n oo ! matrices. 
Classes (c) and (d) together consist of o» similar pseudogroups, the canonical 


a, 00 
form of which is the set of matrices of the form (s a ) , £0, ad—be. 


— 


Ocd 
=a + d = 0, so that ( A is nilpotent or zero. Fach of these pseudogroups 


therefore contains o? matrices, of which œ! are group-members of class (d) 
forming an entire group, and the rest are associated non-group-members of 
class (c); every group-member has œ? associated non-group-members. 


. 8 8 
(e) v = 3, r—2, w= 3; loj| = Ea = E au = 0, 
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‘at least one first minor aj, 0; &° matrices; characteristic [3]; canonical form 


010 
(s 0 ) ; they are nilpotent, all similar, and their cube is zero. 
000 


8 
(£) 93, r— 1, u= 2; ay =0 (1,7 = 1,2, 8), i ET 
at least one element a; # 0; oo ‘ matrices; characteristic [(2 1)]; canonical form 


010 
(s 0 o) ; they are nilpotent, all similar, and their square is zero. . 
000 l 
(g) v= 3, r= 0, u= li; Q4; = 0 (i, J = 1,8, 3); 

characteristic [( 11 1)] ; one matrix, zero, forming an entire group of order one. 

Classes (e), (f), and (g) together form a single pseudogroup, of which zero is 
the group-member, and all the other matrices are associated nilpotent non- group- 
members. The square of every matrix of (e) belongs to (f). | 

There are four kinds of ternary idempotent matrices, viz., in class (a) the 


100 
. unit matrix, in class (b) © ‘ similar matrices whose canonical form is (o 1 o) ; 


000 
100 
in class (d) © * similar matrices whose canonical form is ( 00), and in class 
| | 000 


j 


(g) the matrix zero. 
Application to Quaterntions. | 

36. On account of the close connection that exists between the theory of 

matrices and the theory of hypercomplex numbers, it is clear that the concept 

of group-membership under multiplication cat be transferred from the former 

to the latter. In particular, it is well-known that quaternions* are abstractly 

identical with binary matrices, both as to addition and multiplication. The 


correspondence between them can be set up by making the matrix E e ) 


correspond to the quaternion 


a+  (a—s)V¥—1, = pco | jv 1, 
2 2 ++ 


* That is, quaternions of the general kind (sometimes called biquaternions), In which the coefficients of 
1, i, j, E are ordinary complex, as well as real, numbers. 

t This Identification is due to Charles and Benjamin Peirce; see Taber, ‘On the Theory of Matrices," 
AMERICAN JOURNAL OF MATHEMATIOB, Vol. XII (1890), p. 853. 


~ 
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for all values of a, 8, y, and 6, or, what is the same thing, by making the 
quaternion a + bi + cj + dk correspond to the matrix ' 


atbvV —1 eo NS 
—c+dV —1 a—b^ —1 


for all values of a, 5, c, and d. 

By means of this correspondence the classification of binary matrices 
in $34 gives rise to a classification of quaternions. Thus every quaternion 
atbitej T dk belongs to one of four classes, as follows : 


(a) a? + 5? +c? +d? F0; 
oo f quaternions, forming a single group simply isomorphic with the entire group 
of non-singular binary matrices. Its identical element is the idempotent’ 
quaternion one. 
(b) a? +? + c? + d* — 0, mE 


n3 


oo? quaternions, whose. canonical form is 2 co L; (a #0); they form a 
i è 


doubly infinite system of similar one-parameter groups. The identical elements 
of these groups are the idempotent quaternions defined by the equations a? + b? 


+ + d’ E0, a= zi their canonical form is 2— “=l i. 


(c) a= 0, be o° d? — 0, 
at least one of the coefficients 5, c, d +0; œ? quaternions, all similar; canonical: 
A/ —1 
2 
zero they form & pseudogroup. 
(d) a=b=c=d=d0: 





form > j— k; they are nilpotent, and their square is zero; together with 


the quaternion zero, forming a group of order one. 
Therefore every quaternion either belongs to a multiplicative group or is 


nilpotent. | 
In a similar manner the results of this paper can be applied to other hyper- 


complex number-systems. _ 


ÜORNBLL University, March, 1908, 
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Methods to Determine the Primitive Roots of a Number. 
By.G. A. MILLER. 


The present note aims to exhibit some elementary relations between well- 
known methods of finding tbe primitive roots of a number and the properties of 
the cyclic group. Incidentally we arrive at a fundamental theorem relating to 
the primitive roots of a special class of numbers. A corollary of this theorem 
gives the primitive roots of all the prime numbers of the form 2p +1, p being 
a prime, while it has been customary in the works on the theory of numbers to 
devote two theorems to the primitive roots of such prime numbers.* The note 
has close contact with the paper published in this JOURNAL under the title 
* Some Relations between Number Theory and Group Theory" and miy be 
regarded as a continuation of this article. 

It is known that the necessary and sufficient condition that a number g has 
primitive roots is that the cyclic group @ of order g has a cyclic group of 
isomorphisms J. The numbers which are less than g and prime to it may be 
made to correspond to the operators of J, unity corresponding to the identity, 
in such a way that J and the group formed by these numbers, when they are 
combined by multiplication and the products reduced with respect to modulus g, 
are simply isomorphic. The orders of the operators of J are the indices of the 
exponents to which the corresponding numbers belong. In particular, g—1 
corresponds to the operator of order 2 and the primitive roots of g correspond 
to the operators of highest order in Z Hence the method of finding the primitive 
roots of a number is equivalent to that of finding the operators of highest order 
in a cyclic group. | | 

One of the most instructive methods for finding all the primitive roots of g 
is analogous to the method known as the “Sieve of Eratosthenes" for finding 


* Of. Cahen, '** Éléments de la Théorie des Nombres," 1900, p. 886; Tschebyscheff, «Elemente der Zahlen- 
theorie,” 1902, p. 807; Pascal, “ Repertorium der höheren Mathematik," Vol. I (1900), p. 580. 


t AMERICAN JOURNAL OF MATEKEMATIOB, Vol. XXVII (1905), p. 815. 
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the prime numbers which are less than a given number. While there is no : 
general non-tentative method for finding the primitive roots of g, there are 
general non-tentative methods for finding all the numbers which are less than g 
and non-primitive roots of g. In group-theory language one of these may be 
stated as follows: Let p be any prime divisor of g and raise each operator of @ 
to the pth power. These powers are composed of all the operators of G whose 
orders are not divisible by the highest power of p which divides g. Hence we 
may obtain all the operators of G which are not of highest order by raising 
successively all its operators to the powers whose indices are the different prime 
divisors of g. The remaining operators are of highest order and hence correspond 
to the primitive roots in Z. This method has the advantage that it gives all the 
primitive roots of g at the.same time. Its chief defect is that the same non- 
primitive root is generally found more than once. From the known congruence 
k? = (g — k)? mod g, it follows that we need to square only half the numbers 
less than g and prime to g. In particular, when g is a prime number of the 
form 2*-+ 1 its non-primitive roots are’ given by 1J*,/==1, 2,...., 2*1, The 
remaining numbers less than 2° are its primitive roots. 

The most practical general tentative method for finding the primitive roots 
is based, in group-theory language, upon the fact that the order of the product 
‘of two commutative operators is divisible by the highest power of any prime p 
which divides either one of their orders, provided these orders do not involve the 
same highest power of p. If we have two commutative operators, we can there 
fore readily find an operator whose order is the least common multiple of their 
orders; for, if they should involve the same highest power of p, one of them 
may be raised to the pth power and thus we can obtain two operators not in- 
volving the same highest power of the same prime; and hence the order of their 
product will be the least common multiple of their orders. When g is not 
very large, this method generally leads to an operator of highest order in J, or to 
a primitive root of g, with a few trials. Since all the operators of highest..order 
in any cyclic group may be obtained by raising any one of them to the powers 
whose indices are prime to this order, all the primitive roots of g may be 
obtained from any one of them in the same manner. 

We are now in position to give a simple proof of the theorem mentioned in 
the first paragraph. Suppose that the order of J is of the form 29, g being any 
odd prime. Since a square can not correspond to an operator of highest order 
in Z (the order of / being always even) and since a’, a being any integer prime 
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to g, can not correspond to the operator of order 2, it follows that a? corresponds 
to an operator of order g whenever g—1>>a>>1. The product of the operator 
which corresponds to a? and the one which corresponds to g— 1 is of order 2g, 
and hence — «a? is a primitive root of g. This result leads directly to the 

THEOREM: When the exponent to which the primitive roots of a given number g 
belong is of the form 2q, q being an odd prime, then each of the primitive roots of g 
is given once and only once by — a? ‚1<a<g/2 and a being prime to g; moreover, 
a? belongs to exponent q.’ 

COROLLARY: Every prime of the form 2¢g+1, q being an odd prime, has for 
tis primitive roots — a’, 1<a<g+1. In particular, — -4 is a primitive root of 
every prime of this form. 

It should be observed that the group-theory iois employed in the proof 
of this theorem is not essential, as the results follow directly from the facts that 
a square can not be a primitive root of any number and that — 1 belongs to 
exponent 2 with respect to any modulus. The forms of the numbers which 
have primitive roots are assumed to be known throughout the present note. 
The preceding theorem furnishes the numbers belonging to every possible ex- 
ponent when g has the required form. It is also clear that the order of Z can 
not be of the form 2q unless g is an odd prime, twice an odd prime, 9 or 18. 

We may add that some of the known developments in regard to the 
properties of primitive roots, especially those relating to products, follow 
directly from the isomorphism between J and the numbers which are less than g 
and prime to g. For instance, the theorem which affirms that the product of 
all the primitive roots of a number is congruent to unity whenever the number 
has more than one primitive root, is included in the evident statement that the 
continued: product of all the operators of the same order >2 in any Abelian 
group is the identity, since these operators may be arranged in pairs consisting 
of an operatar and its inverse. The product of all the operators of order 2 
in such a group is also known to be the identity whenever the group contains 
more than one such operator. * 


* Annals of Mathematics, Vol. IV (1908), p. 188. 


Standard Forms of Certain Types of Peirce Algebras. 


‚Br James BYRNIE SHAW. 


I. INTRODUCTION. 


1. The determination of general laws for the relationships of numbers in 
an algebra of order r has not progressed very far, especially as regards PxiRCE 
algebras. By PzrRcE algebra is meant an algebra containing an idempotent 
unit y, which is the modulus, all other expressions being nilpotent unless they 
contain a term of the form ay, where a is a scalar coefficient. The reduction of 
algebras in general must depend on such laws of structure of an algebra, and it 
seems that even in the simpler cases, after we have reduced to forms that have a 
comparatively simple multiplication table, the complete exhaustion of:all the 
information which can possibly be obtained by using the law of associativity 
leaves nevertheless a number of arbitrary parameters which gan only be 
removed by linear transformation of the units, if removable at all. The further 
determination of individual types becomes then somewhat a matter of personal 
choice. The present paper does not consider this question, which has been 
touched upon elsewhere. It seeks only to reduce certain particular cases to 
their simplest forms, thus extending the present narrow list considerably. 

2. It is known that, for any PxracE algebra, we may take any one of the 
nilpotent expressions to be a unit, called the adjunct unit,f represented by ej, 
determine then a set of expressions called the base, defined by units y, es, 
C --+-3€mo- Any expression of the algebra is then linearly expressible in 
terms of | | 

N, Ems €i 8i eu; e, Cio eh, SUR Er ei, ee ei. 


It is preferable of course.to choose for e a number which will give u, as high a 


*Read before the Chicago Section of the American Mathematical Society, Dec. 80, 1907. 
tSuaw: On Nilpotent Algebras, Trans. Amer. Math. Soc. (1908), 4, 405-422. 2 
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value as will any other expression in the algebra. In that event, 7 — u, is called 
the deficiency of the algebra. 

3. SCHEFFERS" and others have shown that the units may be ae 
that is, put into an order &, ....,6&, ....,65 .... such that e, e, and e; e, are of 
the form Xyg,e, where £7 i, Pw k >j. The theorem quoted in $2 implies 
this. 

4. Prince T showed that when the deficienoy ts zero, the algebra is ex- 
pressible in terms of the units N, Cy) ‚ei, OF, in a more convenient 
notation, 7, $, 9, ...., i1 He showed further that when the deficiency is 
unity, the algebra is defined by the units 7, i, J, ...., "^, where 


y=0, Year’, = dy. | 


We find here four types not reducible into each other, namely 


L 45 

II. «420, 6=1 
IIl. a=1,b= 
IV. a=b=1 


5. The cases of deficiency two were reduced in full by STARKWEATHER. ] 
‚There are three types, each with numerous sub-types. They are as follows. 


G 


When r> 6. 


(1) Type (n, 4, F, 9,9", 377). 
(11) P= pr 8s ym OH. | 
(12) $—0; $ =0 = ji. ) 
(18) =}; Yoo; j4-95'7; = 0. 
(14) 8-0; 35-0; ned; PO. 


(3) Type (n, $3, 3,35 oea JT 
Ser, Val Rey; 199 4v) -. 
(22) et; pomy tar; Yeti. 
i (23) e ="; K=U+ 2j7-* + 207" — d w] — y 8 — yi jr; Jy = 231-5. 
 *BomamrFERS: Mathematische Annalen (1891), 89, 293-890. , 


+B. PEIRCE: Amar. JOUR. oF MATH. (1881), 4, 97-192. 
tSTARKWEATBER: AMBER. JOUR. OF MATH. (1899), 21, 369-886; (1901), 28, 878-402. 


/ 
i 


SHAW: Standard Forms of Certain Types of Peirce Algebras. 47 


In this sub-type c= 0 when rÆ 8. 
(24) Pape 9j; HRm—49—3)/75 wap; Q$i——J75 
| j? lI j* 8 ; jij — — 9 grr 
(25 9$—j'7*; ey, ai; tm — I; Pr. 
(26) #= 7-3; fig y+ 22o; Get, 
Jj = 2(2 NT Pi = Aj. 
In this sub-type A = 0 or 1 when r $7, 
(27) #5773;  j=— ý; TJ = 0 =j? = yp=jpr= jig. 
BE, ayy; B= oji iji j jai 
In this sub-type À — 0 or 1 when rS. 


(29) # —Jj77*; jd; HSV. 

(2a) ? = 0; ji = dij; zii =. 
FEHLT 4-9; Vj = iji =J? = 0 Jc. 
(27) ? = d; ji=0; WS yji = jë = 0 = Fi = ji [E i. 
(28) P= jr*; Ji = ag". | 

(25) 8 —j775; ji = 0. 


(25) 9 = 0 = ji. 

(3) Type (7, $, Js k, EE. gg). 

(31) P= E979; dg =j =o = i = kj = jf? = jk. 

(32) ? = =R= 9 = h = ik =jk = kij =J. 

(33) E= 0 =F S=Sik= khi =jk= kj; y= ge; Kai, 
(84) rales yer S Mowe ay: 

(35) P=0 =F; y=k ji; k=; Mt. 


(36) $— k-83; =o; yok’; pak kK=0=lM. 
(31) ¥= E75 j-—0; yatan; M=0; hg = akt, 
(38) =; 3520202 a= 2h J=. 


(39) pcs0u Up ee cs 


The forms which these algebras take when r= 4, 5, or 6 appear in 
SCHEFFERS’ * and STARKWEATHEB'ST lists, and may be found also in Suaw’sf 


“ Synopsis." 


*SOHHFFERS: Math. Ann. (1891), 89, 293-800. 

I STARKWEATHER: AMER. JOUER. OF Maru. (1901), 28, 878—409. - 

tSHaw: “Synopsis of Linear Associative Algebra," Carnegie Institution of Washington, D. C., pp. 103, 
105, 106. 
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6. The theorem mentioned in $2 may be expressed more definitely by 
representing the generators in terms of certain ideal units denoted by 2,4, thus: 


Ero = bon Agno + 204 ^k; (*, j= 1, 2, rn m) 
en = An + Xl Ayes (4, J — 1, 2, e, m) 


n — Aro + oso + +++ + Ammo; 
! : 
- where u, >k>1, and k>u,—w,g >A. Further, the coefficients 6,, are so 
chosen that if the terms Aq, be cut off from the expression for ej, giving 
Ero = Zbyn Agno) 
then these units define an associative algebra. The ideal units A4, satisfy the 
‘laws | 
| Auk Aypi = Suy Chay k-+ky 

where c— 1 when ių D> kt KW >u— u, k+%>0; otherwise c=0. Also 
Sy = lif j — V, otherwise 3,, — 0. | 

In this notation, and starting from this theorem, we may produce the com- 
plete set of sub-types of an. algebra whose type is assigned. It is purposed to 
study a few types by this method, both for the results obtained and to show the 
utility of the method. 


IL. "Pus TYPE (n, i... 53, 22,9" "—H. 
1. It is implied that Y= 0. Since 7*7" — 0, u, — r— m; since ij— vy 
=... SO = O, yp = ug =. --- = Um41 = 1. Hence we will find no other - 


forms of A than Agios Argo; Aaso» a. Aim +1, m, 0? ^n EE Aii r-m-1» Ait r—m-1 
(= 2, ...., m - 1). 
2. If for convenience we write only the subscripts, omitting A, then 


^ m+1 ’ 
i= (210) + (320) +... + (m + 1,m, 0) +" a, (1, tr —m— i), 


| je (111) LX (1, &, T — m — 1). 
t3 
Thus | 
a g mtl 
è = (810) +- -$ + (m +1, m—1, 0) + 2 a (1,1— 1, r— m — 1). 
. PA 


For ¿= 2, however, (1, à— 1, r — m — 1) becomes (1, 1, r— m — 1) and 2 
would contain a term a, j* ^^^, which is not possible if m 1. The type for 
m = 1 is included above in I, and need not be discussed again. Hence a, = 0. 
Likewise, from #, ...., 4" we have a, — 0 for t= 2, 3,...., m. 


^ 
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Therefore 


(4 `= (210) + (320) +... + (m +1, m, 0) + a(1, m+ 1, r—m— 1); 
? = (810) + (420)+ .... + (m+ 1, m— 1, 0) + a(1, m, r— m — 1); 


m =(m+1, 1, 0) + a(l, 2, r—m—1); 
mti=a(1,1,r—m— 1). 
3. Again, | | | 
j'—(112),....,77 = (1, 1, r —m— 1); 
m+1 
j= E b (1, ¢—1, r—m— 1). 
t3 


But this gives ji = 547 ^" ^1, and b, = 0 for (2 2. We have therefore 
| j=(111)+b(1, 2, T — m — 1). 
4. Hence we may suppose finally for all algebras of this type that 
u e : 
yoo; seht. 
If az 0, b — 0, we may choose 4, = ta” ni whence 
| je, jh =o. 

If a = 0, b Æ 0, we may take 7; = Jb FIAT, whence 

pm, 41—0, Mel. 


. r—m-—3 
\ a . r-m-1 (rm — E 
If a 3E 0 Æ b, we may take i, = ifani ms) 


1 
n — j(a pntlyme-m—5-1 ; whence 


J 


yrs, I FT. 
5. We have then four sub-types, given by the equations: 
are, m 
(2) tl "e ji jtm 
(3) el — a = Ji. 
(4) mti=—o= fi. 
The types worked out by Bensamın Premor for deficiency untty are thus 
extended to all the types for the class represented by the symbol 


IT). 
7 
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HL, Tue Tyre (n, i, P, ...., 9j, G, J’, ++ fh): 


1. We have now m=r—m—1, w= 2, PH = qe 
Thus ) | 


$= (910) +... 4 (m 1, m, 0)472 a (2, t, 1) + i, 2, — " 
Xe (1, v, r— m — 2); 
j-Qu)4 240, t, 1)+ f(A, 2, mae X ge (1, v, r — n — 2). 
2. Thus 
P = (310) +... + (m-44, m—1 m "3a, £—1 dd 1,r— m—83) 
+ Tot, v—I1,r—m— 2). 


Now # is independent of % or j*—™—®, so that a, = 0 =b unless m = 1. Since 
the deficiency would thus be 2, this case has been considered. Likewise we find 


a, = 0, t<m+1; e, = 0 aaa 


Therefore : 
à =(210)+.. +(m+1, "m m -- 1, 1) 3- c(1, m -F 1, r— m — 2); 
st a (211) 4+ c (1, 1, T —m — 2); 
j =) > 

3. Again, 

Pe la 2, r—m—) FÈ df, t, podia 
"o 
gr-m- - 1, r—m— 32); 


t='s ‘d, (2, £— 1,1) -- /(1, 1, r—m— 3) + fa (1, m+1, r — m— 2) 
ren 


CES (1, v — 1, r — m — 3) = d (211) + f(1, 1, Y — m — 3). 


Therefore 
d,=0 for ¢>2, fa=0, g,=0 for v=B,....,m+1, 
and Ä l 
S J = (111) + d (221) + f (1, 2, r— m — 3), 
with either 


f=0 or a=0. 
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There are then two subdivisions: | 
(1) $— (210) ....-E (m +1, m, 0) +e(1, m+1, 7— m— 2), 
Jj = (111) + d (221) + / (1, 2, r — m — 3). 
(3) ¿= (210) +....+ (m+ 1, m, 0)+a(2, m4-1, 1) -- e(1, m 4- 1, iio 
j= (111) + PRA 
In (1), if c#0 we may take it equal to 1, and if. f0 we may take J= 
We may proceed likewise with a and oin (2). Thus we have the sub-types of 
this type (m >1): 


(I) 35*'220. A eigo 
(2) Pr", Ji = dif; 

m+ me ze m di: 
T nnt d arbitrary. 
(4) @Poy+y , i= dij; | 
(5) mti—o, 00 4$ dij + jr; 


(6) 41 y tan Ji — dij + je, 


IV. Tux Tyee (m, ¢,j,.---,j"—, E, sss 17073). 
| (a) When Neither # nor jt Contains j"—', 


1. Here 
(SPM, by = p=... = lg = L. 
Hence . 
m +1 
4 = (210) +... + a, (1,7, r—m— 1); 
f ; b= 
ml 
J = (810) +... 6+ (m -+ 1, m, 0) tX, u, r— m —1); 
+1 | 
= (111) + È o (1, v, r— m — 1). 
0-2 
Hence 
È = a (1, 1, r — m — 1); 
y = a (1, 1, r— m — 1) + a (1, 3, r — m — 1) 
+... tamy (1, m, r—m—1). 
Therefore | 
a= 0 for £238. 
Again, 


Ji = b (1, 1, r—m— 1); 
„= (410) + (680) + ..+(m+1, m — 1, 0) 
Fh, rn +0 Sr m— 1 
Tod A0, m r—m-— 1) 
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+ 


Hence = 0, ‘and likewise b= 0 =b... .= bp. 
Again, 
ki= & (1, 1, r— m— 1); ` | 
| . kj= eg (1, 1, r— m — 1) + & (1, 3, r=m—1) +.. | 
and 
c,=0 for u 
2. Thence . 


i = (210) + a, (1, 9, r— m — 1) + (1, 8, r—m—1); 
j = (310) +.. + (m + 1, m, 0) +84 (1, 2, r — m — 1) 
+t Ona (o m-+ 1, r— m —1); 
k = (111) + & (1, 2, T—m — 1) + (1, 3, T—m— 1). 
The yis equations of the algebra become | 
—ak ab TI; 


Y = a o; 
ACA E mS ipee os 


kj = e ke", 
If a, $0 we may take += ali, which amounts to supposing a,==1. Likewise, 


if bmp F0 we may take 56,,,— 1. In case a, #0, bagi 0, a, 0, we 
may change $, J, & into such multiples that, 
V — E Y i 


a" — em ij — Ken 


(b) Bine © Ooniains J" 1, but ji Does not. 
3. In this case 


E + up Cc 2; + a, (1, t, a 
VR, EE 
um 


; m+i i 
| k-(111)-- È o (1, o, r— m — 1). 
v=2 
Hence 


—1); 


"=(m+]1, 1, 0) + a, (1, l,r—m —1); 
ij = a (1, 1, r—m—1)+....; 
a= 0 for £73. 
Also uu 
jt == b (1, 1, r— m — 1) + bm+ (1, 2, r—m—1); r 
J= (410) +... + (m+ 1, m — 1, 0) + b (1, 1, r— m — 1) 


T TL (1, m, r — m — 1). 
Hence | 
b,=0 for u>2. 


‘ae 
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Again, M . X as "m * ~ A pa 
ki — o, (1, 1, rom Ra, 2, r—m—1)5 
E e, (1, lr—m EAE 


and f ; "i A 
| o= 0 for v. 


4. We have therefore finally . 2 wo x39 Fie uo kee x 
P= tae, . jn =o, aM T, 
p=}, ki = ak", = ur 7 ao 


(c) When ji Contain J ba Doet mot 


i * 


b. $ = (210) +È a, (1, t, remie 
- J = (310) .. ..+m+1, 2,0) +(m+1,m, 0) + zi, ul a, rea) 


P 


adc a v, r — m — 1); 
a; (1, 1, r—m— 1); | 

burn 1,r—m—1) +... E Ani (L, m, r—m—1) 

` asa (1, 2, r— m — 1). 


a,—0 for (3. Zu ZEE 
j? = (410) +... len, m — 1, 0) + & (1,1 yo) 
| +6,(1, 3, r— m — i)4.. RM 2, vn. 
A=(m+1,1,0)+5, (1, 1; mn). Ä 
Therefore 
b,=0 for m+1>u>2. 


, 


Hence 


Also | 
:3%9=0; hence 54,,,— 90. 


6. Hence, finally, 


 B— a Im). mae — ae  Ir-m-l. 
P= a m : ghe ; ak m—1. 
a NIS — $ . * —1l. : * omm — nn: ` * sai a PES 
Rabe; li ob; pel. 


| (d) When Both # and 5 Contain gem, 
n 
7. The analysis leads to the equations bh ME 
is d Rag. Noms 40s 0s ij —aQE 7m 
P= by j^ i SEE V. dur "A 
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V. ‚Tun Tyee N | 
1. In this type „=r—3, m = 3; hence | 
i = (210) + 5(221) + ¢(222) + d (1, 2, r—6) + di, 2, a 


+ d;(1, 2 ‚r—4); | 
Jj = (111) + g (221) + ^ (322) + f. (1, 2, r—6)+ A(1, 2, 75) | | 
+ fall, 2, T — 4). 


Therefore 
y = (11) + (02 + 96 2, r — 5) + (dg + dih) (1, 2, r — 4); 
= (211) + dg (1, 3, r— 4); 
P = (112) + g (299) + Ag+ 1) (1, 2, r— 5) 
EU EAM EA (1, 2, ea 
jm eAG rn (1, 2, r— 4); 
= (114). 
(a) When r> 9. 


2. ? = b(211) + e(212) + (222) + d, (1, 1, r— 6) + d (1, 1, r— b) 
| +d, (1, 1, r — 4) + bd, (1, 2, r — 5) + (bd, + cd;) (1, 2, r — 4) 
= b (211) + By (222) + dag (1, 2, r— 5) + B (dg + diÀ) (1, 2, r— 4) 
+ e(212) + ohg (1, 3, r—4) + d (1, 1, 7— 6) + d, (1, 1, 7— 5) 
+ d (1, 1, r — 4). | 


p = bg; bd, = dg, bd, + od, = bdyg + bd,h + cdig. 


3. Again, | 
ji =g (211) + h (212) + A (1, 1, r—6) -- (1,1, r—5) + A (1, 1, r — 4) 
+ bg (222) + (h + bA) (1, 2, 71— 8) + (de) (4, 5 7—4) | 
= g (211) + bg? (222) +d, g* (1, 2, r — 5) + (da g^ + 2d, gh) (1, 2, r— 4) 
T A(212) +A, 1, 7— 6) + A (1, 1, r — 5) +f (1, 1, 7— 4). 
Thus 
bgi— bg, d,Mbfi-dg, &Atfhe=dg + 2d, gh. 
4, Next, 
J'é— g (212) + A(g + 1) (1, 1, 12) (AHAHA) (1, 1, r — 4) 
+ (d + b (g + 1)) (1, 2, 7 — 4). 


d, (F — 1) — 5f (g + 1). . 


Thus 


Therefore 


5. 


SmAw: Standard Forms of Certain Types of Peirce Algebras. 55 


Collecting these results we find the following sub-types: 


(1) 5-0, c=0, g:E x1, d—0, d = 0. 
(2) 6=0, c=0, g=+1, d=0. 

(3) 5=0, c—0, g=1, h = 0. 

(4) b=0, c#0, g=1, Mh of, =0. 
(5) b—0, of 0, gi, d=0, fA=O. 
(60 60, g=1, d=0, Am. 

(7) 60, g=1, h=0, h= 0. 


The resulting aston are 


w 


(2) 


(23) 


(3) 


(4) 


P dt; di gu + hij + AJ E AP AP dm 
Fi = gF + fi(g -- NT Ur (At Ah + 9)J 5; 


J —f(g-k tg; 


YET 

Jur; 

F= Aig + 1))* *. 

PSO pdt; et 
Fi —9'-2/3' H f HAAI; Media; 

j^ = AIP 

JU — HASH As; 

jg -—AJj'-; 

jj 2f Jj". 

è =d jH haj =i ARYA +A Oo + AI 
Pi =y LAM; sexo; 

jy =— PP + AIT 5 Age; Jy = fij Tt J" = O; 
FT. 
Re; 


A i= 


HAIT rg  .,; 
IPEA; PURI"; JMS IAAI | 
P =h] 4-9; PP = aj E y. 


S =y t hT i -+d t; Jim? 
h 
425 FTE + 7% APT = 





{ 
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di. ie : MSN T h. 
HH + AG ip = j' 5 


h. s A. 
J= Ti 4, jaj = = ae TES ERST 


= vt | 
j? —dgt^ + dj i4); JP BEE vy". 
(5) ? =a +a + j t B= gij + hP FA) Mx. A 5 
Jü =g + Aj; i= Fy + g+ A; 
juj-—0; Jy’ = 0; ^ =0;. P= dj" =v). 
(6) P =b t opt ay et 
VHP 44A; Wr Ya’; a 
| z E JË = bg? + (bh d)j* 5j 
Pi =y + AJ; at Mt. 
(7) 9? = bi ox" dg hj”; = IHASTE APT E 
Jy =F Hh; HP = S y E 
jh — 47° + 2f j'- *; w= — by? + dj" + daj” cid = = ii; 
| jè = bij? + dj + (bf + raf 
P. UM bd jb bd"; jud umbdgr ty HPS aj] 
ARS (b) When r — 6. 
6. We' have some modifications in the general formule. Thus 
(= (210) + 5(221) + (222) + d (122); 
j = (111) + g (221) + A (222) + n (122); 
ij = (211) + (n + bg) (223); | 
i ' f = (112) + g* (222); 


p= (212). 
We find easily : 
i$ = b (211) + e (212) E 4 d) (222) + 4 (112). 
_ Hence 
LT b (n 4-.5g) — — d (g? — 1) + &. 
Again ue d f Quem cm 
E (04 g (211) + ^ (21) + bg (222) +r(112). 
Henee `” a 


a(n + bg) Fig = tg or bro daa des 
The sub-types are then | | 
(1) g=0, d= in—VU. E d 
oso ou, P= bij t af + (in— Py; ji bp + nj. 
"o PETS £D. 


T. 


Then 


Hence 


A gain, 


Hence 
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(2 g=1, n=0. 
E = bijt ap td; f=] + hij’. 


PE 

(3) g =—1, b=0. 
P = i] + dz; me qe + nj". 
£z. 


(4 g#0, g#+1. f 
P= bij + ci? + x P; pemgiy + Mf + nf. 
= bij”. 





r | (c) When r= 7. 
In this ease 

$ = (210) + a(221) + 5 (222) -- c (122) + d (123); 

j = (111) + (221) + g (222) + A (122) + 1 (123); 
dj = (211) + (A + af) (223) + of (123); 

P = (118) +° (222) + (f+ 1)h (128); 

7 (212); 

= (113). 
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P = a(211) +5(212) + (a + c) (222) + c (112) + d (113) + ae (128) 


E a (211) + a (^ 4- af) (222) + acf (123) + c (112) + of? (222) 


+e(f+1)h(123) + 5 (212) + d (118). 


@+c=cf+af+tah,  (h-4-a)cf + ch — ac. 


ji = f (211) + g (212) + af (222) + (ah + 0) (123) + A (112) + 1(118). 


fh + af? + P = of, 
oft + (f+ 1)B m o + ah. 


The sub-types are therefore 


(1) f=0, ah, c=0.  ?-a4$-Fdj; ji= gif + yy. 
Oy Je. gelesen = 


(3) fats, ah, o= b (P — a’). 


df; ji= fi + gi? + YY. 


è = aij + 4 (K — af + dj. 
. Q@—R.. 
po oR 
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l (d) When r — 8. 
8. We find, in the same way as before, 


A = (210) + a (221) + 5 (222) + c (122) + d (123) + e (124); 
j = (111) + f (221) + g(222) + A(122) + k (123) + Z (124) ; 
ij = (211) + (af + A) (222) + cf (128) + (cg + df) (124); 
P = (112) +f? (222) + (1 +f) A (128) + (1 +f) k(124); 
= (212) + cf?(124); 
(113) + A (1 +/+’) (124); 
a (211) + b (212) + c (112) + (à* 4- o) -— + d (113) 
+ e(114) + ac(123) + (ad + bc) (124) 
= a (211) + (æf + ah) (222) + aof (123) + (acg + adf) (124) 
+ b (212) + bof? (124) + c (112) + of? (222) + (ch + cf A) (128) 
+ (ck + ofk) (124) + d (113) + dA (? + f+ 1) (124) + e(114). 


jJ 
P 
Ps 


: Therefore 
| d (f—1) e£? — 1) - a — 0, 
ac (f — 1) 4- eh (f -- 1) — 0, 
adf — 1) + te(f — 1) e(f -1) tag + P+ f 4-1). 
Again 


ji = f (211) + g (212) + A (112) + & (113) + L(114) + af (222) 
+ (c + ah) (123) + (d + ak + bh) (124) 

= f (211) + (af + fh) (222) + of? (123) + (efg + df?) (124) 
+ g (212) + cf*g (124) + ^ (112) + f?h (222) + (A + fh*) (123) 
+ (Ak + fhk) (124) + k(113) + kh (J? +f + 1) (124) + 10114). 


af(f—1) + Af(f - 1) — 0, 
c (f? — 1) + A (f 4- 1) — aÀ — 0, 
| eg (f 1) + d (P — 1) + A (P? + 3f + 2) — alb — bh = 0. 


(a? +c) e( f* — 1) + acA (f? -- f -- 1) — 0. 


Thus 


From $? we find 
From 7% we e find 
e(t 1) — ah (f+ 1) tr Cf T 1) CP E fT 1-9. 
This yields twelve sub-types: 
(1) e=0=a=d h#0, f=—1, b—k. 


v= dip + ef; 
di HY ANP PAP HOP + YS - 
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(2) 


(3) 


(4) 


(5, 6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 


ce=0=h=k af0, fl. 

P = aij bi? + df + eft; 

gat gif + üt. 

c =0 =f, h=za#0,.d=a(k—b). 
? — aij + bi? + a(k— b)? td; 

ji = gif + af + kP + lji 

c uÜü-gseA-g. 

P= Bip + oft 

ji = fij t np + kp + ly. 


ce=0=a=h f=+1, d-E0. 
P= hp + dp t+ ef. 3 


jid gi +P + 

a=0, AO, f=—i, d=0, b—k., 

P = bif + cf + ejf; | | 

ji = — ij + gif AP + Of + If 

a £0, h=0, f=1, g=0, a E 8A/ —e. 

P = aij + bif + cP + dp + ej; | | 

ji = ij hf + Yt E 

a #0, h=0, f=1, g#O, a= 2A —e. 
P= IV — co ij + bif + of Tp sper 

jj + gif + HP +H 

a=0=h, f=—1. ; 

= bif + etd te; ~~ 

ji= i + gif + kP + t 

a =0=h=g=k, f=1. 

P= bip + cf + df + e7'; 

jt = ij + lf. l 
h=t/—1a#0, f= +v i, c=— ta’, 
b = 4ag(1—~ —1), d=4@gy+tak(1 —V — 1). 
P = aij + dag (1 VI) — af? 
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Fab 7 — 1) P d TN 


ir — Vd gi +/— iaf + P+ d) 
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| Then 

Hence 
Again 
Hence 


Again 
Hence 
Again 


Hence 
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(e) When r= 9. 
(210) + a (221) + b (222) + c (128) + d (124) + e(125) ; 
(111) + /(321) + g (222) + A (123) 4.4 (124) + 1(125); - 
(211) + af (222) + ef (124) + (eg + df) (125) ; 
(112) + /* (222) + (1 +f) (124) + (k + kf + Ag) (126); 
(212) + cf” (125); 
= (118) + A(/* + f + 1) (125). | 


? =a (211)-+ aè (222) + ac (124) + (be + ad) (125) 
+ 6 (212) + c (113) + à (114). 
a(f—1)=0, ac(f—1)-— 0, / | 
ago + ad (f — 1) + (f* — 1) + eh (f? -- f -- 1) — 6. 


eo. -€. 


rhe 


ji = f(211) + af (222) + c(124) + d (125) _ 
+ A (113) + ah (124) + bh (125) + (114) + ak (125). 


af(f—1)=0, af*e — e—ah — 0, 
fg + fd - IB (* +/+ I d E dh + ak. 


= a? (912) + a?c (125) + ac (114) + (be +ad) (115). 
asc ( /* —1) — 0. 
Pi= f?(212) + (o + ah -- afA) (125) 4- A. +1) (114) + (f +1) (115). 
= afh + ah + c. 


These equations reduce to 


a(f—1)=0, 
| ago eU 1) + ob( f+ F-+ 1) =O, 
. af?’ c— ce—ahk = 0, 
c ( f* — 1) — 0, 
 fyo + Std + (f+ f+ 1) — d — bh — ak — 0. 


The sub- -types are 


(1) a=0=c, f=1, h=0. ` 


| 


P = bif + djt + ef; 


pi aj 4. | a 


a 
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(2) a=O=c, f=1, hFI b= 3h. 
È 83-4 df + ef; l 
i= ij APRI 
(3) a £0, f=1, e=0=h=k. 
è = aij + bif + dit + ef; 
ji = ij d. 
"EP a*g 
(J 2075 Fe (muy 
h=— bag, k= — y yt gag + D) 
"T a? D 
"=aj+bf nr dj + ef; 
sie = —a . a 
ji = ij — $ agf + Ca + 9(3ag + 5); + i. 


t 
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On the Law of Gravitation in the Binary Systems.* 


By Franz LOXLEY GRIFFIN. 


bu 


S1. The Problem. 


That the Newtonian law of attraction operates in the solar system, was long 
ago Shown to be very highly probable; the discovery of binary systems naturally 
raised the question as to whether the same law operates in them. Any reply to 
such a question is based, of course, upon both the observational data and certain 
fundamental assumptions expressed or implied. In this paper the assumptions 
hitherto used in demonstrating the operation of Newton's law are replaced by 
others; incidentally a new proof with the old hypotheses is obtained. 

The observational data have to do with the apparent orbit, which is merely 
the projection of the actual orbit upon the plane tangent to the “‘celestial sphere"; 
but, combined with the assumption that the actual orbit is a plane curve, they 
permit the conclusion that the satellite describes an ellipse, subject to the action 
of a central force directed toward the primary. - 

These data being accepted, the operation of Newton’s law can be established 
by applying a theorem of Darboux and Halphen{ and = the "— 
assumptions: the force 

(I) is a function of the distance alone, 
(II) does not vanish at the center of force, and 
(III) admits no orbits except conic sections, whatever be the initial 
conditions. | Ä 





* Read (in part) before the American Mathematical Society December 28, 1906, and (supplemented) Sep- 
tember 6, 1907. 

+ F. Tisserand: Traité de Mécanique Céleste, Vol. I, p. 85. In the last analysis, this conclusion is to be 
regarded as a pure assumption. For, in the first place, observational error is considerable in comparison with 
the small angles measured; so that the observed positions often deviate widely from even the “most probable 
ellipse”. And secondly, — and more Important, — even 1f absolutely correct observations were possible, any 
number of them would, without the help of assumptions, be powerless to give any information as to the 
positions of the star at any instants save those of the observations, or to show that the orbit 1s a conic with 
the law of areas exactly fulfilled. 

t Comptes rendus de 1’ Académie des Sciences (Institut de France), Vol. LE XXIV, pp. 760-68, 986-38, 939-41 ; 
cf. also Tisserand, loc. cit., pp. 86-42, 


r 
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Another demonstration uses the following —Ü! with a theorem of 
Bertrand:* the force 
(I) is a function of the distance alone, and 
(I a) is a single-valued function, T 
. (II) does not vanish at the centre of force, and 
(m) admits no orbits except closed curves whatever be the el 
conditions, provided that the velocity be less than a certain 
limit. | 
For the proof given in the present paper the hypotheses are: the force 
(T) is a function of the distance alone, 
(II) does not vanish at the centre of force, and 
(III) varies along the given ellipse according to a law which, if 
operating throughout the plane, would permit real motion in 
some region outside of any circle about the center of force. 
In the present paper, as in the classic discussions, the bodies. are regarded as 
material points. [See $15, however. ] 
. In comparing these three sets of hypotheses, it is hardly necessary to point 
out the great severity of the third in each of the classic sets [that of Darboux 
 &nd Halphen being more severe than that of Bertrand, involving the latter]; 
or to notice the mildness of the third in the new set, since to deny it is to admit 
either that the force varies according to different laws in different parts of the 
plane, or that a body started anywhere outside of a certain circle with real 
initial conditions would immediately disappear from space. Also (Ia), while of 
the sort readily admitted in considering the forces of nature, is one of the least 
easily dispensed with in the new set, its absence necessitating an increased use 
-of the remaining hypotheses and a considerably lengthened discussion. It should, 
however, be noted that (II) can be omitted from either of the classic sets, if to 
the observational data be added the statement, probably justifiable, that the 
primary star is not at the center of the ellipse described by the satellite. -And 
further, — because of a theorem due to Bertrand, f — Darboux and Halphen, 


* Comptes rendus, Vol. LX XVII, pp. 849-58; of. Tisserand, loc. eit., pp. 43-48. 

T This is tacitly used by Bertrand in the assumption that the orbit has only one apsidal angle. Fora 
simple example of an orbit with two apsidal angles see a paper by the writer in the American Mathematical 
Monthly, Vol. XIV (1907), pp. 199-201. : 

t Comptes rendus, Vol, LXX XIV, pp. 731-82. » 
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* 
knowing tiat at least one orbit is an ellipse, do not need that part of the obser- 
vational data which states that the force is.central. 

The present discussion has three parts: (1) a proof of the operation of the 
Newtonian law; (2) a treatment of the trajectories admitted by the laws satis- 
fying hypotheses (I) and (III), —an extensive category; and (8) & consideration 
of various questions relating to sets of hypotheses, including & new proof with 
the hypotheses of Darboux and Halphen. 

The demonstration in part (1) starts from the fact that the force required 
for the description of the given ellipse as’a central orbit varies in a manner 
dependent upon the position of the center of force in the plane. From the polar 
equation of the ellipse, the pole being at. any point, an expression is obtainable 
for the required force as a function of the distance alone. An examination of 
the equation of the ellipse shows that if the center of force be elsewhere than on 
the major axis, hypothesis (LII) is contradicted; and if the center lies elsewhere 
' than at a focus, (II) is not satisfied. | | 

It may be noted at this point that the center of force must lie within the 
given ellipse, since a closed curve can not be described as a central orbit with a 
center of force exterior to, or upon, the curve. * 


82. Lemma Concerning Imaginary Forces. 


For later reference it is well to observe that if the resultant force—central 
or not—be imaginary in any portion of space, real motion is impossible in that: 
region. For, suppose a particle (æ, y, z) to move there, that is, let 


æ= p(t), y =i), 2=¢9,(2), 


where the ¢,(¢) are real functions. From the definition of a derivative it follows 
dx dy 
dt’. dt 
component accelerations. Hence, at every instant, the resultant acceleration 
and force are real. This contradicts the hypothesis, so that the supposition of 


that -— and > are real functions of t, as are also the Bo derivatives, or 


real motion musf be abandoned. 


* EK, J. Routh: Dynamics of a Particle, pp. 292-08. 
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$3. Polar Equation of the Given Elipse. 


Let the center of force be any point within the given ellipse but not on a 
principal axis. Let coórdinate axes coinciding with the principal axes be so 
chosen that the center of force (x, yı) lies in the third quadrant. Then the 
equation of the ellipse is i 


(1— €) + y a1 — 6), (1) 


where a and e are respectively the major semi-axis and the eccentricity. Now 
from any point (a, yı) of the third quadrant there is a normal to the ellipse 
(in the first quadrant), where the radius vector is a maximum, and where, 
if A denote the. angle between the X-axis (positively directed) and the normal 


(outward directed), 0 «7 A < v Let p, be the distance from the foot of the 


normal (ay, 3o) to (a, yi), and p, be the normal m to the Y-axis. Then, 


by hypothesis, pı > ps. 

Let the center of force be selected now as pole, and the coördinates of any 
point of the ellipse be u and 0, where u is the reciprocal of the radius vector p, 
and 0 is the longitude measured from a line parallel to OX. Then, since 


a=a+pcost, yoyt+p sind, 
equation (1) becomes | 


(1 — ê) (cos 0 + ©, u)? + (sin udis ids o (3) 
The elimination of sin @ gives 


(a cos* 0 + 8 cos 0+ y = & (1 — cos* 6), (3) 
where | i 
a= — ë, b = 2x, u(1— e), y=l +w + (ki) (1 e, 


and 
Ô = 2y, u. 


Re-arrangement of (3) yields the desired form : 


cos*0 + 4B cos*0 + 60 costó -- 4D cos 0+ E 0, | (4) 


where 
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| |. . $4. 0 as a Function of u. 

It is necessary to examine the solutions of the quartic equation (4).* Now 
this equation is satisfied by cos 0 = cos A if u = th == . Since u is a mini- 
1 | 

mum at 0 = 2, there are not only values of 0 greater than- A but also values of 0 
less than A, for which u has any value slightly greater than u,. Hence equation 
(4) defines cos 0 as a multiple- valued function of u; that is, cos 0 is one function 
of u one side of the maximum normal and another fonction the other gide. 

. But cos 0 is.an algebrate function of u; viz.: 

cos — — Bx: pud gsm, — (5) 
in which p, g and r are the roots of Euler's cubic, and the product of the radicals 


has the sign of =a. where G = D—3BC + 9B = — E. Since x, and y, are 


negative, so are 8 and ô and consequently G.. Hence either all three radicals 
in (5) must be positive or one positive'and two negative; also, none of the roots 
'P, 4, 7, can vanish. These latter are given by | 


p= B04 2V—S4 V+ 5 /—I Wi, 
—— 3 aa | 
q=B—O+ 5 Y- IHN E+ ZI INH, (8) 
: 3 — s, | 
r= BC+ N —I+NU+ZY— INH 


where in P cage the raid denotes the principal root, and where 





st y ‚and — 27 M = P — 27 J’ (the any 


I and J being certain "id functions of the coefficients B, C, D and E. 

Now since cos @ is an algebraic function of u, it can be double-valued only 
by some radical having different signs on the two sides of the maximum normal. 
This requires that one of the outer radicals V p, ~q, or Vr shall change sign; 
for in the definitions (6) each sign has been definitely chosen. But, since @ is 
negative always, this requires that two of the radicals shall change sign. More- 
over, in the ellipse cos 0 is a continuous function of the continuous variable u, 


* In this section the notation is that of Burnside and Panton in Theory of Equations, p. 121. 


= 
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and as p, q and r can not vanish, the two radicals which change must be always 
of opposite signs, and their difference. must vanish for u = u. 

Now these two radicals are ^/g and a/r, and these are distinct from Wp 
for u =u, which follows from conditions for equal roots of Euler's cubic: 
It — 27 J? — 0 for two equal roots, and /=J=0 for three equal roots. * 
It has been seen that the first condition must be satisfied for u = 1; (6) then 
shows that g and r become equal. That the latter conditions are not satisfied 
may be seen by a laborious direct computation of J or J, which may be avoided 
as follows: If p =q =r for u =u, the quartic equation (4) will have a triple 
root, cos 6 = cos A, as three of the four possible combinations of signs in (5) 
yield the same value. But while cos 0 = cos à is a double solution regardless 
of the position of the origin on the normal, the solution is triple only if the 
origin lie on the major axis or at the center of curvature for the given normal.f 
Both of these possibilities are excluded, since p; > p, > radius of curvature 
> normal length to a-axis. Hence, for the positions of the center of force 
at present admitted, 7:J 0 for u = «4. | 

Finally, the pfoper signs being chosen, (5) becomes 


cos à = — B — WV p + (Wg — V7), (7) 
where one sign is required when 0 « 0< A, and the other sign when à< «7 


The next step of importance is to dios that the difference Vg— Wr 
contains the factor (u — u); i e, M q-— ^ r-— A uu Y (vu) where 
Ly (wv) 0, œ. For this purpose let Vg — ~r be expressed as a fraction, 


wur 


thus: 
us: JE 


vg- Vvı= uu ue FE 
(Va + Vr) IHN MHz + IM] 5 


which shows, since every term in each factor of the denominator is positive at 
u=u, that Vg— Wr contains the factor «—u, to the same power as does ~ M, 


* Burnside and Panton, loo. cit., pp. 124, 144. 

t For the circle # = u, meets the ellipse in only two coincident pointe at (w,, A), unless the circle be the 
osculating circle for that normal, in which case they meet In three coincident points. If the pole be upon OX, 
the double solutions cos @ = cos A, and cos? = cos (—2), make either a quadruple solution. 

Verification may be obtained by the test with the derived equations after expressing x, and y, as functions 
of A. (Bee a problem, by the author, in the American Mathemattoal Monthly, Jan. 1909.) 


t 
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Since M is a polynomial (of degree 12) in u, vanishing for w==u,, some 
integral power of u — u, is a factor. To test directly the order of this factor 
is unnecessary, as it will appear in the next equation. 


Differentiate (7) with respect to u, denoting — "d primes; sub- 


stitute T M = k, V —J — X M= R, VIT 2U, and 


1 l' o . @ Q o — 
Motu us i AE vg dn Mr ^q ni 


. and re-arrange: 


do , , 2BB'—C'T 1 J'(/1 dul de 
sin 6 — „=# ka |; 29 |- 351 aat - 
M' 1 
" a) P wearin rp") Cg n) Gn aa) 
Now since the line 0 =à is a normal d* — o at (u,, 4). The only denominator 


' dô 
in (8) which vanishes at u= w is VM. If M contains the factor (u — 14)", 


M' contains the factor (u — u)'!; hence, to have A p 0 for u =ù, it is 


m that F >v—1,orv<2. Therefore v —1. Also, putting V u— ù = zg, 
inspection shows that z occurs to the power unity in U aus in REO and 


to the power zero in V, B', 2B B! — C', and m (2BB' — on may how- 


. ever vanish identically). "Whether J’ carries a factor œ is immaterial; suppose 
x appears to the power (n — 2). 


Then equation (8) may be written in the form 


4 


sind SY = Et hat be + iz"), (9) 


where g, A, k and | are functions of u, which do not vanish at u unless . 
identically zero. Moreover, from (7) one obtains 


sin’ = 1— [(B + Vp)? 2(B + Vp) (V. — v7) + wg /7)*] (10) 
= 6 + ecx— a, | 
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where 6 and c are functions of u, not vanishing with u — t, and not identically 


zero since 0 — A +0, ae when u = uù. Hence 


b + cx — g’ 
35) Eu (g + ha + ka’ + ix^)" : (11) 
The numerator of (11) contains an odd power of x. Even if the numerator is a 
factor of the denominator, the removal of this factor will still leave the same 
factor in the denominator, as the latter is a perfect square. . And the conjugate 
factor needed for removing odd powers, if present at all, is squared. Therefore, 
(11) contains essentially an odd power of a. 


2 
Finally, then, for u < u, x being a pure imaginary, (25) is a complex 
function of u; thus | 


(St) = ew) = F (u) + i F(u), | (12) 


where F and F; are real for u< u, but it F(u) is real for v>u. 


$6. Exclusion of Laws for Non-Axtal Centers. 


The foregoing results permit a great restriction. upon the location of the 
center of force within the ellipse. As is well known the force necessary for the 
description of any curve as a central orbit, the center force being at the pole, 
is given at all points of the curve by 


_ diu 
f — hM (u + i5 


where Ah is the constant of areas. There are an infinite number of laws according 
to any of which the force may vary to produce a given orbit with a given constant 
of areas and a given position of the center of force;* but by imposing hypo- 
thesis (I) at the start, & single law is obtained for the variation of the force along 


«Cf, F. L. Griffin: Certain Trajectories Common to Different Laws of Central Force, Ths Astronomical Journal, 
Vol. XXVI (1808), pp. 3-4, Inattention to this fact seems responsible for the use of hypotheses inadequate 
for the conclusion stated concerning binary systems by Professor Moulton [Introduction to Celestial Mechanics, 
p. 80]. In this connection the writer desires to acknowledge hls indebtedness to Professor Moulton for much 
helpful eritielsm of this paper, which had its origin in the detection of the error mentioned. 

\ 
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the orbit as a function of u alone. Thus, for the positions of the center of force 
considered above, the BELSIENLIELOL of (12) gives A 


f= B = Muf [2 u + d (u)]. 


If the force varies according to this law throughout the plane, the resultant force 
is imaginary when u < uù, that is, everywhere outside of the circle u = t, 
[orp- pi]. By the lemma above, real motion is impossible without that circle, 
go that. hypothesis (III) is contradicted. This law and the corresponding positions 
of the center are, therefore, excluded; that is, the center of force must lie upon 
a principal axis. | 

[It may be observed in passing that the foregoing demonstration applies to 

exterior points and to those upon the ellipse as well as to interior points, and 


might have been used to exclude such points, if 0 <A Ze = Further it excludes 


points of the minor axis within the evolute (except the NP since from such 
a point there is a non-axial maximum normal. But in some ellipses the evolute 
does not contain the entire minor axis. ] ` 


§ 6. Exclusion of Laws for Centers on the Minor Axis. 


Next suppose the center of force to be any point (0, d) of the minor axis 
Then, choosing that point as the pole and introducing polar coordinates, 
. equation (2) becomes, since 2; = 0, y =d: | | 


e? p? sin? 0 + 2d sin 0 + d? + (1— e?) (p? —a?) =0. | (13) 
The solution of (13) involves v (1 — e?) (d? + a? e? — e? pê), and so a the 


expression for the force (unless d= 0), as may be seen by forming I N OW 


this radical is imaginary for p > P Lv B + aie? , 80 that real motion is impossible 


outside a certain circle. Again there is a contradiction of hypothesis (III), 
restricting the center of force to lie upon the major axis. [It may be noted that 
points in the line of the minor axis exterior to, or upon, the ellipse are likewise 
excluded. ] 


! 
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$7. Laws Admitted by Hypotheses (I) and (III). 


Finally, let the center of force be any point (d, 0) of the major axis. 
[There is no loss of generality in restricting d to positive values, as this amounts 
merely to a choice of the positive direction of.an axis.] Equation (2) becomes 
in this case. 


e? p? cos? 0 — id — e) dd Ta (1 — e?) (a? — d?) — p° = 0. (14) 


The solution of (14) is 


cos 6 = ala (1 — e) A e*p* + (ate (i —e)]. (15) 


If d 7 ae, the radical does not vanish for real values of p, Its proper sign 
is ascertained by substituting the coördinates of a particular point, 0 = 0, 


p=a—d: 
denen — c " 


which requires that the lower sign be chosen. Equation (15) may then be written 


y co8Ó = au — s Bu vy, (17) 
where | l 
a=d(i—e), B=(d—ate)(1—e), y=, (18) 


ee 
n 


If d ae, the radical vanishes; but the corresponding value of p, viz., pj —8 
is not taken in the ellipse unless dZ ae?, Tests similar to (16) show that 


when ae’<d<{ae, the sign of the radical is always —, and 
when d«ae?, the sign is + near 0 = 0, and — near 0 — 7. 


[When d< ae? there are two normals from the pole besides the axis; the sign 
changes at the foot of each.] 


Differentiate (17) twice with respect to 6, putting Ez Bu? +y (positive): 
Bu du 
— y iin 8 = (a 2 a6 (19) 
Bur d? dus? 
— y cos 6 = (a — 57) $ djs — E =—au+ R. 
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Substituting for € the value obtained by squaring and adding (17) and (19), 


one has | 
| By y'—(nw—ERE?» , Bw v 
(s — DG )-8 R (ak—Bu)* xi TR (20). 
whence 
d'u y By +a? — 8) | 
"gg (ak — Bu) (21) 


Multiplication by A? u? gives the required law of force [if d > ae*] 


‘py 


= GR Ba = GEES E " 
where T 
e= k?y? 7 ) = id a? e9 (1 — ey. (23) 





[When da ae, the corresponding law in any part of the ellipse is obtained ` 
from (22) by assigning to the radical a sign opposite to that specified above for : 
the equation (17).] 
The laws represented by (29) have quite different properties according as 
d 2. ae; though in both cases f vanishes “at infinity".  . Zr 
Type I, where d 7» ae. Here, since B >0, f is everywhere real; also f 
is everywhere finite since the vanishing of the denominator would require 


oe 2 — B (8 —a*) ti t d h 
pP’ = p = " , & nega ive quantity; and / is a ere positive 


ur 
[attractive], for 8 >a i 8-4 yp y p would require p?< pi. 
Type II, where d< ae. Here, since 8 < 0, f is imaginary within the circle 


pas also f becomes infinite at a finite distance p, [only for the law 


. required near 6=0 when d< ae?, — for the others as in Type I]; and in the 
same case is negative [repulsive] for p>p,. An exception is the very important 
case where a = 0: the center of force lies at the center of the ellipse and the 
law is that of the direct distance. 

Another special case of interest is that where d= ae", the center of force 
being the center of curvature for the end of the major axis. The statement has 
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been made* that a particle can never, in a finite time, arrive at an apse, the 
center of whose osculating circle is at the center of force, but must approach the 
osculating circle asymptotically. The’ present.example is a case to which the 
statement does not apply, since the time Bom any point (to, 0) to the ae 


(ta, 0) is given by 
T= ft Ba 


where $ (u) $0, œ. This integral is finite h a standard test. 


88. Proof of the Operation of the Newton's Law. 

A property common to the laws of both types, except in special cases, is that 
the force vanishes at the center of force. For, from (22), it is evident that /= 0 
when p=0, unless V B (+ a— [v B) =0 which would require either d= ae 
or d=a. The latter exception has been excluded, since in that case the center 
of force would lie upon the ellipse. The former exception occurs when the center 
of force is at a focus; and in this case, since 8 — 0, 122) reduces to Newton’s law, 
as it should. 

Therefore, as the vanishing of f for p= 0 contradicts hypothesis (II), the 
Newtonian law must operate in the given binary system. 

[It is evident.that the method of this section may be applied equally well 
to exterior points in the line of the major axis. And, again, the laws of type II, 
which préscribe an imaginary force in a part of the plane, might have been 
excluded otherwise by strengthening hypothesis (III) to require the possibility 
of real motion throughout the plane. Reasons for the choice of the method here 
adopted will be given in $ 15.] 


Part II. TRASEOTORIES FOR THE Laws OF TYPE I. 
§9. Stability. | 
Any law of types I and IL admits the given ellipse as a central orbit, in 
which, at any instant, there are certain initial conditions. The question 


naturally arises as to the sort of curves that would be described if the initial 
conditions were different. 





* Of. Routh, Zoe. eit., p. 288. This author probably intended, however, to have his statement understood 
as applying to only the special types of laws discussed in earlier pages, and not to be taken in the general form 
in which enunciated. 


10 
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With the exception of the law of the direct distance, whose trajectories are 
well known, no law of type II- permits real motion in all parts of the plane. 
These laws will not be discussed further. All laws of type I (including that of 
Newton, whose simple trajectories will not be discussed here), produce for any 
. real initial conditions real orbits, ome of whose properties wil now be 
established. 

Consider the law (22) for any chosen value of d, (ae<d<a). Ifa perticle 
be projected from any point in any direction, with a velocity less than a certain 
function of the initial distance (the “velocity from infinity"), the orbit is stable. 
That is, the motion is periodic, there being both-a pericenter and an apocenter; 
and a slight change in the conditions of motion at ied instant will produce only 
a slight change in the apsidal distances. 

Ati= A let u = w, R = Fs; and let the velocity be v and the constant 
of areas be A,. Then, if A, 3: 0, the differential equation of the path is, by (22), 


Š d*uw _ 
h3 (u + 270) = GRBs = ge (24) 


Integration of (24) after multiplication by 2 di gives 
du’ = eu(2akh — Bu) 
2 2 EEE —S 
Alu + (5 ja r9 mhi : (25) 


where k, is a constant, and where the left member equals the square of the 
velocity. It is easily seen that the limit of 5 -+ F(u) as u becomes infinite is. 


finite. Hence there is some value w,, such that, for u>u, hj (23 5) < 0. 


. But M (Ss '— (SE P. Therefore there is a circle u =, within which the 
radial velocity, — and likewise the motion, — is imaginary for the given initial 
conditions. This establishes the existence of the pericenter. . 

From the initial conditions follows the equation 
ls = vf — F (w) = v) — Wi, (26) 


where V, is the velocity acquired by & particle in falling from rest at an infinite 
distance to the initial point, and is real. The latter statement follows from the 
fact that e, a, y, (a Rọ — B uo), — and hence also 2a E, — Bt, — are positive; 
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so that F(w) > 0. Now it is possible to choose v; < Vj; and for any such choice 
a<0, and v* <0 at u=0 as follows from (25). Therefore Aj 22) « 0 


for all values of u less than some value 4; so that the motion is imaginary 
outside the circle u = u. Thus the orbit has an apocenter. 

| Since in all central orbits included between two apsidal distances, the apsidal 
angle and time are constant, if the force be single-valued as required by (22), 
the radius vector is a periodic function of the longitude and of the time. 

If h= 0, then = = 0 and oa Gk—B u Pay These two equations 
show the motion to be a periodic oscillation in the line 0 = b. 3 

From (26) it follows that a small change in e, would affect & but slightly. 
And, since As = v, p, sin V (where 44 is the angle between the radius vector and 
tangent at ¿= h), a small change in either » or 44 would produce only a small 


change in A. Hence s, and w, the values of u for which oe = 0, would 
change but little. The orbit is stable. 


810. Other Conics as. Orbits. 


Another question presents itself: ie the given ellipse a solitary conic orbit 
under this law of force, or are there others, — in particular, other ellipses? 
It will be shown that there is a double infinitude of elliptic orbits, and that 
through every point of the plane there: passes in every direction one, and only 
one, conic section which is a possible orbit. 

In.the first place if any other orbit be an ellipse, the center of force must lie 
upon the major axis and not between the foci; for, if.it were elsewhere, me law 
would be other than of type I. 

Hereafter let the constants of the odd do be denoted by the subscript 1, 
and the corresponding constants for any other elliptic orbit, by the same een 
without subscripts. Then the equation of any'such orbit is 


y cos (0— r) =au—V Bw ry, (27) 
v being an arbitrary constant, the longitude of the pericenter. Also the law 
under consideration becomes in the new notation: , 


—: np , a 22, 
f (a, / By + yp — b (2%) 
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and mary the force acting in the new ellipse is given by | 
f = — pı no (88 
a B yp! —By ^ DR t 


. where ¢ = A? a?e? (1— e°)’, A being the new constant of areas. Hence for all 
values of p, the values of f in (22,) and (28) are identical; from which it follows ` 
that the irrational terms in the two must be identical, and, likewise, the rational 


terms. The application of this principle to Js f in aa and (28) gives 


av D. m Bi avy avy B — £i M (29) 
g^ ee 7 gb g 8 ‘ee g 


From (29) it follows PER that 


V;CYW Yn PTA o o) 
That is, in all elliptic orbits which may be possible, the three quantities 
| I y! £ and » must remain invariant. Ee these be denoted by A, B and £, 
Mr dr then a = Ae, Q = Be? and e= Eet. The substitution of these 
values in (22,) gives for the law of force: 


| Ep 
Í= ABFP B un 
. and in (27) gives | n 
| e cos (0 — v) = Au — Bw? +1; |^. (32) 


BO that any possible elliptic orbit under the law (31) is represented by (32) for 
some value of e, — the original ellipse for e = e. 

Conversely, it will be shown that for all values of e and » the curves (32) 
are conics, — a double infinitude possessing certain properties because of the 
invariants A and B. And further there are real initial conditions, — determined 
by two invariants, Æ and another (obtained later), — for which each member of 

the family of conics (32) is a possible orbit under the law (31). 


$11. The Family of Conics. 


Consider the equation (32) for arbitrary values of e and v. All the distinct 
curves which are represented by it are obtained for O<e< oc and 0<Zv<2n, 
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the curves obtained for negativd values of e being included in these. For, by 
changing the sign of e and adding + zt to v, the equation is unchanged. 

To vary » while keeping e constant does not change the shape of a curve, 
but merely rotates it in the plane. It is, therefore, sufficient to consider the 
curves for which v — 0. This particular infinitude will hereafter be called the 
restricted family; its geometrical properties are possessed by all families in which 
v has a fixed value. | | 

If rectangular coördinates be introduced by cos 0 — au, sin 0 = yu, the 
equation (32) with v = 0 becomes: | 


z? (1 — eè) + 24ez + y? — D, , (33) 
where | 
D = A? — B= (a$ — d1) (1 — ei) > 0. 


Equation (33) represents for any value of e a conie section, whose transverse 
axis is in the a-axis, and whose eccentricity is e. For eÆ 1, the center is : 


Ae 00. 2 4 De? + D 
(5, 0) , and the square of the major semi-axis is a? = Ge The 
apocentral distance in any ellipse is, then, m 

(Be* + DJ)’ + Ae o3 |. D " 
1 — e! (Be? + DP — Ae’ 
similarly the pericentral distance in any conic is 2 . The former 


(Be? + Dy + Ae 
steadily increases with e, having its smallest value VD for e = 0, and becomes 
infinite as e—1. The latter is a decreasing function of e, having its largest 
value VD for e= 0, and approaches zero as e==«. Hence every conic of the 
. general family has its pericenter within, and its apocenter without, the circle of 
the family, p? = D. | 

Various geometrical properties, belonging chiefly to the restricted family, - 
are readily seen. As neither of the invariants A and B is so. well suited to inter- 


pretation as two of their combinations, viz., D and EI these latter two will 
be used. : 
I. Tue First Invariant, D. All conics of the family with collinear axes pass - 


through two fixed points; viz. the points where the circle p? — D meets the 
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perpendicular to the axial line — the origin. For equation (32) with v 


fixed is satisfied by p=VD,0= v xx 3? whatever be the value of e. [Another 


proof rests upon the fact that all members of the restricted family. pass through 
(0, + v D).] | 

It is possible to define new families of conics related to the family (32) in 
which there is a simple interpretation of this and the following invariants. If a 
new conic be described, having the same eccentricity as some given conic of the 
restricted family, and having as its transverse axis the segment ‘between the 
center of the given conic and the pole with respect to the given conic of the line 
joining the fixed points (0, + D), then this new conic passes through the same 
two fixed points, whatever the value of e* To establish the property it is sufficient 
to note the codrdinates of the vertices of the new conic, 


a 9) ond s 9) 
D 


Evidently the auxiliary circle of the new conic cuts the Y-axis where Y? = dm 


Y being the mean proportional between tlie two segments of the axis. Let y be 
the ordinate in the new conic at z—0. Now, in any ellipse, y?/ Y? = b?/a?; 
and, in any hyperpola, j*/ Y? = — b/a”. In either case, y? = Y?(1— e) = 


II. Tux SECOND INVARIANT, Ju In all conics of the restricted family, the 


slope at either fixed point bears to the slope at the end of the latus rectum a ratio 
which is constant. For the latter Tw is +e, while the former is seen from (33) 


to be + Ae The ratio is + -= which i 18 constant. 


D NG 7p 

If a new conic be described, having thé same center and eccentricity 88 
some given conic of the restricted family, and having;a focus at the origin, the 
new conic passes through two fixed points whatever the value of e, so that its 
latus rectum bears a constant ratio to the segment between the fixed points of the given 





family. For, the major semi-axis of the new conic being E: , ita latus rectum is 


* The members of one family do not belong to the other (except for a single value of se). For in each 
family there is but one conic with a given eccentricity, and corresponding conics have axes of different lengths. 
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"m— 
ee or 2.4; and the distance between the fixed points (0, + D) being 





w A 
2 10 1 ==. 
/ D, the ratio is TD 
the Y-axis, all the new conics pass through (0, + A). 
III. An ALTERNATIVE Invariant, B. The family defined in II intersect the 
tangents at the vertices of corresponding members of the given family on two straight 
. lines, y? = B; and conversely, on y? = — B. These statements may be proved 


analytically by using the equations of the tangents, or geometrically by observing 
that the segments into which the major axis of the new conic is divided by the 


Again, since the constant latus rectum lies always in 


vertex of the old are — a and d a. lt follows that the tangent is cut by the 
m aoa ; d? — a? e? 
auxiliary circle of the new conic where y? = "S 


2 2 e? 2 
—— == B. Similarly for the converse. 


, and hence by the conic . 
where y*— 


IV. P^ two contes of the general family intersect, so that no one lies wholly 
within any other. For let the values of v and e in the two curves be respectively 
v, & and vs, &; and let the radii vectores be denoted by p, and pp. Suppose 
& > €j. Then, by the remark above concerning the pericentral distance, 
a, — d, « a, — d, ; and hence, when 0— vg, pp<p,, for a, — di Z gi. 

Case I. When e, « 1, both orbits have apocenters, and a, + d > a + d. 
Hence, for 0 = », + 7, ps > pı; and, for some value of 0 between v, and v, + 7t, 
the two ellipses must intersect. | 


Case II. When & 51> e,, the ellipse has an apocenter, while the other 
conic extends to infinity. Hence there are values of 0 where p, 7, so that 
the curves cut. 


Case III. When a, there exist values of 0 where fa pj. For the 
value of 6—» where any conic of (32) goes to infinity is @ = are cos (— -) 


H 


showing that $ ^ and $ isa decreasing function of e. Now p is finite from 


0—v— 4 to 0— v +; and since & 95, the range of values of 0 for 


which p; is finite is smaller than that for which p; is finite, but is greater than t. 
Hence at least one of the radii vectores where p, becomes infinite hes in the 
region where p, is finite. Near this, p; >. 
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V. Through every point there passes in every direction one, and only one, conic 
of the family (32). For, let the point be (w, 6), and let the given direction 
make with the radius vector to that point the angle 44. Then, in the required 


curve, tan J4 = — TESE where from (32): 


| d6 _ | AV Bw i—Bwu (34) 
du J Bul +1 [e®?— (Au— Buw ti] | 


Hence if any member of the family is to have J= 4 at u = w, its eccentricity 
must have the positive (or zero) value given by 


| | B $ 
e = (Au,— ^ Bui +1)? + (4—- vcn u yo) (35) 


Evidently e2>0, so that there is a real positive (or zero) solution. The sub- 
stitution of e = e, 0 = 0, and u = w in (32) determines » so that the conic will - 
pass through the given point. The equations determine both e, and » uniquely, 
subject to the original restriction. 


COROLLARY. Every point in the plane is an apse in some conte of the family. 
For then 4 = , and equations (35) and (32) become e, = + (Ay — V Bui + 1), 


and cos (0j — v) == 1, where the upper or lower sign is to be taken according 
as AZ B +p, — or pp<D. Further, if pj< D, 0, v; while, if pj >D, 
(= vita. That is, any given point within the circle p = D is the-pericenter 
in some conie of the family; and any point without that circle is the apocenter 
in some conic of the family. [This corrollary establishes the converse of a 
property obtained above. ] | 


§12. The Initial Conditions. 


It has been shown that, if the law (31) admits as trajectories any ellipses 
other than the original orbit, those ellipses must be members of the family of 
conics just discussed; and it is further necessary that the constants of areas have 
values determined as follows: 


Tue Tup Invanrant, E, or À?a*(1— e?)*. The constant of areas must be 
proportional to the curvature at an.apse. : For the radius of curvature at an apse’ 
is a(1—e?), so that the constant of areas A divided by the curvature is invariant. 
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Several questions now require consideration. 
I. Is an arbitrarily chosen constant of areas h, admissible for some conic of the 
family? If so, then between A, and the required eccentricity e, must exist the 


i 2 $2 
relation E = h? (B+ x = hi (Be} + D), which requires 
* 


hi Bei = E— k? D. |. (88) 


E 
D’ 
the value of A® in the circle of the family.: [If ,=0, =», the curve being 
a straight line, as is indeed evident from other considerations. | 

This result does not show, however, that there is an upper limit to the initial 
velocity of projection. For A= vo sin constantly; and therefore arbitrarily 
large values of v yield admissible values of A, if only the initial distance or the 
angle ẹ be sufficiently small. 


Equation (36) defines a unique positive number e&, provided simply that h§ 


II. For an arbitrarily chosen constant of areas h,, less than the limit mentioned 
above, what further restriction must be put upon the inttial conditions in order that 
the trajectory be a conic? Let the values of p, u, 0, v and ẹ at the initial point 
be designated by the subsoript zero. Now in order that the trajectory be a conic, 
'e must have the value e,, defined by (36). 

. Hence, in the first place, p, must lie between a, — d, and a, + d; fas oo 
if e, 1] Further 4, must equal the value of ẹ at the distance p, in the conic 
for which e =e. And, finally, vy must be given by v, = hy u cec JA. 

To formulate the second of these conditions, consider equation (25). Since, 
in any curve, = 4 = — uS or a? cac? 4j = u? + Gh the value of uj esc? 
in the orbit (25) is, for arbitrary conditions of projection, 


Eu (2 AV Bui i-— Bu) 


2 2 : 
en W= s + R (ANV Buyi 1— Bu) GU 


And in the conic for e = e, the value at u = tu, is 


Bu?--1 A V Buk + 
boty nat Belt DE An BEE, gy 


| "en the rut members of (37) and (38), and observing that 


= Ai [B (e8 — 1) + 4°], 
11 
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a condition on E lg E The irrational parts must be identical, likewise 


the rational parts: 
C 24*Bwu)^ Buj4-1— —24Bwu(e—1)^ Bug +1 


k 


75 A? [A? + u$ (4* B + BY] = (e 1) [4* + u$ (4* B + B’). | 
2 EET , 


| : | 
Each equation requires that = = a d that is, for all orbita of the family, 


g 
2 — a . * i LI e.s “u. 
u nd E is a fourth invariant, restricting the initial conditions. 
a a conie orbit with the constant of areas A,, the velocity of nen 
at the distance po must be ey, where | 


vi = ky + F(u) 24 553 + F(u); (40) 


and -is given by = vo po sin v. Or, reversing the order, 4, may be 
obtained from (38), and then v, from either of the two equations last written. 

- III. To determine the velocity, with which a particle projected at any point in 
any direction will describe a conic. There is one, and only one, conic through the 
given point in the given direction. Since wu, and 44 are known, (35) determines 
é,, real and. positive; and (36) then determines A,. Finally v, is given by (40) 
or by e = huy cse 4. It is evident that there is one, and only one, real positive 
value of v; for which the orbit is a conic. The fact that there are initial velocities 
for which the orbits are other curves than conics, is important in a later section. 


$18. The Apsidal Angle in the Non-Conic Orbits. 


The question as to whether ‘‘the line of apsides advances or recedes,” 
— that is, as to whether the apsidal angle © is greater than or less than 2, — 
is a matter of interest. The expression for the force in laws of type I may be 
written, f= P (u), where 


PW)=s- 


ae. (41) 
Now it has been shown elsewhere* that, if P'(u) >0 for u, > u `> u,, then 


* F. L. Griffin: On the Apsidal Angle in Central Orbits, Bulletin of the American Mathematical Society, 
Vol XIV (1807), pp. 6-16, 
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© >n in all orbits lying wholly between the circles u = u, and u == u; and con- 
versely. Similarly, if P'(u)« 0, O «v. And further, if P'(u) « 0, and 
decreases with w or is constant, then in any family of orbits, one of whose 
apsidal distances is constant, O increases with the second apsidal distance. 
Analogous statements apply in the opposite case. 


For type I, | | 
—3EB 


R(AR— Buy Mu) | (42) 


Hence P'(u)> 0 if E Au; that is, if p 1D; while P'(u)« 0 if P< D. 
Consequently in all the orbits which lie wholly within the circle p? = D, O < 1; 
and in all orbits wholly without the cire = D, O 77. [It is interesting to 
compare this result with the fact that in the conic orbits O = x, and to note that 
a new proof is thus obtained for the earlier statement that every conic orbit 
admitted by the law (31) has its pericenter within and its apocenter without the 
circle = D.] 


P' (u) = 





/ 
Jg)7? and P'(u) <0 when "p there 


exists a region within the circle p* = D and without another concentric circle, 
throughout which O decreases as the apsidal distances in the orbits decrease 
The corresponding question for orbits outside p’ = D requires more extended 
computation. 


‘Moreover, since Pt 


$14. A New Proof with Classic Hypotheses. 


From the foregoing discussion, it is possible to obtain a new proof of the 
operation of the Newtonian law in the binary systems, based upon the hypotheses 
mentioned in $ 1 in connection with the classie theorem of Halphen and Darboux. 

The classic hypotheses imply those of the present paper; for (I) and (II) 
are common, and, if every: orbit is a conic, then the law according to which the 
force varies (not merely in one orbit but throughout the plane) is such as to 
permit real motion everywhere. And, since the operation of Newton’s law 
follows from the new hypotheses, it follows also from the old ones. 

Again, a new proof is possible with the assumptions of Halphen and Darboux 
modified as suggested in §1. For the second theorem of Bertrand referred to 
may be applied, with assumption (III) and the fact that at least one conic orbit 
is an ellipse, to show that the force is central. Consider that ellipse; the center 
‘of force may lie only upon the major axis. For, if it were elsewhere, the use 


- 
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of (I) would furnish a law, for which some initial conditions would give rise to 
imaginary orbits, [$ 6], in violation of (III). Moreover, if the center of force 
were any point of the major axis save the center [excluded by assumption] or a 
focus, the corresponding law would admit imagiuary orbits (if of type II) or real 
non-conic orbits (if of type I), [812], again in violation of (IIT). Thus, New- 
ton’s law must operate. 


& 


$15. Possible Modifications in Hypotheses. 


(1) As observed above, laws of type II might be excluded by strengthening 
hypothesis (III) to require the possibility of real motion, not merely sufficiently 
far from the center of force, but throughout the plane, an increase in severity 
which may seem on first consideration to be extremely small. 

It is true, however, that the hypothesis in this revised form would exclude 
so important a law as that according to which an oblate spheroid attracts an 
" exterior particle in its equatorial plane; for, if the latter law be required to 
operate within the spheroid, the force is imaginary within a certain interior 
circle.” But it is well to observe that even this exclusion would not be excessive 
in the present problem, inasmuch as the latter law admits as orbits no conics 
except circles. - | | | 

Nevertheless, if the attracting body be regarded as having size, the severity 

of the revised hypothesis is greatly enhanced, as it would exclude the operation 
at exterior points of any law which, if operating also at.interior points, would 
. prescribe imaginary values of the force within the attracting body, even though 
all (physically possible) real initial conditions give rise to real orbits. If 
modified to require only the reality of the force everywhere outside the attract- 
ing body, the hypothesis would not suffice to exclude laws of type II for which 
ae > d ae’, and would suffice to exclude those where d« ae only when 
strengthened by the assumption that the bedies do not collide. [These latter 
statements rest upon the fact that, if p, denote the value of p for which the 
imaginary radical vanishes, p, < a—d (the least radius vector in the orbit) if . 
ae d > ae, and p, = the minimum normal if d c ac.] When ae>d 7 ae, 
however, the center of force would at least have to be sufficiently near the focus 
‚to have the principal star contain the focus; for the inequality p, 7 ae — d 
follows from the known inequality, 0 > (d — ae) (d + ae — 2ae’). 





* For the law in question see Moulton. Zoe. cit., p. 128, or paper cited in Bulletin, p. 18. 
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(2) Again, it has been noted that all exterior points, and all points on the 
ellipse except the ends of the major axis, could be excluded without the aid of 
the reference cited in $1. These two, and all other, points of the curve might 
be excluded by formulating as an assumption for material points the physical 
principle of impenetrability, or by otherwise prohibiting collision. This change 
would, however, involve 'an altogether unnecessary (even if mild) addition to 
the assumptions of the paper. 

(3) Finally, in any non-rigid body tides would be formed with a resulting 
difference in the attracting force, which, considered as a perturbation, would in 


je (e 


general forbid the constancy of ne) (the fourth invariant). Doubtless a . 


substitute for hypothesis (II) can be framed, based upon some such requirement 

— as that, under tidal disturbance the force shall cause the velocity at any instant 

to be such as to permit the description of a conic as the subsequent orbit were 

tidal disturbance to disappear. In addition, it would be necessary to require 

that the center of force be not at the center of the orbit, in order to exclude the 

law of the direct distance which compels an elliptic orbit for all initial conditions. 
WILLIAMS COLLEGE, September, 1908. 


Lösung des Lehmer'schen Problems. 


Von EpwuND LANDAU IN BERLIN. 


EINLEITUNG. 


Es ist mir.durch Kombination meiner älteren Methoden mit einigen neueren 
Hilfsmitteln’ gelungen, ein seit J ahren angestrebtes Ziel zu erreichen, Ich kann 
jetzt ein von Herrn Lehmer! im Jahre 1900 gestelltes Problem in voller All- 
` gemeinheit lösen, von dem ich drei wichtige Spezialfälle (für, welche die alten 
Methoden nicht ausreichten) schon in einer früheren Arbeit? erledigt hatte. 

Es seien a, b zwei teilerfremde positive ganze Zahlen ;? © (n) bedeute 1 oder 0, 
je nachdem alle Primfaktoren von n die Form a m + haben oder nicht; v (n) 
sei die Anzahl der verschiedenen Primfaktoren von n. Herr Lehmer fragte 
zunächst, ob | 


g = oO x 


X 2*9 9 (n) (1) 


stets existiert. Zu dieser Frage gelangt er daduroh, dass in den drei Fallen 
1) a = 3, b= 1, 2)a4—4, b= 1, 3)a— 6, b= 1 die Theorie der quadratischen 
Formen den Nachweis der Existen? des Grenzwertes (1) liefert; Herr Lehmer 
führte dies genauer aus und fand auch, dass jener Wert jedesmal 70 ist. Er 
vermutete nun allgemein, dass der Grenzwert existiert und >0 ist. 


1 «u Asymptotic Evaluation of certain Totient Sums”? [AxNWRICAN JOURNAL or Marnewartios, Bd. XXII 
(1900), 8. 293—885], vergl. insbesondere den Anfang (8. 208) und den Schluss (8. 884—883) dieser Arbeit, welche 
auch separstim ala Dissertation der University of Chicago erschienen ist und das betreffende Problem für 
gewisse olementar angreifbare Fülle löst.- 

2 « Bemerkungen zu Herrn D. N. Lehmer’s Abhandlung in Bd. 22 dieses J (M B. 398-385" [American 
JOURNAL OF MaTHEMATIOS, Bd. XXVI (1904), 8. 209-222]. Ein anderer Beweis meiner damaligen Resultate 
steht in meiner späteren Arbeit «Uber die Multiplikation Dirichlet'scher Reihen" [Bendiconti del Circolo 
Matematico di Palermo, Bd. XXIV (2. Semester 1907), 8. 81-160], B. 143-145 (818, «Neuer Beweis einer Ver- 
mutung von Herrn Lehmer"). 

+ Es ist keine Einschränkung der Allgemelnhelt, 5 <a anzunehmen. 
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Darauf wies ich a.a.O. nach: 1) Wenn der Grenzwert existiert, kann er nur’ 
für $(a) — 2, d. h. füra=3,a=4unda=6 von 0 verschieden sein. 2) Für 
a=3,a=4Aunda=6, d.h. für die drei Lehmer’schen Progressionen 3m +1, 
4m-+1und 6m 4-1, sowie für die drei neuen Progressionen 3m-+ 2, 4m +3 
und 6m + 5 existiert der Grenzwert und ist >0. 

Heute kann ich nun beweisen, dass‘ für $ (a) 7» 2, d. b. für a = 5 und alle 
a27 nebst jedem zugehörigen zu a teilerfremden b der Grenzwert 

lim z diis 
XL Oo x 


i 
(log x) *9 
vorhanden und >0 ist; daraus folgt insbesondere 
5 » (n) 
© — oo 9 
Herr Lehmer stellte aber noch ein viel allgemeineres Problem. Es seien . 
.4, unter den h = $ (a) zu a teilerfremden Restklassen gegeben : °. 


am +b, am+6,, ...., am+b, (1SASA). 


Es sei O(n) — 1 oder = 0, je nachdem alle Primfaktoren von n irgend einer 
dieser A Progressionen angehören oder nicht. Herr Lehmer fragte, ob 


zz 
, » (n) 
dim 54 O(n) 


V — 0 © 


stets existiert. Er konnte nämlich mit Hilfe der Theorie der quadratischen 
Formen beweisen, dass fir gewisse unendlich viele Fälle, in denen jedesmal 


x = ist, der Grenzwert existiert und >0 ist. 


“Fir ¢(a)31, d. h. a 1, b —1 ist bekanntlich 


Y ari” o (x) : * 9 » (n) 
_ Mm se Hm s 
z=% clogs "zum «loge 

vorhanden und >0; vergl. x. B. die Reproduktion dieser klassischen Dirichlet-Mertens-Lipschitz’schen Unter- 
suchung bel Herrn Bachmann, ‘Die analytische Zahlentheorle", Leipzig, 1894, B. 480-436 und B. 450—453. 

5 Der Fall 2 = A lesse sich übrigens unmittelbar auf das in Anm. 4 erwähnte klassische Problem zurück- 
führen, d. k. elementar erledigen; O(n) ist ja alsdann — 1 für alle zu a tellerfremden Zahlen, sonst = 0. 
Aol ist der oben im Text besprochene Fall Also ist 1.2 A « A das Neue. 


` 


+ i 
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. Ieh bin heute imstande zu beweisen, dass unter allen Umständen 
. : 
lim en (n) 
2 -—o x 


ee 
(loga) ^? 


existiert und >0 ist. Damit ergibt sich insbesondere: Für eg ist 


x 
E orm) 
lim E 1 5 9 (n) 


Camo . x ur 


für A =} ist stets. (nicht nur in den Lehmer’schen Spezialfallen) 


© y (n) ` 
lim = : 9 (n) 


v= OO re 


M 


vorhanden und > 0; für A ~ wächst der Quotient 


@ 
X 2° O(n) 
4:2]. 


a | 4 
über alle Grenzen. 


Die vorliegende Arbeit soll alle obigen Behauptungen beweisen und braucht 
sich nur mit der allgemeinsten unter ihnen, 


- 


. $9'"g9 : 
lim Lr (m) > 0. . 
o -——o x : 
E REO 
(log 2) P 


zu beschäftigen. 

. Um das Wesentliche besonders iorvotticben zu lassen, beschranke ich mich 
darauf, die Existenz dieses positiven Grenzwertes zu beweisen. Der Leser wird 
ohne.Mühe erkennen, dass die angewandte Methode auch gestattet, über die 
Geschwindigkeit der Annäherung des Quotienten an seinen Grenzwert Genaueres 
' auszusagen. | 


aw 
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$ 1. 
Es seien y,(n), ...., y(n) die h=@ (a) Charaktere der Gruppe der zu a 
teilerfremden Restklassen, davon y,(n) der Hauptcharakter.. Es seien L (e), 
..., La (s) die für 9i (s) D> 1 (x = 1) bezw. für R (s) > 0 (x = 2, ...., A) durch 
die Gleichungen | 
L, (a) = X u) 
nmol 


definierten analytischen Funktionen von s= ø + ti. Uber diese Funktionen 
setze ich folgende in einer früheren Arbeit® bewiesenen Tatsachen voraus: 


1) Für 621 — —_ ist gleichmüssig ' 


log ¢ E 

L()-O(og). ^ (2) 

2) Es gibt ein 9 >0 derart, dass für £23, 02 1— Lg xc 
L, (8) $ 0 | 


ist. | 
3) L (e) hat im Punkte s = 1 einen Pol erster Ordnung; J4(s) ist sonst 
für c 21 regulär und +0. Die übrigen Funktionen L, (s) (x = 2, ...., A) 
sind für c Z1 (einschliesslich des Punktes s = id regular und: + 0. 


4) Für ao > 1 ist 


1 
L, (8) = TY ——_—___. . 
O=0 
1) und 2) besagen aus Symmetriegründen,° dass für iting i 


L, (€ — ti) = O (log i) 


i 


und für t $ — 8, a2 gp rms 
| | © LOFO /( 


ist. * , r 


* «Über die Primzahlen einer arithmetischen Progression” [Siteungsberichte der kaiserlichen Akademie der 
Wissenschaften in Wien, maihematisch-naturwissenschaftliche Klasse, Bd, CXII, Abt. IIa (1908), 8. 498-585]; 


8. 508, 509, 512, 519. 
Tà, h. bei gegebenem a unabhängig von c und natürlich (da « nur endlich viele Werte hat) auch von x. 


8 Wenn zu (s) den xu y. (s konjugierten Charakter bezeichnet, Ist L, (s+ti) zu Lye (o —tt) konjuglert, 


also: 
5 | Le (6 t £0| ex | Dye (0 — ti) |a 


12 
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Ich erinnere ferner an den von Herrn Carathéodory herrührenden Satz: 
Die analytische Funktion F(s) sei für |s—«# |r regulär; es sei A das 
- Maximum von R F(s) für |s— | =r und 0 p«r. Dann ist für |s— | Sp 
POLSI IFE) | + | RF) | TEP + 24. (3) 
Diesen Satz wende ich folgendermassen an. Es sei | 
| F (s) = F, (s) = log L, (6) 
die für c — 1 durch 


F. —y PELA 2" 
definierte analytische Funktion, welche bei Fortsetzung in das Gebiet ¢2 8, 
1 . | 
2j 7 
ds 1 log"? auch dort regulür ist. Es werde 


u 1 Roll 28 
= lt pgs ti Sage | 
gesetzt und £2 & angenommen, wo die Konstante {, so gewählt ist, dass alle 
Punkte u+ vi des Kreises |s— s| Sr dem Gebiet 
i 


i 


angehören. f kann so bestimmt werden, da 
WM S REN 
i 3log?; Pet 2 log? t | (5) 
1 


>1— 
ar 2 log t 


ist und für alle hinreichend grossen ¢ 


__~3 2g 
2 logt tT? 
i EEE, SL. 
2 log? t 


3 _ 
B 
log (t+ 2 log? ) 
ist. Für ¢2% ist also F(s)im Kreise |s — s| Sr regulär, also der-Satz von 


? Vergl. meine Arbeit ‘Beiträge zur analytischen Zahlentheorie” [Rendiconti del Circolo Matematico di 
Palermo, Bd. XXVI (2. Semester 1908), 8. 160—802], 8. 191—192, wo der Satz im Anschluss an eine schriftliche 
Mittellung von Herrn Carathéodory bewiesen ist. Ich verstehe für z =u + ví unter ji (s) den reellen Teil u, 
unter %(s) den Koeffizienten v von i.. 
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Herrn Carathéodory anwendbar, und zwar ist nach (2), (4) und (5) die in ihm 
vorkommende Zahl 


| à 
A = Max. 9t log L,(s) = Max. log | L, O (log 1 
poo a te og | (8) | < (log og (t sis ,)) 
= 0 (log log 2). | (6) 


Ferner ist 


7.6) | = | log Le (81) | = | (C + Mh e) 


| 1 6 3 mu "e | 1 
(tagt lod Ot (09) = log gr) 








= O (log log t), | (7) 
da, | | 
i | 
LE (1+ gi) = 0 (og 2 
ist. Wenn 
P * 4 log? t 
gesetzt wird, ist | 
0c p«r 
und | 
rtp: 2°4 | 2p 2 _ 
Zur 73 8-1b rps 8-7 
Q2: 4 2 4 


Die Formel (3) liefert also nach (6) und (7) für 
Lou R 
C + log? t y L 


x . i 1 1 o< 1 
Lind 1—- ; = 21+ ost 


< 5 
- 4 log’ t" 











also speziell für 





og" 
|F, (e) | = | log L, (8) | = 0 (log log t). 


Für o21+ TTE ist jedenfalls 


Fs) | = | log L, (8) | Stet (1 Ha) = = ose. 
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. Folglich ist für øZ 1 — LM NN 
4 log? t 
log L, (s) = O (log log t), 
also nicht nur, wie bekannt," ’ 
R log L, (s) = O (log log t), 


X log L, (s) = 0 (log log t). 


sondern auch . 


na Be er ana E 
Aus Symmetriegründen ist ebenso für t$ — 3,021 4 Tg) 
| log L. (s) | < B log log | t |, 
. wo B konstant ist. i 
Ich habe also bewiesen: 


Es " eine absolute Konstante c derart, dass in dem dürch den geraden Schnitt 
von pes — 5 bis 1 aufgetvennien Gebiete 


> > 
> 1 > 
Te für 3212 —3, 


EI gr fir tS — 
jede der Funktionen F, (s) = log L, (8) regulär ist und für |t| > 3, o71— 
die Ungleichung | 
erfüllt. 


ER 
log®|t| 
AL (9) | < e log log || J 


10 Dass in obigem Gebiet : 
t l , 
Loro aa 
R log Ly (a) = O (log log t) 


Ist, hatte Ich zwar auch aus meiner in Anm. 6 zitierten Arbeit (8. 521) als bekaunt voraussetzen Können; aber 
die vorangehenden Entwickelungen waren für den neuen Hilfssatz 


st log Ly (s) = O (log log t) 


d. h. 


—— — 


nötig: 
n Wenn ¢ hinreichend gross gewählt wird, Hegt ja Im Gebiet — 8 <¢ <8, 1— ima <o<1 kelne Null. 


1 8 
stelle eines Lx (s. csel für laen späteren Zweck gleich so ‘gross, dass 1 — loge > 1 ist. 
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Übrigens ist für x = 2, ...., A der Schnitt unnötig; für x= 1 ist die 
Funktion auf ihm (exkl s = 1) regulär, aber an beiden Ufern um 273% 
verschieden. ni 


Es werde 
oder 
S €, = 0 


gesetzt, je nachdem alle v (n) Primfaktoren von n einer bestimmten Progression 
am +b (wo (a,b) = 1 ist) angehören oder nicht. Es sei f(s) die für c7» 1 durch 





O= 5 S=n(t LA =1— 7 = "Gay ay" n(1— 
| | | -i 1 


wo q die Primzahlen von der Form am + b MER definierte Funktion. 
Die für g>>1 reell definierte Funktion log f (s) ist für 0>>1 eindeutig; für ¢>1 ist 


log f (s) = — 25 log (1-3) + Z log (=a = 


LI 5t r eee n) — z (mtt .) 
Sr tab) 


wo g; (s), desgl. in der Folge g, (s), gs (s), - - - -, eine für a >; absolut konvergente 
Dirichlet’sche Reihe ist, wo also für o >; gleichmässig 

.g()-—9(o + ti) =O()) | 
Andererseits ist für o `> 1 — 

log L,()) = 2%?) + g (9 


ist. 


also, wenn / die zu b inverse Restklasse modulo a repräsentiert, 
Y ví Ne} x. Cp) epal 
À x. (2) log L, (8) m LÀ Xx (7) z op RS gs (s) =% > g° F gs (s), 


k 
log f (3) = X x.( log Z. (9) + g (8). 
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-Es sei nun allgemeiner 


oder 


t : d, nen 0, 
je nachdem alle v (n) Primfaktoren der Zahl wm einer von A gegebenen Pro- 


gressionen am + 6,,..-., am + b, (wo (a, b) = 1, .... ist) angehören oder 


nicht, d. h. es sei 
Gy, = 2 O (n) 


im Sinne des zweiten Teils der Einleitung. Dann ist die für o >1 durch 


=f %= n E) MT NM 
Tue tt ++) 


| n p" 
definierte analytische Funktion TN 
=f (8) f (8) ---- f (9) 


wo f (8), ..--, Ja (s) die den einzelnen b (= bi anes , 5) entsprechenden obigen 
f(s) sind. Die für s 7 1 reell definierte und für c >1 eindeutige Funktion 


o (s) = log (9) 
. hängt also, zunächst für o >1, mit den log Z,(s) durch die Gleichung zusammen: 
9 A Rh | 
o@=FE Exe) log Le) + g (6) .. 8) 


Auf der rechten Seite von (8) hat log Z, (s) den Koeffizienten Zi (8) schreibt 


sich also kurz folgendermassen : 


h 
. o (s) — 2 e, log L, (8) + gs (8), 


ist und die Werte e, ...., €, nicht in Betracht kommen. ‘Nach dem Satz am 
Ende des $1 ist also in dem dort angegebenen einfach zusammenhüngenden 
Gebiete (inkl beider Ufer des Schnittes bis zum Punkt s=1 ausschliesslich) 
| lar und es ist für | t| 23,02 1— | 
o (s) regulär und es ist für | t| 23,021 log? Ti] 


| o (8) | < & log log | t |. 


t 
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‚Folglich ist 


yore 
in jenem Gebiete regulär und für | ¢| 23, 02 1— T i ‘Ist 
jab (s)| = et" Sele Wl < log? [t]. (9) 


In der Umgebung des Punktes s s= list (mit einem Radius ron log^8 


o (s) = 24 tog —} + h+&0—1) +. 





dac (yo +t 54 (8 — 1) - ...-), 
(s — 1) ^. | 


wo yo +0 ist. (s) unterscheidet sich an beiden Ufern des Schnittes um den 


£71 
Faktor e ^ (der natürlich für A =} und A =A den Wert 1 hat, so dass dann 


s=1 ein Pol von 4 (e) ist). = 
Ich bemerke ausdrücklich, dass ieh; nötig hatte, die obigen Sätze über 
% log Z, (s) zu entwickeln, da die e, nicht notwendig reell sind, also bei 


h 
jt o (8) = zd (e. log L, (s)) + R gs (s) 
die imaginären Teile der log L, (s) auftreten. 
| B. 
: Nach der bekannten Integralformel 


i $e (STE 
2rtide_ciı & =0 für0<yíl 


(bei geradem Integrationsweg) ist für z >0 _ 


aid. Fre dem È > on po 2) ds — E en log= , l 


also 
9TH os 


È a, log = uj. ” Zv()de 0 f. 5 a dt 


1° pita gs 


= ani d.. ik 5 4 (e) de + O(1). - (10) 
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E m , Auf den Integranden $; =) (s) werde nun fir z > 4/3 der 


Cauchy’ sche enen bei folgendem in verkürzten 

Dimensionen gezeichneten Integrationsweg angewendet! 

D Von A= Nn geradlinig bis B —2 + 2?i; geradlinig bis 
1 

da cm ace -+ z?4;. auf der Kurve s=1— ——— log*t 


E Es) 1 
J- 5i bis D=1— art 34; geradlinig bis E = 1— log^ 3’ | 
G ' geradlinig am oberen Ufer - Schnittes bis F=1—e, wol—e 
irgendwo zwischen 1 — TE 3 —-- und 1 gewählt sei; auf dem 


Kreise mit dem Radius e um 1 von F im negativen Sinn 
H A bis Fam unteren Ufer des Schnittes; auf diesem Ufer zurück 


bis E; geradlinig bis lg auf der Kürve e=1— pg (p | 


+ ti bis H =1— pp pj 5 geradlinig bis A. 


Nach dem Cauchy’schen Satz ist, da der Integrand auf dem Wege und in 
dem umlaufenen Gebiet regulär ist, das in (10) auftretende Integral 


E SLL ELLA Lo 


— (9) ist 


I=L 


008) 
































J; 1 
| S ar X log* t dt j 
= O(a og'a f" pm à) 
| - 0 (a gef tue 4) + 0 (eloge f... 5 a de) 


=0 (x logte « exem (" T G+ 0 (nog f, MN E 


, = O(a log* ze Yos) +. O (x log*ze "8? | 
= O (xe Yora). | (12) 


r 
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S| 


‚Aus (10), (11), (12), (13) folgt 


Ferner ist 


= 0 (a wes). | (13) 














one È a, log 2 = 0 (ge i2) —. f (go 
m=} á HFPE 
=0 (xe Veg 2) — J, | (14) 
wo der Weg EFFE beim Integral J im negativen Sinne zu durchlaufen ist. 
1) Es sei hp. Dann hat der Integrand für s==1 eine algebraische 
Unendlichkeitsstelle der Ordnung c cli es darf also der Kreis in den Punkt 


= 3 


; DC 1 
s = 1 zusammengezogen werden, und das Integral ist einfach, log^8 
gesetzt, 


1 a 1—35$ y8 
T= dtf Sted, 


wo zuerst oben, dann unten integriert wird. Nun ist für |e—ij<r, wor >3 
ist, 
8 1 1 l 
UE EE A + n(s—1) + y (8 — 1+ .----) 
§-—— 


=——x (yo Bi — 1) + By (@— +...) 
(s—1)* 


also, da für 1— 3:51 
8 (s — 1) + (s — 1+ .... |3B|s— 1| 
ist, wenn (s — 1) den Wert am oberen Rande bezeichnet, 


J2yw(a-et)f 


1 
a = ds +0 f — E aos ds, 
8—1) ^ 17? (1— 6) * 





( 
18 
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folglich," wenn T = y gesetzt wird (0< 7<1) und (1— s)* den reellen Wert 
bezeichnet, | 


yf. apt Of a erde 
hu e^ Gy BHO) 40 f 2 (1 — às 


in 





Ir 0 f 2- “u! du 
Lee et loge =" au + Ole") + O(a fece ui-* du) 


Seal 7 e- ot de +0 (ai=) toll © — ew), 
lim = 
=. | =y f e v "do = yT (1 —n) t 0, 
(log j^ | 
]im (log © * 5 m log gol IPU =a) 


pice de x nl n 2702 
X! | . (15) | 


Da y +0, also 70 ist, ist natürlich 5 reell und 70; die genauere Diskussion 
von Realität und Vorzeichen, welche dies verifizieren muss, ist unnötig. 


also nach (14) 


2) Es sei x =1, d. h. Am. Dann hat % (s) im Punkt s —1 einen Pol 


erster Ordnung. An Stelle des Integrals über den Weg EFFE tritt also einfach 
das mit — 2x multiplizierte Residuum von Ņ (8) für s — 1, so dass auch hier - 
(15) bewiesen ist. 


3) Es sei 5 A e A«h, d.h. i<ty< 2. Dann wird sich auch das vorläufige 


Resultat (15) mit j — 0 ergeben; nur muss man etwas vorsichtiger rechnen, da 
nicht in s —1 hineinintegriert werden darf. Es ist in der Umgebung von s — 1 


OL iy + Bilo—1) A Dess) 


3 y ist nicht Null, da y, + 0 war. 
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also, da für 1— 918351 Ks od | | 


|) e 0) + e | SB |s — 1| 
ist und 


in = 1 hineinintegriert werden darf, 


Se Gap let &6— A f sa 
= O (nog zy d, e^? yi dv) — 0 (nog): 


Die — — (15) ist also bewiesen, wenn 


li ] iu 
pe EAT f rp drto (16) 


ayra 
gezeigt werden kann. 


Nun ergibt sich durch unbestimmte en En 


x REM M a 
das erste Glied der rechten Sei pus von (17) idi zu 


po 


EFTA 


den Beitrag O (æ)-°); der Quotient des Integrals im zweiten Glied durch 
log y^ hat wegen 0 «7x —1«71 nach dem Falle 1) einen Limes +0. Damit 


ist (16), also (15) für 1 <7 « 2 bewiesen. 
4) Falls n = 2, d. h. à = ^ ist, hat p(s) im Punkte s —1 einen Pol zweiter 
Ordnung. Es ist alsdann 


tO = Bt B+ Bt. +) 
zap (8) v(s). z Bix + yox loge | 
PV) (e+ (0—1)aloga+....) o $t 1 PER Spass 
also | ; 
a, log = ys € log æ + gie +O (xe 1E), 
womit gleichfalls (15) bewiesen ist. 


18 Vergl Anm, 5. 


{ 
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In jedem Fall liefert also dieser Paragraph das Ergebnis 


lim (logz)'* € So. 
| a minum (log 2) g2) X dy log | =J, (15) 
wo 7 O0 ist. | 
$4. 
Es sei 8770 gegeben. Dann ist“ nach (15) 
| lim (log x) 7 x+ ôx 
4 — © x „=, On log m^ 


also durch Subtraktion 


lim log 2)" "(log (1 +8) 2 an + _ zi 4, log 2192) = 358, 


=Jj(i+ ô), 





^ g-o 


folglich für alle z 2. £, = &, (ô) 


m. 
amga 1-3) 2 an + = ds loge ZETE ZH) ag (18) 
Wenn E 

X an = A (2) 


gesetzt wird, so ist 


log (1+) A (x) < log (1 +ô) X an+ "X. alog e E97 «log (143) A (z4- 32). (19) 
AE n= n=2+ | 
Aus (18) und (19) ergibt sich für æ Z £, (8) 


log (1 + 8) A (x) < jô (1 + ò) r = (20) 


und . 
alae (og a) < log So al al da ay) 


d. h., wenn in (21) 123 statt x geschrieben wird, für «2 «a + ô) £ = £ (8) 


T 
Jò 1i+6 jò ar 
a re jlog (1 + TOES (1+ )? log (1 + (log æ) (22) 
| 2 1+$ | s 





lim log (x + da) 


= 1. 
T = oO log x 


“ Wegen 
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Nach (20) ist für æ 2 £i 


jó(1-c-5) | æ 
MN UT LLL 
Aus (22) folgt 
lim inf (log z)* x. i Ä 
EET "er EDANE, (24) 
für alle à — 0, d. h., da TN rechte Seite von (24) für à = 0 den Limes j hat, 
lim inf (log (og a)" 
en A (2) 27; (25) 
aug (23) folgt 
lim sup (log a 2)" 4 (2) <j à (14-8) 


wo —oo log (1 + 8)’ €T 


also = 
‘lim sup (log æ)” oe 
pad ee A) ss m) 
(25) und (26) ergeben vereinigt 
lim A (2) 
v = o x 


(log x)!" 


=a>o0. 


Dies festzustellen war der Zweck der ouem ee 


SCHLUSS. 


Gleichzeitig erledigt sich hierdurch ein anderes Problem, von dem ich einen 
mit etwas elementareren Mitteln angreifbaren Spezialfall!® an anderem Orte be- 
handelt habe. B (æ) sei die Anzahl der ganzen positiven Zahlen bis x, deren 
sämtliche Primfaktoren einer der A Progressionen am + b, ...., am +b, 


angehóren." Dann ist 
| B(n) — B(n— 1) = © (n) 








18 Es kamen dort nur reelle Charaktere in Betracht, so dass der Kunstgriff mit $ log Le (8) nicht 
erforderlich war. | 

18 «Über die Eintellung der positiven ganzen Zahlen in vier Klassen nach der Mindestzahl der zu ihrer 
additiven Zusammensetzung erforderlichen Quadrate” [Archiv der Mathematik und Physik, Ber. IIT, Bd, XIII 
(1908), 8. 805-812]. 

Wenn andere Primfaktoren unter der Beschränkung zugelassen, werden, TP endlich viele derselben 
in beliebiger Potens, die übrigen nur in gerader (oder mindestens in zweiter) Potenz auftreten —— wie bei dem 
a. a O. behandelten Problem — ändert sich natürlich nichts am Ergebnis. Denn es tritt einfach bel Y (s) 
der Faktor 


hinzu. 


a u (143 Jara l ET, 
Me) tene] 


14 
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103 
und für o >1 | | 
p = > lo — M > — 
(s) n=L n? E 2D, ie d p" + ) 
a EA p "E g«(s) 
1 ^ ^ 
ES, X) log L, (8) + 9:(8) 
=e a-3] «= l . | 
h 
> E, log L,.(s) + 91(8), 
i Pas 
wo : 
| I 


di. 


ist, Also gelten die obigen Entwickelungen mit dem einzigen Unterschiede, 


dass y = = an Stelle von n = E zu setzen ist, und es ergibt sich 
lim | B(x) — 
== z > " | 


(log x)!” F 


BrnLIN, den 91. Juni 1908, 


Rational Reduction of a Pair of Binary Quadratic 
. Forms; their Modular Invariants. 


By Leonarp Eugene DicksoN. 


k 


1. The primary object of the present paper is a study of the invariants of 
a pair of binary quadratic forms under modular transformation. Incidentally, 
the invariants of a single form are given a more satisfactory expression than 
hitherto employed (§ 7). | 

It isshown that the knowledge of a complete set of. canonical types of pairs 
of forms is of great service in the discovery and proof of relations between 
certain of the modular invariants and in establishing the independence of other 
invariants (§§ 23, 25). For these reasons and for the purpose of giving inter- 
pretations to the modular invariants, we begin the investigation with a discussion 
of the necessary and sufficient conditions for the equivalence of two pairs of 
quadratic forms. | 

. Within the field C of all complex numbers, Weierstrass's elementary divisors 

enable one to state necessary and sufficient conditions for the equivalence of 
two pairs of quadratic forms; but for a smaller field contained in C, or for any 
finite field, these conditions are not sufficient, since the formulae of trans- 
formation involves irrationalities. Before stating the additional necessary con- 
ditions, we express the above conditions in the following equivalent form. 
Let 0 denote the quadratic simultaneous invariant and 7 the Jacobian of q, q3; 
‘© and J those for Qi, Q,. If 7x50, then must 


[IQ | sar] = | Qs | ‘1g |= 9:6. 
But if 7=0, so that g,zzmq,, then must J=0, so that Q,= MQ; and 
furthermore, m and M must be equal. For a field other than C, the-above 
equal ratios, as well as certain other specified functions of the coefficients, must 
be squares in the field; further, the leading coefficient of Q,. must be represent- 


able by the form g,. The latter condition, requiring the solvability of a 
14 i 
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diophantine equation, is considerably weaker than the requirement that an 
indicated square root shall be rational. | 

For finite fields, the eriteria become simpler and are expressed entirely in 
terms of the invariants of the two forms. When the modulus p exceeds 2, the 
criteria are that the algebraic invariants |q,|, |a|, 0 of one pair of forms shall 
equal the products of those of the other pair by the same square, and that four 
modular absolute invariants have the same values. for the two pairs (§ 13). 
For p — 92, we again employ three relative invariants, the resultant and the 
coefficients of xy (which take the place of the determinants), and three absolute 
invariants (§§ 22, 32). 


Repvorıon IN A Fær [^ Nor Havine MonvLus 2, 85 2—13. 


2.' Consider two quadratic forms with coefficients in F, 


qı = a? + 2a, cy + ay, d; = b + 25zy-rb5y, | (1). 
having the determinants and simultaneous invariant | 
a = dy ag — A, b= baba — bi, 0 = dobs — 2a b, + as bp. (2) 


Consider a second pair of forms Qi, Q,, with coefficients A),.., B, in F 
and invariants A, B,©. If there exists in F a linear tranformation of deter- 
minant A which replaces q, by Q,, and g, by Qg, the product of the determinant 


Ag ug | a2 40au big |. C8) 

— by A? equals the determinant | 

|2 Q +e Q4 | = AX X OAu+ By. | . (4) 
Hence a necessary condition for the equivalence of the two pairs is* 

A:a = 0:9 = B:b = square in F. |. (8) 


. 8. First, let q and Q, be irreducible in F, viz., let —a and — A be not- 
squares. In particular, aj E 0, 4; £ 0. Fors =X— a Y, y =Y, 


gay (X?+0aY), g — 5 X* --20XY - dY?, (6) 
c= ay b — a,b), d — byal — 2b, aa + ba. B (7) 

By (5), a = 0$ A, t an element in F. For & — £ — Atn, y= Agty, 
Q= A (E ax), Q= BEH 20E t+ Dy, + (8) 
O = t (4B, — A, Bi), D = t? (By Ai — 2 B, A, A, + B, AD). (9) 


* In the sense A = A?a, etc., so that a= 0 implies A — 0, etc. 
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Then X=ak& + Bn, Y=y&ö+tön replaces q, by Q,, if, and only if, 
dy (à? + ay?) = Ay, aB+ays=0, dy (8? + a ô?) = Aya. 


Eliminating 8 from the last two and applying the first, we get 6?=a*® In 
every case, we have = +a, B= Fay. The only further condition is 


d, (à + a y^) = Ay, | (10) 
which states that the form g, must be capable of representing A,. We assume 


that this necessary condition is satisfied and let a, y be a particular set of 
solutions in F of (10). Then 


X=ak—ayy, Y-—wyE£-dT a5 
transforms the pair of forms (6) into 
= Ay (E + am), qa e£ t En tart (11) 


m ch zen + (d—5a)ay —cay, | (12) - 
g = dæ — 2 caay + hay’. 


Now q= Q,. Hence any transformation 7 replacing Jis 4» by Qi, 9% 
must be an automorph of g,. By the above discussion, T must be of the type 


Fort F asn, usa) E ras. (13) 
We proceed to express (13) in parametric form. For 8s £0, we may set 


r—l=pe(p$0) r+1=—as/p. 
The resulting values of r, s are given by (14) for c — 1: 


_—p +a _ — 98 
pre dere sr 
The sets s=0, r= + 1, are given by (14) for o=0, or p —0.- Hence the 


solutions of 7* + as? —1 are given uniquely by (14) with p and o not both zero, 
so that the denominators do not vanish. Now (13) replaces (11,) by 


= EDDLORFUÜUx-FGx^ Her + afrs + ge; (15) 
the values of F and @ not being required. In fact, since (13) has determinant 
+ 1, we have the absolute invariants 

Azf*—eg-F* — EG, I=zg+ea=@+ Ea. (16) 
As a temporary abbreviation, set | 
| k=g—ea l=4(E—e). (17) 
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Then by (14) and = | 
= {kpo + fpe (p —ao)}/( tac . (18) 
Postponing the cases p = 0 and o = 0, we may take p — 1, o £0. Then (18) is 
wigena when c is replaced by — 1/ ac. Thus we set l | 
e= 06 — 1/ac. | (19) 


Then (18) becomes the quadratic equation | 
l (ag + 4) = kJa — fe. | (20) 


But by (16) and (17), 
pi f*— E(I—-Ea)—e(I—ea)=4l[I—a(E+e)]=4l(k—4al). (21) 
Hence (20) gives Ä i 
ES (ale +- 3/p — Ik —4aP --1/?*—1F*, 


| =e, = (f+ F)/(— 2a), (22) 
By (19) and (20), Ä E | 
(c — $e) = (ae + 4)/40 = (kJa — fe)/(4al). (23) 
Inserting the value (22) and eliminating % by (21), we get 
(c— $e = 4/16), S= (F + fY + a(E— e}. (24) 


Hence one of the S, must be zero or a square in the field F. The same result 
holds if'p=0 or if g — 0, since then /=0, E — e, G — g, P=f. 

TuzogEM. The necessary and sufficient conditions that a pair of quadratic 
forms (1), of which the first is irreducible in the field F, shall be equivalent in F 
toa pair Q, and Q, are that relations (b) shall hold between their invariants, that 
A, shall be representable by the form q,, and that one of the expressions 

(C 3e f +a (B — 9) | (24) 
shall be a square in F, where C, f, e are given by (7), (9), (10), (12). 

For a finite field, equation (10) is solvable,* so that A, is representable 
by qı. Further, the condition on (24!) is satisfied if — R is zero or a not-square, 
where 
| R=4ab—0 | | | (25). 
is the resultant of (1). Indeed, by an, 2 


G-r) Ein) a B eH er 


4 a? l? a 


* Linear Groups, p. 46. 
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But by (16), (17), and T= 4,0, A = — 43b, , 
k’? + 4a f* — (I— 2a0e)+ 4a(A+ Ie—ae) = P+ 4aA= — Ark. 
Hence by (23), (24), 
| S, S. = — 1607 ARR. (26) 
Ina finite field the product of two not-squares is a square; hence if — E is zero * 
or a not-square one of the S, is zero or a square. 

COROLLARY. ‘In a finite field a pair of quadratic forms (1), whose resultant R . 
is zero or the negative of a not-square, and the first of which is irreducible, is 
equivalent to a second pair if and only if relations (5) hold between their invariants. 

4. "The case in which — E is a square +0 in F, while q, is irreducible, 
may be treated advantageously by a well known method. Then (3) vanishes 
for two distinct values of A/u in F. Hence the family contains two distinct 
forms each a multiple of a perfect square. Thus as a linear transformation in F 
we may replace the pair (1) by a pair 

qi = % a, (x + ay’), ehe + By), ay b, 0, ab, (27) 
of resultant — a2 b? (a — b}. The first form of an equivalent pair may be taken 
to be A, CX? + A Y’), where A=d’a, For .X — £, Y= n/d, 

= Ay (E + am), Qs = By (E* + Br’), A, By # 0, a £ B. (28) 
As shown in $3, the transformations of g, into Q, are 
s—abxays y=yltan, aa tay) = 4. (29) 
This will transform g, into Q, if, and only if, 
b, (a? + by*) = B 07 ay (a — b) — 0, b, (a° 7° + bo?) = BB 
Now ab. According. as y —ÜÜ or a=0, we have 
B=b, A,/a = B,/b) = square in F (viz. a D (30) 
B=a'/b, <A,/aa = B,/b)6 = square in F (viz, 7’), b #0. (31) 
For the pair (27), the determinant (3) becomes 
— ala + abila + b) Au + bbu? 
and vanishes for A/u = — b/d, — bby[aag. For (4), the roots are — By/ Ay, 


— BB,/aA,. The conditions for the identity of the two sets of roots are (30) 
or (31), apart from the requirement that the ratios be squares. The latter is 





*Then %4? +4af!=0, k= f=0, so that the second form (11) isa ELA of the first. This is evident 
since the forms have a common root and the first is irreducible. 


hus 
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therefore a condition additional to those in the algebraic theory. .'For a finite 
field, it is shown in §10 that the two pairs of forms are equivalent if their 
algebraic invariants satisfy (6), and if two modular invariants have equal values. 
5. Finally, let g, be reducible in the field, the necessary and sufficient con- 
dition for which is — a = square or zero. Then q, may be given one of the 
types 2zy, ayx. By(5), — A = square or zero, After a preliminary trans-, 
formation we may take Q, to be 2xy or Ax. Then let g, and Q, have ins 
coefficients b, and B,, respectively. / 
The automorphs of 2xy are (ka, ky), (ky, kæ). Hence must 
B= b, Bi™ k” boy Ba = kba; or B=b, By k? ba; B,— k? by (32) 
Necessary and sufficient conditions for equivalence are that B, = 6,, B, B, = 5,5, 
(to which (5) now reduce), and that if ,=F0 (t = 0 or 2) one of the ratios of 
‚Bo, B, to b shall be a square Æ 0 in the field; while if b = 5, = 0, then* 
By = B,—0. For a finite field the last gno ud n be sod by a 
modular invariant (§ 11). | 
6. For qg =a, Q — Áo 2), a necessary condition for equivalence is 
A= tag. The general transformation of the first pair into the second is then 
(£z, rz sy), where | 
B, = bU 4-3 b rt + br, B, = bst + brs, B; = dys’. (33) | 
For a; = a = 0, conditions (5) reduce to A) B, : a,b, = B : b = squáre.. 
These, with A,/a, = square, are sufficient if 5, £0 or if 5,— 0, b, £0 (whence 
B,=0, B, #0), since A,=t?a, and (33) may then be satisfied’ by choice of 
1, 8, 7 in the field. The condition A,/a, = square may be expressed in a finite 
field by the modular invariant Q, (812). Ift 5, =b — 0, (5) give B,— B,—0; 
further necessary conditions are -By : b = Aj: a) = square (viz., £?). For a finite 
field the latter conditions may be expressed by the modular invariants Q, and 
K, ($12). 
7. Every binary linear homogeneous transformations with coefficients in 
a given field can be generated by the three types 


z= tiy, yayı (34) 
oy, y= — a; "T (35). 
e — v, yzıyı (36) 


*Forg,—0Q,22zy, g=rbıry Q = B, A+ 2b, ryt By 9^ the minors of | Ag, + ug, | have the factor 
à+ ub. Thoseof | 3Q, t 4 Q, | have the same factor if and only if B, = B,= 0. Bee $1. 

+ Then g, = 4,27, g, — b, z!, and the minors of | åq, + uq,| have the factor Aa, + ub,. For & second 
pair of such forms, the factor is AA, +t uB, The relative Invarlance of this factor leads to the condition 
By: by = Agi Gy. Bee $1. ' 
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where ¢ and A are arbitrary non-vanishing elements of the field. Under these 
transformations the forms (1) become gi, ga, with the coefficients 


=A, =q +t, d; = d, + 2ta + t’ ay, } (37) 
ba = bo, bi= b + thy, b= ba + 2tb, + Pd; 
mma, af =—a, apma, B= b, Hb, Mb (88) 
al=Aata,, Herb (i012). - (39) 
Let the field be the Galois field G F[ p"] of order p", p >2. Set 
| = 4 (p"— 1) | (40), 


If C denotes a binomial coefficient, we have 
are), HDS XP (mod p). (41) 
For the invariant a = a,a,— aj of q,, we have 
a X ab ah aft + F ajajat, 


To the first sum we apply A" 
aptr =a! (r >0). (42) 


In the last sum we set y= vr +t. Hence 
a**7-l=(ajajt+i1)o, o= E at ag al?  — 1, (43) 


We may now show that q; has the indian invariant - 
it (44) 
Obviously Q is absolutely invariant under (38) and (39). It remains to establish 


its invariance under (37 E Let the latter give to a; and o the increments 6 and o. 
Then the increments to aà?* —1 and Q are 
(jag +1)o + a5 (0 3-0) — 0, (a5 -F a3) + 9 (o + o). 
If a, 3p 0, we multiply the former by aj and obtain the latter, since ai" — 1. 
If a, 20, then a = o —1, aqo — 0, so that Q is unaltered by ag = a, + 2ta,. 
Since a, (aj —1) = 0 in the field, we have by (43), (44), 
(a — 19 — Q = (d —1) (a —1) e = (aj —1) (af —1) ar). 

But (bk? —1y = —(£?'—1) Hence* "E 

af? —1 + @ = I= (al —1)(af* —1) (al —1). (45) 


* Concerning invariant J, see Trans. Amer. Math. Soc., Vol. VIII (1907), p. 206. 


A 
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Multiplying this by a and applying the obvious relation aJ — 0, we get aQ? — 0. 
Hence aQ = 0. 

A complete set of independent invariants of q, is — by a and Q- 
Let v be a fixed not-square. Then g, can be reduced by a linear transformation 


in the GH lp") p > 2, to one and but one of the forms < ur. 
'qi—x— vy, sy, c, væ, Identically zero; | 
& = — y, — Í, .0, 0, E 
Q — 0, 0, ead. pu . 0. 


Two forms are equivalent if and only if they have the same Q and a”. 

8. If we replace each a, by a; -+ kb, in the determinant a of qi, we obtain 
a + k0 + 7b, where 0 is the simultaneous invariant (2) of q, and g, From Q, 
we obtain similarly new simultaneous invariants K;: 


2r 
Vo+en = Qa + &* Qr $3 = kt K, (46). 


ihe exponents > 2r of k having been reduced u hte =k. We shall be able 
to apply the invariants A, without obtaining their explicit expressions. 
For the case p^ = 3, we have 


K, = af by + a3 bo + aï ba + a1 bo — do Ag b — hy Ay bo — Ao y 5; — A, Qg b,, 

K, = bias + bas + Ui ds + bÌ ao — bo be ag — bo by a, — by by a, — b E (47) 
K, and K, being interchanged when the a’s and b’s are interchanged. 

9. We may now readily derive a complete set of non-equivalent canonical 
types of à pair of binary quadratic forms in the GF[p"], p >2, the various 
types being invariantly characterized.: We begin with the case in which g, is 
irreducible in the field, while the resultant Æ, given by (25), is zero or the 
negative of a Bo square By $3, we may ae qi = &* — vy’, v being a fixed 
not-square; qa = mq, if kR=0; g,=e2 + 2fzy + gy? if — E is a not-square, 
where, for arbitrary elements b and 0 for which 0? + 4 vb is a not-square (— 2), 
e, f, g is a particular set of solutions of eg — f?=b, g— ye 0. Thuse isa 
fixed element for which A=e(# + ve) — b is a square, f is a fixed square root 
of A, whileg=9-+'ve. In either case, two such pairs of forms are equivalent 
only if they have equal values of the invariants b, 0 (since the a’s are equal). 

10. Next, let g be irreducible, and — J? be a square #0. In (27), (28), . 

we may set a=—v, q= lor», A= 10r». Conditions (30) apply only 


* For proof in special flelds see ibid., $88, 13. 
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when A,/a, is a square (whence A= œ) and are then trivial. Hence equiv- 
alence arises only when (31) can be satisfied. For 6 = 0, the canonical types are 


G1 = Ay (x? — vy"), Go Oya? (a= 1 or v, 5 d: 0). (48) 

Consider (31) for bÆ0, a= — v. If — 1 is a not-square, A,/a, must be a 
square, whence A, = ay, By = — },6/v, B= v*/b; the canonical. types are 

qi = ay (z^ — vy’), ga by (3? + by*) (a = 1 or v, b, 0, 60, — v), (49) 


only one of each pair (4), b), (— 4)b/v, 27/6) being retained.* 
If — 1 is a square, (31) requires that A,/a, be a not-square. Taking a4— 1, 


A=», we have B, = — b,b, B= +?/b; for these values (27) and (28) are 
equivalent, Hence for — 1 a square, the canonical types are 
q =o — vy", qx + by") (b FO, b-E0, —»), (50) 
and no two such pairs are equivalent. However, the pair (50) has the same 
determinants and the same value of 0 as the similar pair with B, = — hb/», 


B= v*/b, but not for any further pairs. Hence new invariants are required to 
distinguish two such pairs. Similar remarks apply to (48) and to (49). 

To this end we determine the value of the absolute invariants K,, and T Kj, 
defined by (46), for the case a, = 5,— 0. Then Q,,,, becomes 


Vatro = Fo t Fa, Fo = (ao + Kb) (Ge + kba) — (as + bby)’, (51) 
Fry being derived from Fẹ by interchanging a, with a, and by with 6. By (41), 
n | 
(ay + Eb = X (—1yR ay 7. 
1-0 
The coefficient of Æ?" in Fy is therefore f 


2 [a [(—1 486 a], 


Applying (02) to the subscripts, we obtain the required terms in Fy. Set 
d, = aga, b = bab, as in (27). Then the terms free of a,, d, in K,, are 


Kj, = GR X (—1) (a + a! 177) 
4:0 


* For example, if b is a not-aquare, we may restrict b, to the squares; if b is a square it may be restricted 
to the squares A for which the pairs (8, v*/8) yield all the squares Æ 0, — », 

fin $11 we employ K;. But for a =b, =0, K, =a" b |a" + (— 1) ] (a — b) = 0, since (— a) +1 
equals »7 + 1 — 0. 

t There are no further terms in & obtained from ktt = KM, etc, 


16 
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In the first sum replace 7 by v —J, and hence v —j by j. Thus, for 5, #0, 
KS a5 (17 + E Ve] a (C71) 6] Oa) (52) 
The sum of the coefficients of % and ki =k in My 18 , 


Ta 05 b, + 2vaj | by ag — Tay by + i 6; bg az (— 1) Bf aj 1. 


Replace a, by asd, b, by bob. Let p” 78, so that v 7 1, 1= ay Then 
the terms free of a,, b, in A, are 


Kj = aby [va*—«—2a73b5—a t+ X (—1)7 cj (a3 b? HAT). 
In the final terms of the sum replace j by rt + 1—4J. There resulta 
È (—1y q. ,a7 bH, \ 
We shall employ Ky only bis Æ 0, b5 =(—1)*'. Then 
| Bis arb {—a-tb— a + x (— 19 (cj + ej) a 1]. 


Since cj 4-6; , = 6", we have 


K=— ag ba (a — by if b = (— y", v 1. (53) 
For the forms (48), Ko, = — (—1Yyaj, by (52), so that aj and hence also 
ay is absolutely invariant. Thus |g;| — — aĝv is invariant. Then by (5), 
0 = —a,b,v and hence also b, is absolutely invariant. Thus A,,, a and 0 
differentiate the forms (48). | 
For (49) we have —1 a not-square. We set » — — 1. Then 
|g|- 4$ —1, |g|-— 656, 06-—a b (b + 1). 


For such pairs of forms, the above are absolute invariants. From 
A= + a, BB=bb, A,B,(B-- 1)— a b, (b +1), 
we obtain, by eliminating B and A), 
(Bo = 4 ) (b; b/ B, F 1) = 0. 
We need only examine the sets (+ 5, 6), since the other sets (+ 5, 5, 145) are 
not retained in the types (49). By (52), (53), 
K,-aj(b—1)(b-»y; Ri—ajp!ib!(b-ey"üdfb-i, 
since ¢ is odd and >1 for b a square (b £0, — v implies b — » when p^ = 3y 
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When a, and 6; are changed in sign, so also are K, and K,, and at least one is 
not zero for each b £0. Hence the invariants differentiate the forms (49). 

Finally, for (50) we have —1 a square, v even. Then © | 

A, = (5 +1) (6+); Aye —v (b+ ry" if &=—1. 

Each is changed in sign when 5, is replaced by — 8,6/y, and b by »?/b. Hence 
the invariants a, b, 0, K,,, K, differentiate the forms (50). 

11. To differentiate pairs of forms of which q, is 2xy, we employ Ä,, 
defined by (46), for a, = a, = 0, a, = 1. Then Q,,,, becomes 


kr (b; + )i—14 = t Bb BE (1 + Abel. 


Since the constant terms within the brackets cancel, terms in 4" = E?' are 
obtained only by employing the term of highest degree in the final binomial. 
Hence the coefficient of £?" is | 


(+) 
: =0 3 
This must equal Q, + K7', where K/’ is the value of K, for aj =, = 0, a, — 1. 
Hence, by (44), K/—W4 B. 


Hence to the conditions B, = b., B, B, = 5, b, in $5 for the equivalence of 
2x3, de With 2xy, Q,, we may add Bi + B; = bi + bj. From the latter and 
B; B; = 6563, we find that Bj, B; must equal, in some order, bj, 55. Hence 
the algebraic invariants a, b, 0 and the modular invariant K, fully differentiate 
all pairs of forms of which the first is reducible, but not & multiple of a 
perfect square. | à 

For a complete set of canonical types in which q; = 2xy, we may give q, the 
forms in the following table, which shows the values of the above invariants : 


qs | gs] 0 K, 
ob, xy - ein —9b, | 0 
ux*--25,xy (n=1orv) —b | —9b u 
g*-L9b5,xy J- by? (ba £0) Does de — 2b, 1 c5 
yg? -+ 9b zy + vc y? (cs 0) yoe—h | — 2b, — 9 


where b,, ba, c are arbitrary, while v is a fixed not-square. Obviously these 
pairs are differentiated by the given invariants, necessarily absolute in view 
of gi. m 
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19. Finally, for q, = aya", qe = ba æf, the theory i in §6 is seudily completed 
invariantively for a finite field. - In view of the absolute invariants 


Qa = — a}, Ky = — vag" by, | 
necessary conditions for equivalence are A47 = aj, Àj; By-—aj!5, Multiplying 
the latter by Aa and applying the former, we get a, B,— Abo Hence 
B, : bo = 4Q:aQ— square. These, together with conditions (5) on the algebraic 
invariants a, 6, 0, were shown to be sufficient conditions for the ene of 


two such pairs of forms.. 
As canonical types, when q,— dgx’, we > may take 


=e (ay — 1 orr), Qg=het+hy(h=I1ory), zy, or bya’. 


For g,= 0, the canonical forms of q, are given by. § 7. 

13. Asa partial summary Of our results, we may state the 

THEOREM. Within a finite field of order p", p> 2, two pairs of binary 
. quadratic forms are equivalent under linear transformation if, and only if, the ' 
algebraic invariants a, b, 0 of the one pair equal the products of those of ‘the other 
pair by the same square and the (absolute) modular invariants Q,, K,, K., Ky, have 
the same values for the two pairs of forms.* — | 


 Repuorıon or Two Quapratic Forms In THE GF[2"]; THEIR INVARIANTS. 
14. Consider two quadratic forms with coefficients in the on Er 
Ze + ary + asy), qu = by + boy t bay. (54) 
Under transformation (34), these become forms with the coefficients 
aj — a, + tay + Pay, B= by + tb, + fy, a= ay, bb, (i= 0,1). (55) 


~ Transformation (35), which now merely interchanges x and y, gives rise to 


(ao 42) (bo bs). (56) 
Obvious (relative) invariants are a,, b, and the resultant 
R = ab BE + Bad + as (ay bf + a, By by) + by (af By + aoa bi). (57) 


15. We are led naturally to an important invariant (58) of a quadratic 


t 
* These seven invariants do not, however, form a complete system; there exist invariants of odd welghts 
I hope to take up this problem on another occasion. For p= 2, see $$ 31-35. 
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form g, by determining the necessary and sufficient condition for its irreducibility. 
ae let q, be irreducible in the GF [2"]; then each a, 0. For 
| —a, X, y-afajY, 
we have 
g= + AY +yY’, y =u á= dp My a3 or ay agy, 
according as n> lorn — 1. Let X=¢Ẹ + tn, Yor. Then 


g= EP + enter’, c=f+t+y 
The latter is solvable for {in the GF[2"] if, and only if 


3 . : 8-1 
x()=x(y), where x(e) = às 


If y(y) — 0, we could choose ¢ to make c — 0, contrary to the irreducibility 
ofq,. But4?-— y. Hence a necessary condition for the irreducibility of q, is 
xy)=1. The condition is also gufficient ; for, if q, vanishes for X — Y, r in 
the GF[2"], then ?-Frzzy, so that y(y)=0. Hence aya’ + a, xy ü d, y* is 
irreducible in the G.F [2^] if, and only if, H, = 1, where 


n—1 
H, A (ag a? ap)” ifn1, H,=aa,a, if n=l. . (58) 


This function is unaltered by- transformations (39) and (66). Wenextshow 
that it is unaltered by (65). If n 1, then #=t, so that the increment to H, 
under (55) is faga (a, + a) zz 0. Next, let n>1. Since 

+ zer 4% (mod 2), 
the increment to H, is 
Er gi foro "an Ta "mu ‘a ign a) utl 
í-0 

In the first sum the term given by: = 0 may be replaced by the summand 
for «=n. In the new first sum we replace ? by 1+ 1 and obtain the second 
gum, since the exponent 2°*! (2^— 2) of a, may be replaced by 2'(2"—1-4-2"— 3) 
and hence by 2*(2^— 3). Hence* H, is an absolute invariant of q, in the G.F'[ 27]. 

A further absolute invariant of g, analogous to (45), is 

I,=(a™ — 1) (et — I)? — 1) (m= 2 — 1). (59) 
The invariants a,, H,, J, of qı are independent + (§ 20). 


* Cf. Transactions, 1. c., pp. 213-214, 
f Cf. ibid, § 28; in the second table of $26, K is a misprint for y. 
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16. To obtain simultaneous invariants of the pair (54), we replace each 
d, by a, -+ 45, in an invariant of qı. Those obtained from H, are functions of 
a, bi; Ha, Hy, R (830). For./,, we set 


Las L4 z i" Y. | (60) 


We shall study the invariants V, directly from the preceding definition. 
We can, however, obtain their explicit expressions, noting that, as in (41), each 
binomial coefficient O” is odd: 
V, = (af — 1) (a? "nc s + (af PO ae 
+ Xa m—r+l bs OC, + y alt De —lir Ci; (61) 


i=r+1 
— (am - — lap m (a + bP — 1) a y 
+ X uS d bi -- 2 ae Ota be (69) 
Thus, for n — 1, ; 
V, = (ay — 1) (a, —1) 55 + (as + 5, — 1) (bb, + by + bi + a5 5, + d; by). (61!) 
17. We pass to the reduction of the pair of forms (54), of which q, is now 
assumed to be irreducible in the GF[2"]. Applying the transformations 
defined at the beginning of $15, we get ` | 
qg =E + En + ew, d =ef + fin + gn’, . (68) 
where | ; 
e—ba,, f-bja, g= t bojao + td,/aq + baad, 
c being a fixed root of y (c) = 1, ¢ a root of t* +t ++ a, Ma / à =e. For further | 
reductions we must apply one of illi automorphs of (63): | 
(«v9 cB 3 — y — 
Å: (3 at Gaye a^ a t cg*—1; v —0 ort. 
Since |.4| — 1, A replaces g, by a form with the same f. Hence it suffices 
to normalize 
| qs d- /q1 — (r£ + emp, r=e+t/, ¿=g - cf. 
The eliminant of g, and r£ 4- 87 is 
Ep = 8? + sr -+ er? 
Since Æ? is the resultant of forms (63), Æ is absolutely invariant under A 
(a verification is given below). Now A replaces r£ + em by p&+o7, 


p=ra+sß, o=(rt+s)a+ {re+e(c+1)} B. 
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The determinant of the coefficients of a and @ equals E. Thus 


aH,=pirets(t+1)}+o8, BRE.-—p(rv-4-8)4-cr, 
(a? +a B + e 8?) E — En Epo - | 

Hence if E, =E, £ 0, there exists a transformation A of determinant unity 
which replaces rë + en by p&-+o7. Next, E, —0 implies r= s = 0, in view 
of the irreducibility of g,. Hence two pairs of forms (63), with the same root c 
of y (c) — 1, are equivalent if, and only if, they have the same f and equal 
resultants. To obtain canonical types, we may set r — 0; then g, + fg, = E». 

It follows* that two pairs (54) having H, — 1.are equivalent if, and only if, 
the ratios aj: 0 : R are the same for each pair. - | 

18. The nécessary (815) and sufficient conditions that g, shall be reducible 
‘to ën are ,=0, a,4-0. To prove them sufficient, set 


o=(1+ahEthkn, y= ap (aE + n). 


q dE + En +1, T= ak? + k+ aa. | 
If H,—0, we can determine & in the GF'[2"] to make /— 0. Indeed, if a,—0, 
we take k = a/a}. lfaQzE0, set £— ak; then al = £? + t+ a/a. Hence, 
as in $15, ¢ can be chosen to make aj /—:0. Under the above transformation, 
qg =B E rai b Ent Ban, By bik ap bik taba, Byzza$ B, 4- bo T a; ^ agb. 
The resultant of En and q is R= B, B,. If B,-E0, we multiply £ by Bg? 
n by By” and obtain | 
zen p=P +a hint Rn. 
The case B, = 0, B, £0, is reduced to the.preceding by interchanging £ and x. 
Finally, let B, = B,=0, necessary and sufficient conditions for which are 
9 = di! a bi, ba = aya, bi, as is directly evident or as may be verified by 
eliminating k between 7=0, B,-0. Then g,—aj!5,q,. 
The two canonical types obtained when R=0 may be differentiated by the 
absolute invariant Vj. For a=a,=0, a, — 1, 
| V, à (bp — 1) (oF = 1), 
by §21. If b= b= 0, V= b; if bb $0, V,=0. For the special case 5, — 0, 
we distinguish the pairs by the invariant 7,. 


Then 





* The transformation used to reduce (54) to (68) was of determinant 1/a,. Hence the resultant 2” of (63) 
equals 1/a,* times the resultant E of (54). It is not difficult to verify this directly, employing the above values 
of 6, fig, ", & ` ' 
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19. Next, q, is reducible to £? if, and only if, a, = 0, 7, = 0, the latter 
showing that a, and a, are not both zero. To avoid a separation into cases, 
we apply the transformation 


n—i 


E = af EN ya is paf" "RH a1 —1)y, | 


of determinant af (ag? —1)— a7 = 1, by 7, — 0. Solving; we get 


eh (a3 —1)E +a yn, yal OE + ak, 
Hence 


| 4 —E£, g= BE t bën t hr’, BR. 
For £— X, n=1X + kY (k +0), we get 
qa X) gp=BX 4k X Y+ PRY”, Bzg-Tb5i-4 RV. 
If bh 4:0, R=0, we take !=ß,/b, k=1/b,, and have q = X Y. 
If 5, — 0, RO, we take l= 01? R, k= R4, and have q, = F”. 
If bh F0, REO, set p = KY” /i, and take k=1/b,. Then 
g =BX 4 XY+pY’, pB=pBo+phil+ (phy, x(p B) =x (p Ar). 


According as y (p8) — 0 or 1, we may take B=0 or a fixed root of y (Bp) — 1. 
For 9, Hp is x (Bp), so that the two cases are distinguished by the invariant H,. 

If b, = R = 0, the types q = X”, qa = B X’, are differentiated by the 
invariant V, —.B. In fact, by $21, for a4 — 1, a, — a4 = 0, 


20. Finally, q, vanishes identically if, and only if, [,— 1. As to qg, we 
note that the types for a single form have been distinguished invariantively in 
815, and in the opening lines of §§ 18-20. ` This fact i8 shown in the following 
table, which is given primarily for convenience in the computations below : 


Case Coefficients id d |; l 
Egg ES (c) — 
A In ay » % > X , | 1 0 1 
B |a—24,—0, a= 1/1010 
C | ay—1, d. cm 01010 
D | a=a,=—a,= 0 vo | 1 | 0 


An inspection of the table shows that the invariants are independent: no 
one is a rational integral function of the other two (§ 23). 
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21. For each case A,.., D, we shall determine the value of 7,,,, from 
the definition* (59) and then compare the result with (60) to determine the 
value of V.. We consider the simplest case first. For the binomial expansions, 
see (41). 


(D) I, = 1+ HL + 1); Or <m), naht! 

(0) IS(XE M) — 1) (kr pm — 1) = Z k (OP — HOF 2, 
y, — i (bo —1) (8p — 7. 

(B I= (2 eb) (op — 1) op —1), Y, = 0 (68 — 1) 00 — 1). 


(A) Iz-[Qü-kf)'— 1 [ke E e (1 - kr)" — 1] 
= [(1 + Ef)" — 1] [A7 e^ — 1], since (e^ — 1) s = 0, 


= ( ir f) e —1) = Zr fe), ,=re—) 


In case (D), V; 0:if n1, V,=h+1 ifn=1 (m = 2" — 1) The 
properties of V, are essentially different in the cases n >1, n=1; likewise the 
relations between TV, and the earlier invariants. This difficulty would be largely 
obviated by the use of V, in place of V, as the fundamental new invariant, 
While V, (like Vj) serves with the earlier invariants to completely characterize 
the various types of two quadratic forms ($ 23, Note), Vm does not, for n >1 
form with those invariants a complete set of independent invariants (§ 29), 
whereas V; is found to possess this important property. Since it is essential to 
preserve V, if n> 1, we shall to replace V; when n == 1 by a modified form Z,, 
such that V, (n > 1) and Z, have similar properties. : 

It will be seen that there results complete uniformity for every n in the, 
properties of the new invariant replacing V,, its relations with the invariants 
a,, H,,.., and with the V,, if we set 


2, =V, (r< m), Zn — Vn + hL + 1), | (64) 
for every n. For n=1 (61/) gives | 


Ly = ay by (as + 1) (aq + 1) (bo + 1) (5; + 1) 
+ (as + ba + 1) (Gp a5 + ao + a1) (bo By + bo + By) ty By + a bot- (64) 


* We may also use (81)-(82). In case (A), each C, — ft. 
16 


i 
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The above results.and those for 7, in $ 20 give | 

(A) =f — 1; (B) Z = KRY 062—195] y 

(C) = (r— 1) (1); (D) Z,=0 - 
Since o*zzo, o'zz c if o = 8"— 1, we have* 

| De | (66) | 

for every set of values of the a, in the field. Hence (66) is a formal equality. 

The importance of Z, lies in the following interpretation. If q, is not 
identically zero, Z,- t if g=iq, ZA=0 if q/q is not a constant. If 
q, = 0, then Z, — 0. 

22. The following table gives a complete set of non-equivalent canonical 
types (88 17-20) of pairs of quadratic forms in the GF[2"], and the values’ for 
each pair of a set of invariants completely characterizing the types: 


f 


m) (65) 


3" ^3 




















albL! L EIME R| Z 

I + ay + of fè + fayt (e+ of) 1/90 -x | 1 igi] & (e) 
II gy w+ fey + fy? 1,/|0|] 0 Oji & 0 
III cy 1| f[|0|f^—1|0|0] 0 f 
IV g? ojılo] o JoJlılal o 
V z? 0/1110! 0 )0oJ0 | o 0 
VI a? 0:010] 0 [|0/|0 | 1 0 
VII a? 0/0/0/a7—1) 0} 0] 0 bo 
VIII 0 011111 0 [0 /1/|0 0 
Ix 0 Ol1/1/ 0 jojojo! 0 
X 0. 010111 0. 0,00 0 
XI 0 ojoj1! 1 [o[o[o0 0 





Here x(s) = z 8", m= 2"—1, c and B are particular elation: of y(c) = 1, 
x (Bp) = = 1, while p a 0. In the following abbreviations 
n-—(f"—1)(^—1) p= e, x =x rn), (67) 
the exponents are to be replaced by unity when n= 1. 
* Special cases may be seen by inspection from (60), since Z7= J. Thus 
VET Vor, Vows tp Pr 09 0i p71,9.., 971—1. 


The same relations hold between the C'sin (02). In fact, a)” enters (61) only with the coefficient C,; hence 
the coefficient of ain V? is 02. 
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23. "THEOREM. The invariants a, bi, L,, In, Ha; Hy, E, Z of a pair of 
quadratic forms in the G.F[2"] are independent: no one is a rational integral 
function of the others with coefficients in the field. — | 

To prove that a given invariant is independent of the others, it suffices to 
specify two pairs of forms for which the given invariant has distinct values, 
while each of the remaining invariants have the same value for the two pairs of 
forms.. These requirements may be met as follows: 


a: d] V,f=1,R=0=0; "^ H,;lllle-f-90; 
Be d Eb oem ls H,: VIII, IX; 

IL: Vil, XT, b=0; Re Road 0=1; 
L: U, III, f= R=0; Ay: Hl, Ill, f=1, RE — 0. 


Note. ln view of (66), the proof holds true if we replace Z, by any Z,. 


24. Of the preceding eight invariants, a,, bı, R are relative, the remaining 
five absolute. In the proof in $23, a,, b1, E each had.the values 0, 1 (and hence 
their ratio is not a power of the determinant of transformation), when the other 
seven invariants were equal. Hence all eight invariants are necessary to 
characterize the canonical forms; in §§17-20 they were shown to be 
sufficient. | 


THEOREM. : Two pairs of quadratic forms in the GF'[2"| are equivalent if and 
only if the ratios ai: bi: R and the absolute invariants 1,, h, Ha, Hp, Z, have the 
same values for each pair of forms. 

25. We shall establish certain important relations between the invariants 
by verifying the relation for each set of values a,, b, defining types I-XI of § 22, 
and by noting that the relation continues valid when a, and 5, are multiplied 
by A, E by A', where A is any mark 4-0, so that A"=1. The relation 
will then be true for every set a,, b, in the field and hence be an identity. ' 
We begin with | | 


xila 5.) ^ R] af H, + br H,, HE" + I, + 1)= H,(En--T,-- 1), (68) 


in which 2"— 3 is to bé replaced by unity if n— 1. We have H,=0 except 
for I; a R = a, M, = 0, except for 7 and lJ. Hence proof of (68,) is needed 
only for Z and II, when it reduces to (67,), (673). Note that y = y’, so that 


ge) mma) = gne) 
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. Asto (68,), H, — 0 except for J, H,=0 except for I, II, IV, VIII. Taking 
these cases in turn, we give the relation to which (68) reduces and then its proof: — 
(I) e*-F «xr 1-(e*-F1)a,; each = (e^ — 1) f”, since iCal — 1)- 0. 
(II) 0 — (R"+ 1)y,, since (E? + 1) Z— 0. 
(IV) 02 p 1, since p = 0. 2n 
(VIII) 0 — 1 + 1 (mod. 2). 
By & similar argument we readily prove that 
Zp" = (a —1) (OP —1){R"+(L—1(h—-D} Hab, (69) 
J; Z = i, Ly = RZ, = 0, H, zem H, Ay = — ay or a (Rm = ay (70) 
From the definitions of the invariants, we have by inspection 
a, 1,— 6,1, — RL=RL= H, I, =f, 1, = 0, (71) 
a” H, = H, = H2, b» a Hj =L, R=, (N) 
while, of course, for any invariant %, - | 
pm = g” = h. . | f (73) 
26. Other needed relations will be derived from (68)-(73). Multiplying 
(69) by bı Zi, we get b 4 =a bT Zt". The case s — m shows that 
D Zf = milk GE Z (k=1,..,m) | (74) 
ig true when k= m.- We prove (74) by hion from k to £— 1: 
b, ZE- ea Ag m+1—(k- 207 12. 
Similarly, we multiply (69) by a, Zi and prove that, if n 7 1, 
ay A ak pret ZA (k = — 1, m), (75) 
in which we may suppress the m in the exponent of 5, if FR that of a, if k=1. 
By (74) and (75) for k=1, we get, if n >], | 
| DL c pngna sean oF Z = ap (a, bf Z) = a? Z.. (76) 
This result follows at once for any n from the table in §22. By (73)-(76), every 
product containing Z, and formed from a, bi, Z, can be reduced to 
Z5 Zw af Zy ai bi 2, (i, j =0, 1, .., m—1). (77) 
„27. For n>1, we multiply (68,) hy a, b; then .R* has the coefficient 
(a, b,)*, where 
l = (2^ — 3) 2+ + 1 = (2^ — 1) (2* — 1) + 2° — 2%, 
the first part of which may be suppressed by (73) if è< n— 1; while if 
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i=n—1, we may reduce £ to 2^ —1 — m. We multiply the resulting relation 
by H, and apply (72,), by H, and apply (72%), and get _ 


b» HR" = HS HR" tab H,+0,b,H,H,, (18) 
a” H, R?” = H, 5 +a, b, H, + a,b, H, H,. (79) 
Multiplying (78) by H,, © or (79) by H,, we get | 
H, m R^ — H, m > (ab. (80) 


: 28. We proceed to reduce as far as possible the exponent & of R in a 
product formed from a,, b, Ha, H,, E, in which initially £70. First, let R” 
occur. We first eliminate the terms involving H, RB" by (68, Multiplying the 
latter by af, and applying (72,), (79), we have H, R™ expressed in terms of 
Kt (t< m). By (68,), a, 6, E^ is a function of the Rt (t< m). Hence the 
coefficient of R^ may be assumed to be a linear combination of the at, b. . 

Next, consider a product involving K*(271« E m). By (79), (78), (68,), 
(80), a term with a factor a, H, E*, b, H, R^, a, b, k^, or H,H,R*, may be 
expressed in terms of R' (t< k). Hence the coefficient of R* may be assumed 
to be a linear combination of bi H,, aj H,, ai, b. 

Let the same reductions be effected in the terms involving R™ in (69) and 
(70). In (77), we suppress Z" if n>1, but a? Z, if n— 1, by means of the 
reduced form of (69). Employing also (70)-(73), we have at once the following 

THEOREM, Any rational integral function of the invariants | 

aq, bi, I; Ih; H,, H,, R, Ly = (81) 


may be reduced by means of relations (8-78), together with (76) for n= 1, 
to a linear function of 


AAs ay di bi Las aj H, I» bi H, 5s 

aj bi, a; OF Ha, bi aj H,, a; bi H, M, i 

af bi E^, aibi H, R°, biai H, E^, aj b] H, Hy R° (c=1,.., 2—1), + (82) 
aj R?, DH R?, a nt MH, R* da amal) 

aj E", b E^, abi, ay 21, A Zr, tg cL 


where r, 8 20, 1, .., mj ij —0,.., m —1; mE? —1, the invariant a? Z, 
being suppressed if à n=l. | "m 
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. For n — 1, the third and fourth lines of (82) are missing, while the last line 
includes only 
R, ap B, bB, Z; | (sg) 


. and the final relations (70) may be reduced by (68) to 
"os HZ-H,Z-—H,H, | (10!) 


29. For n=1,2,3, we prove below that every invariant of the. pair of 
forms (54) is an integral function of the eight invariants (81), which thus form 
a complete system. The proof is so conducted as to show incidentally that the 
invariants (82) are linearly independent. The latter thus form a une Bet 
of linearly independent invariants of the pair of forms. 

Although the first seven invariants (81), together with Z„ =Z", completely 
characterize the various canonical types of two quadratic forms, they do not 
form a complete sytem of independent invariants. In fact, every product in- 


volving Zm reduces, in view of (70), to ai bi Z, and a function of R,....° We 
may restrict ¢ and j to values < m. For, by multiplying (69) by a? —1 and by | 
br —1, we see that af Zm and b? Zm equal Zn plus a function of R,.... Hence 
the present list of linearly independent invariants is now BE than (82), 
lacking terms corresponding to af Zi, Z, .., Zr. 


30. The method of obtaining an invariants from the invariants : 


of a single form by replacing each a, by a, + kb, was applied in $16 to /,, but 
not to H,. Let 


s Hapro = Hy + Eh Hp + È GS (m=2"— 1). . (83) 
For use in §31, we note that when n = 1, | 
S, = a5 (o 5, + 0, bo + bo By) + Dg (ao b, + ai bo + Mi). (84) 


If we interchange the a’s and b’s, replace k by k"-!, "and multiply the result 


by & k*^ -? k = k^, we obtain the same expression as when we da multiply 


a by k™ Hence 8, and Sn are permuted by interchanging the a’s and s. 
Again, since H? = H, 


S) = Du, Simti = gita G« 12) s (85) 


In view of the two results, every & may be obtained at once from 8, if n<3 


4 


Dickson: Modular Invariants of a Pair of Quadratic Forms. 125 
from S,, S, S, if* n=4 or b. For any n, we shall determine the values of 8, 
and for n >3 those of &, and S; for the four cases enumerated in § 20. 
(D) An =k" H,, each 5 = 0. 


(C) Hak" H, + 3 (krip t 
i=0 . 


the exponents of k and b, being replaced by unity if n — 1, so that S, = 5, 5. 
For n7» 1, the only non-vanishing 8, are obviously 


4 


Snot = OE" BB 
Thus §,= BB ifn-23, S,=0 if n>2Q, Bm 8,0 ifn >3. 


~(#=0,1,.., n— 1). 


(B H=k" A, + ki (= gr- pi bobb] (n>1). 

n= 1, Ss = baba. The binomial coefficient C? is odd if, and only if, 
j=4lor4l+1. Now «2*=1=2"(mod m) gives «zz 2”*; thus j -+ 2 = 2" 
makes C- even unless n— i—1,j — 0. Hence & = (b, be)?” for every n. 


To determine S, for » >2, we note that x 2t = 3 (mod m) gives t= 3.2", 
Fors >1,7 + 2 = 3.2" makes Q" even unless n— i =1, j — 4. Fori=1, 


j-3— 9-1 makes G even, For i=0,j=1. Hence &= (dif 
+-6,6,6,. Similarly, the four possible cases for 4 give f 


S,— (SD + (bob 52" yon o 8. 
(A) Had [(1 + ES Hke + e(1 + kf))]” 
-( HESE +S kf)" 
= Sept S(EG+ pepe, 
a=0° 4-0 j-0 uL 
since Ec? = 1, OP zzi, OP =j +1 (mod 2). The terms of & have 
j +1=:2" (mod m). As above, we find that T 
S=ftear>l), GH=/P+Perfe, S=f+fe+fen>?), 


while by a special examination, Q =e, if n — 1. 





* If n—9, we would need S,, &, 8, &, 8,, Su 
t =J t fiet+ frat fre. Note that &, = T, for n= 2, S, =: = Hy tor fi = 8, 
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We deduce the identities 
S = (a, + b, + En 1), S = (a? —1) bi R +a, was H, (n= 2), 
§ sat" REC at" b, H, (n > 2), 
S, a2" 02 R377 4 ai" 8 R + ai" 19H, (n> 3), 
Sy aD 7 RY pal" b, R + ai" ^ H, (n> 3), 
with the additional terms (a! — 1) b! R? in S, if n8. 


(86) 


DETERMINATION OF ALL THE INVARIANTS IN THE GF[2^], nS. 
31. Let n=1, so that the a,, b; are integers modulo 2. Then 
l+ Hy t+ 0, 4-1 — Ja = a5 (a + + 1) + ayy +a, (87) 

Vi tS, +L +1 = 0 = a (bo + b) + bg (Gq + a) + ab + a 5, (88) 


gre invariants of the second degree defined by the earlier invariants (58), (59), 
(61), (84). We may also derive o from Jam = Ja thd, + ke. - 
Any integral function of the a,, 6, may be given the form 
p = E agbs + Fas + Gb,-- K (#,.., functions of a,, di, bo, 5,). 
Under the substitution (65), with £ —1, $ takes the increment 
as E (b, + bo) + by E (ay + a) + (E (a, + a) (b1 + bo) + F (a; + a) + G (b,-+2y)}. 
If & is invariant the. three parts must be zero (mod). Hence 
BH=e(1 + 0, + bo) + 65h), % =a (1 + a, + a) + aya,’ 
F (a, + a) = G (b + bo), 
where s, and /, are constants. Hence the invariant | 
Q =o — 6 Ha A, — 83 Ja Hy, — t HJ, — 81 Ja dy 
has E!—0. Then by (56), no term of $' has a factor a,b, or ayb, This 
property is true of the following invariants: 
Jas 9, a, b, G 0, by e, 0, 6, b, (Ja jr c), H,, bi H,, 
in which the coefficient of a, has the respective values ' ` | | 
atati, btb, bbt ab, bath, ab do a, 
agb, + a,b, + bobi, MA, Ma, bj. 
Subtracting constant multiples of the preceding invariants from $, we obtain an 
invariant œ, having Æ, = 0, and such that F, lacks the terms 


1, bo; a, by by, b, a, by, a; by, Ay 05, Ay A, bi, 
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no one of which occurs in a later one of the above combinations. Then 
By = ea, + dia, + ea b, + f b, by 
But A (a, à dg) must vanish when b, = b. Thus A =0. Hence no term of $i 
cohtains a, or ag. Thus $,— £,4- a, bs, where the (@’s are functions of the 5, 
only. .But a, is an invariant. Hence 0, and 8, must be invariants. But the 
above discussion shows that every invariant involving only the a, is a linear 

. function of Ja, Ha, &: Hence the 8’s are linear functions of Jp, H,, 5. 

THEOREM. Every invartant of a pair of binary quadratic forms modulo 2 
- is an integral function of o and the invariants of the separate forms; every 
invariant is a linear function of the following twenty: — 

H, H,, Ha Jp, Hyd, Jay aj H,, bi Has ai Jp, bi Jas aj biy nog 


(4501. (89) 
If we eliminate H, —a,J, and Hy = by Jy, we obtain, 
a, bi (1, o, Ja; Jy, Jy Js) (t, j = 0, 1). (89/) 


The produet of any two invariante (89) can be reduced to a linear function 
of the same by use of the relations. 


| er Fe, (90) 
and a =œ, etc. For the resultant of the forms, we have (end of 832) . 
R= (1 + ab) +b Jet ad. (91) 


-= TThen.(86,), (93), (87), (88), (64) give the other invariants in terms of (89/). 

In the notations of $28, it now follows for n —1 that every invariant is an 
integral functions of the eight invariants (81), and that the twenty invariants 
given by (82^) and the first two lines of (82) form a complete set of linearly 
independent invariants. 

‘32. For any n we set, in generalization of (87), 

J, = l, + H, +a —1, ii dae alan NE - 
Then, by (71) and (72), 

H, = a? Ja, Ai, = OP dy, L a — (a — 1) (Ja —), h= (6? — 1) A). (93) 
The invariants of a single form may therefore be expressed in terms of two. 
Hence the eight invariants (81) may be expressed in terms’ of six. For n — 1, 
we expressed (in § 31) all the invariants in terms of the invariants of the single 
forms and one additional invariant c. But, for n >2, there exists no com- 


bination C of the 8, and invariants (81), other than R, in terms of which R can 
17 


! 
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be expressed rationally. Indeed, for the two pairs of forms under V in § 22, 
with o — 0. and c — 1, respectively, the invariants (81), other than E, take the 
same value, while & — 0 by (86). When n — 1 or 2, 8,=o or o? for forms V. 
The excontional nature of the.case n=1 is diè to the relation (86): 
R = &,+ (a — 1) (b —1) R which, by (69), enables us to i R, in terms 
of $, Z, %, di, I, L. For n= 2, (86) gives | 

(ab, Ha} = (aibi + ai + bi) E 
0 that, by (69), E? can be expressed i in terms of $,, Z. etc. 


33. Next, let n= 2. Let the general polynomial 


"S 2,8 
ox 2 > D, ab ds functions ‘of ao, a, bo, bi) 


become $/ under transformation (56). The coefficient of t in q/— Q is 
ai Pa, T b, by, T ag (4 Pag) s b, (4 Po.) T Ay bo Pas ba T E Es rin Gel x ? (94) 


with r-+s23, the values of the E,, not being required in the treatment here 
employed. The divisons by 2, +! s! are to be performed algebraically and the ` 
quotients alone interpreted in the GF[2*]. A second* annihilator of an 
invariant $ is given by the coefficient of ¿ in ¢’— 9; it may be obtained from 
(94) by applying the substitution (apa) (5,5,), as follows from (55) for n= 2. 
We shall designate by (£^) the relation derived by applying " a3) "n to a 
relation (%) deduced. from (4). 

The coefficients of a288, add}, a,b}, ad, in (94) give 

"—- 0$ Da = 5$ Da = 0. 
Hence 
Dy = c (a — 1) (a — 1) (68 — 1) (B — 1). 


After subtracting c1, J, from $, we have Dg = 0. Then, by (56), no term of @ 
has a factor adb}. For D,=0, the coefficients of a288, a$5,, a,02, af, 5$, a,b, 
in (94) give | | | 
we a Dy = b, Da, a; Dy = bi Dy, bi Di = 0$ Ds, . (95) 
b, Da =b Da, 04 Ds = a5 Da, Da = bi Ds. (96) 
Let à, be the coefficient of 0) bi in Da. By 5, (96) + 5, (961), 


bi + bt) De = 0, ôi = bn = bn = Sue = 0, Sos = à == Soo - 


* That given by > isa consequencd of the other two, 
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By (95,), aĝ Dæ is a multiple of b. Hence 


as du (1 + bo) = 0, 
so that ôw has the factor aj — 1. Butin $, da = dp is multiplied by b. Since 
a factor a3 5$ can not occur, ôw — 0. Hence 


Du =Eb 03 Ge (97) 
By ba (95) + b, (951), we have (ay bi + Q1 by) Dum ue Dr. Hence 
ay di = Gy NY (8, J = 1, 2, 3), | (98) 


in which a subscript 0 is to be replaced by 3; note that in (97) each subscript 
take distinct values modulo 3. Since à is free of aj, (98), for $=3, requires 
that a)3,;_, and hence each ôs; be a multiple of a. Then by (98), for i=1, 
4,0, and hence also à, is a multiple of a). Thus | 
8 | 8 
by = ao X Cr ard do X dj, a (j=1, 2,3), 
the c’s and d’s being constants whose subscripts may be reduced modulo 3 
without causing ambiquity. Then d (98), for ¢ = 3, 
8 
à; = KR 2 (03-1 až- Tb ag 3 b- wu + (ai — 1) E Pisa 
Now 48, = a , so that ds latter has no terms n of a. Thus 
aa Pse = d.n, RT 1 (&—1, 2, 3), 
bay = s s MELIUS Sub ui^: 33 , diis di 7! 4- py, (ag — 1) (a) — 1). 
Now the soeficionts of œ b in M, L and H, M, R are 
(ag — 1) (ai — 1) bbi, a ay b, bi + a ai bo bi + ag ai bo bi 
Hence by subtracting from $ constant multiples of 
i bj H, T aibi H, A, R l (2, j= 0, 1, 2), 
we may delete from D, the terms aè Bibi, aS bat bt (e, r = 1,2, 3). Then each 


à. is free of aĝ, so that each cy = 0, pa = 0. In the simplified form of à, let 
k=l + 1, then | 


'8 8 
ym X dum, Ôn = 0$ È dioi (J — 1, 2, 3). 
By (98), for += 2, a, by == 0905.1, go that 


hdd aad + 1) A= dE dias ai + (à1— 1) 4, 
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where A’ and A are functions of ay. Replacing 7 by /+ 1 and applying (98) for 
$ — 1, we see that a, À, , = 0, 80 that, by (97), 


8 8 8 8 : 
Dg = Z bi {bim X; dy aj + B E dyana t boto X dynai + 5,0 4}, 
fel lex] . kel i=1 
where A = (a$ — 1) (a -— 1), and the c; are constants. Then by (95,), 
8 ; 
D, = Z bi {Bags + Bayz + bape} + (5 — 1) G, 


the sums being the same asin Dy. By aj (954) + a? (955), 


l | (a§ by + ab) Dis = 0. 
Hence aj 6, G = 0, so that 


| 
G=(B—1) È ka + a (d— 1), 


where the %, are functions of a,; csa function of ai, by. By (96,), 63 Dis a 
multiple of a. Hence bcs = 0, c = Ej (bà — 1). The total coefficient of alb? 
in D44, must vanish; by the terms free of b, kg — 0; by the terms in 5,, each 
d,—0. By (963), a) Di and hence each A, is a multiple of a. By (96,), a, Dis 
and hence a, Œ isa multiple of a, whence a, kj = 0, AK, — 0. By subtracting 
from constant multiples of aj H, 4 (i = 0, 1, 2), we may delete from D, the 
terms | m 

| a, aj (bj — 1) (6 — 1) | (r — 1, 2, 3). 
Then £,— 0 in G, so that i 


8 i | 8 
Da = by A X ia, D = (b — 1) (68 — 1) yal, ha = 2 ya. 


. By (95,) and (95), Dae = (b8 — 1) (5$ — 1) F, where F is a function of a, 
and a,, free of aj. By (96), aj4,—ajF. Hence k = 0, Dg= 0. By (96,), 
ay F —0, F=0, Dg=0. By (95,, (95), Da — AK, where, as above, 
A=(a3—1)(a?—1), and K is free of. BE. By (96),  K = & X bi? o, 
so that K = Z bi" o. Then (96,) gives 


> bio; = 63> bio, 0, =0(7 — 1, 9, 3). 
We have now proved (99) and hence by (56) also (100) : 


No term of $ has a factor db}, afb}, a5 06, abby, abl. -= (100) 
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In (94) the coefficients of o2, 02, ag, b now give 
| 01 Dg + bi Da = bi Da, — b; D + a4 D, = af Ds, . (101) 
a Dy + 0$ Dy = b, Dy, bi Dy + a3 D = a Dy. (102) 
The relations derived by applying (a,a,) (5,5,) are designated (101’), (102°). 
Applying the result (100) to (101), we see that D,„ does not contain 
dj, A3 by, Ag); nor aobh, b8 by (101,). Applying (102/) similarly, we get 


Dy = a5 bi d + a$ ds +a) d; + Bhd, + buds +d, 
D = ao b, dz + a$ de + Ay dy + Bp dio + body + dy, 
in which the d, (and the e, below) are functions of a,, 5. 

By (102), D,, must be free of a,b, and ay, since neither a5, nor a? occur in 
bj D, or 6; Dy. In this manner (102) and (101^) show that Dy is free of ay bq, 
ao, a2 ba, ab; Dis free of ay by, bo, a8 05, bR; Di free of apbo, bo, Ab), a2; Da free 
of abo, a, a D$, bb. | i 

We shall simplify @ by subtracting constant multiples of certain invariants 
satisfying (99). By (57) and (61), the coefficients of a$5$ in AP and Z are 
obviously 1 -+ afb], ajd,. Multiplying the former by 1, af, bf (k = 1, 2, 3), and 
the latter by af bi (i, j = 0, 1, 2), we obtain 16 linearly independent combinations 
of aï ai (r, 8 = 0,1, 2, 3). Hence we may assume that Dy is free* of 5j. Em- 
ploying b7 I,, we may assume that the coefficient of aa, is a multiple of a. In 
H, R,-the coefficient of a} is dad + a? a?b,d, + agaibh; that in HR, the 
square of the latter; that in (aj— 1) Z, is ajb, (aj—i1) (i — 1). Employing 
ai H, Ee, db H, R, (ad — 1) Z, (è, j = 0, 1, 9), we may assume that the coefficient 


8 : 
of a$b, in Dg is X obi. The coefficients of aj in aj(b}—1) H, R and 
t=] : 


Zi + ai b Z, are 
a batt (— 1), le — 1) (8 — 1). 

Hence we may take the coefficient of aj 628 to be zero. 

We next subtract invariants satisfying (99) and lacking af. Employing 
aj I, (r = 0, 1, 2, 8), aj b4 H, E (i, 7 = 0, 1, 2), we may reduce the coefficient of 5j. - 

8 
in Dg to > Abi. The coefficients of (a — 1) H.E and A, R + aibi H, R are 
i-1 

aĝ by b (af — 1), ag 0561 (a — 1). Multiplying these by bi(è = 0, 1, 2), we may 


assume that in Dy the coefficients of a?b,a? and a bza? are constants. 


*' The invariants used later lack ab}. At each stage the invariants used lack all terms previously deleted 
In ¢. l 
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Without introducing aj or 08, we subtract constant multiples of atb H, Hp 
(4 jJ = 0,1,2) and eliminate the terms aid! (r, s==1, 2, 3) multiplying aj bj 
in Da. Hence | 


Da — at + alba 3 ad + dy Bh ey + D$ es + bo 6, te, 
Dey = a ILE I bi + ai boer + a BG o Ea AGS + Ay Cy + Cy, 


where e, is a multiple of a,, e; lacks 83, while the coefficients of a? in e and e, 


8 8 
are constants, and d = $ rat + E sbt. From (101, 
t=0 i=1 


Dy = ob bo aH ao (n+ at ds) + as by cot to a da + bo eg + b, €; + af dg + (a$ — 1) Gigy 
Day= ag 2 3 e, bi + af bo (e + Gf di) + do bo es + Ay €, + 65 01 d, + bids +: EP 


NEN e, + es = bids, ey + aj ds = x k, bi. 


As shown above, D, is free of dob, bo; Da free of ay bo, as. a Ez, Cay & En 
are zéro. In relation (1 Oh) the coefficients of aj and afb, give 


a, = E EL ur b, e = (bi + 1)d + à, X oH. 


By the first, each c, = 0, a4e = 0, e; = 0, since e, is a multiple of a. By the 
second and the above properties of e&,d,, we get e, —0, d;=0. The 
coefficients of 65 and ab in (1045) now give 


ae x E, b, dre em b, es. 


In e, and e, the coefficients of a? are constants. Hence %,=0, e,— 0, e,=c(a?—1), 
ca constant. By the coefficient.of aj b$ in (102,), e, — 0. The further conditions 
from (101) are now 
d, = d; = d, = d, = 0, ies eg = bier, a6 a1 e = bi ey = 0. 
The earlier conditions now give es = 0, ¢,;=b,aje,=0. Hence 
= by bie, Dy 0, Dy = d boer, Di = agobia + (a —1)6;' 
= 1) + bier, mei —]), bies = bre, hmm. 

Then (102,) gives e= 0, e; a multiple of b, whence &=0. Then (102,) 
gives eg — 0. Hence  Dy=aDy=0 by (102). But no term has a factor 
a,b}. Hence 

| DD = DD SD Oe 0, (103) 
No term of has a factor ab, ayby, a8, BB, ab}, abb. (104) 
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In view of (99), (100), (103), (104), we have ~ 
p = Dy + a Dy + 0$ Dy + bs Du + b3 Dee, (105) 
where each D, is a linear function of a, a2, ba, 5$, with coefficients involving 
9, br. Subtracting ajbi R (r,s Z 3) from $, we may assume that D, is free of 8. 
In aj bf H,, b (ER? + afb? R), for i= 0,1, 2; 7— 0, .., 3, the coefficients of 
a2 ag are aj bf (k= 1, 2, 8), by; nn in Da the indien: of aj may be made 
a constant 7. Thus 
D = la; + C, as + C, b, + Cs (Cs functions of a, b,). 
Next, H, and aj I? + a, 01 R + b, H, are free of af and have 5352 and Ba} 
as the coefficients of b. Multiplying the former by biaf and the latter by 
a (te 2, r<3), we may assume that the coefficient of 5$ in Dy is a constant A. 
Thus 
Dy = A5 + Cai + Gay + C, bo + C, (A constant), 
Dy = aĝ 6, + ay Gt bi Cio + bo Crt Ge, Dor = a$ Cis + ao Cu + 05 Cis + bo -— Cn. 
For & given by (105), the terms free of a, ba in (94) give 
04 Dy, + bi Dy + 0$ Dey + 0$ Do = 0. (106) 
From this and the relation derived by (a) a,) (5,5), we get 
C,— 0(1— 1, .., 8,10,12,13, 15,17), 'O,— aj, Cy=Cy, Cab, 
HO, 4- 5,0, =l, a, 0, + 5,04 — A. 
By the last two, 7= A= 0. Then? Oy = 2,0, = 0, 
Ci = Q = om n = (ai — 1) (by — 1). 
From Q we subtract: c times the invariant 
n E? = m (ag b, + 5, a,) = (ai + 0$ + 1) E? + af Bi R + ab (H + Hy), 
and have every (,=0. Then $ — Dy is free of as, b and hence of ay, by by (56), 
so that $ is reduced to zero by subtracting multiples of af b} (r, 8 3). 
The invariants which we have subtracted from @ are seen by inspection’ to 
be linearly equivalent to the invariants (8 2). j 
..  Tusorem.* Every invariant of a pair of quadratic forms in the G F [2°] 
* In an earlier proof, I first determined the linearly independent inyarlants of weight = 1 (mod 3); then 
those of weight = 3 by squaring the preceding; finally, those of weight = 0 by noting that if J denotes the 
aggregate of the terms free of a, and b, in 8, then $ — rJ + K, where K = (aj? b + aè + 6,*) T ie found by 


multiplying the invariants of weight 1 by a snd b, in turn. Those of type rJ contain only Da Da) Dg: 
Dy» Dj; Dy &nd are found very easily. 
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is an integral function of the 8 independent invariants (81) ; indeed, a linear combi- 
nation of the 144 linearly independent invariants (82), for n = 2. E 
34. For the G F[2"], the general polynomial 
@ = > D,, a5 bs (r, 8 = 0,1, » ,m = 2"— 1) (107) 


receives under the transformation (55) an increment in which the coefficient of 
as bg is 
, SI, Py CE Oe Dies, Pu = (ta + Cay (tb, + 05,9, — (108) 


the O’s being binomial coefficients and the accent denotes that i and j are not 

both zero. Let 7,,, denote the coefficient of ¢* in (108), 7,4; that of t^ in Py, 

after the exponents have been reduced by means of ¢™t'= t, Such a reduction 
occurs only for +7 22". For » 71, we have* 


Te = (p tI a Drie + (o + 1)6,D so td + 2 7544 Opt Oy HD ET (109) 
?=0,. wey m-—p; 7=0;. ., M—O; i+7> m), 


the final sum being absent if p -F 0 > 2m — 2"; 


ES (p + 1)a D, s, + (c + 1) bo D, + aj CE Digg + Oi Ost? Dote (110) 
zur (p --1)(c T 1) D pttoti T È Mery CPM OFM Dau 
(i$ m—p, j $m —o, i+j214 277), 


the final sum being absent if p +o > 2m —2" — 1. 

In this modular theory, it appears to be sufficient to require the vanishing 
of the coefficients 7,,, of ¢* for k — 1, 2, 2*,.., 2”! (ef. Transactions, 1. c., 
pp. 210, 213, 214, etc... For n > 2, 


Tie = -— 0$ 2 Cpt? D etic +5 CD prd "à Ay bo (p 4- 1) (c + 1) D ptie+1 
+ ay ai CP D pise "n bo pil lad 1) Dis ét Ay bj C$ * (p+ De 
+ bb} Or" D, ig + at Cf D, uu + aby Op? (o +1) Dessen (111) 
+ aj bi ey Cr Dp ota t 0, bi Ost (p + 1) Ds e48 + bi o= D ed 
4 Xm, 07 OP? Dau (9 S m — 0472 «-m-—2oc,i-j22- ones. 


If we write p and 1 to the scale of base 2, Or" i i8 odd if each coordinate of $ 
is less than or equal to the corresponding coordinate of p, viz., if the partition of 
p-- into p and 4 takes place in the coefficients of the various powers of 2 


* Here and below, terms.precéding the summation signs are to be en. if they contain a D with 
subscript > m. 


A 
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separately. In the contrary case, Of*' is a multiple of the modulus 9. For 
example, since m = 2” — 1, we have when n > 1, 


Opzz0, Gr. OP =1 (mod 2). 
Hence we have, by inspection, 


Timmi Oy Dans Tim —1m = % Dam; Towns = by Dmm, Tom —1m = % Dam: 


For an invariant $, these must vanish. Thus 
Drm = d (a? — 1) (Bf — 1) (a? — 1) (6? — 1). 
: Hence $ —d J, lp, has D,,,— 0. For n23, various D’s are now necessarily 
zero, 80 that the above 7"s simplify materially. In fact, the special relations 
discussed at any stage may be chosen so that the coefficients of the D’s involve 
a, and b, only in the combinations aj, 5», aj, 5j. Thus the effective parts* of 
the conditions (108), when used in a convenient sequence, are given by i —0 or | 
j — 0 and so may be determined by inspection. 
35. Let next n—8. As in $34, we may set D; — 0. By (56) no term 
. of > has the factor aj}. Thus a D= bD — 0 imply D=0. In Tmn, 4— 0, 
j=4,5,6; but j= 6 leads to Dy, J — 5 gives C; z20, while f= 4 gives 
bi De -—0. Similarly, Ty gives af Dy — 0. Permuting the a’s and js, 
Tr =a Dg, Des 0$ Dg. Hence Dy = Dg = 0. For Dz =O, 
Top, = by Du, Tas = Dp, Teg = Dg, Tis = bo Dor, 
whence Dy — Dy=0. In view of the latter, 
Tin = bB Dre, Tis = Ds, Ti =a) Des, Trg = af De, 
whence Da = Da =0. Next, 
Tg =b Ds, Tm = bo Dg, Ti = bi Des; 

thus Tis = a$ Dy, ete., 80 that the three D’s vanish. Hence 

Dry = Dag = Dn = Dey = Da = Da = Dg = Da = Dg = Da = 0. (112) 
The remaining 54 D’s have non-vanishing values in &' or H, R". By (56), 

No term of $ contains aj bj, af bi (i — 7, 6, b, 3), ap 56, ad 0$, ab bp. (113) 


* In the final sume in (109), .., certain of the m's vanish for n> 2. For example, if n = 3, T1; = 0 for 
ij or ji = 50, 41, 54, 64; magz — 0 fori +j=6 #3); rag — 0 for ij = 00, 42, 24, 06, 62, 44, 26. But at 
the stage at which the relation 1s used the coefficient of such & factor m ie zero, so that there is no gain in 
employing that fact that certain of the r vanish. 


18 
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After deleting the D’s in (112), Tas for x = 1, 2,4, p,0= 70, 61, 52, 43, 
64, 62, 54, 51, 32, 31 give binomial relations* valving only the ie 
twelve Di: ? 


+ 


Das Dy, Dy, Da, Da, Dg, Dg, Da, Dg, Da, Dg, Dy. (114) 
bi Dy = bb Du, ai Dn =b De, OD = bi Ds, % De =b Da, (116) 
dı Du = bi Da, a, De = b Ds, aòDre =b Das, a Dy = bi Da; (116) 
bo Dy = bi De, o Dn =b De, boDe=ai Dy, ao De= a Dg, (117) 
ay D, = bo Dæ, Qo Do = bo Ds, EDy= bi De, a Dy= Ds; (118) 
bs Da = bi Du, boDea= bi De, Da = bi De, a Da = bi Dy, (119) 
a Du = bi De, Dnu = bi Ds, aiDre™= bj Dy, af Dy = biDa. (120). 


The binomial relations 7,,,, with'the same p, o, may be derived by inter- 
changing the a’s and b’s (and hence permuting the subscripts of Dy); they will 
be designated (115’). 

By 5, (116,) + b; (118,) and B (115) + 585, (117,) + 05 (119,), 

(a; bo + a b1) Dy = 0, (23 + b) Dy = 0. 
The discussion of these is similar to that in $33. By the second and (115), 
Dy = 2, bibi (5 ) — 1, x. 7). (121) 
Then the first gives (98) for 21,7 S 7. But, by (113), &j; is free of aj, aĵ, af, aĝ. 
Then (98), for i i= 7, i = 1, shows that yi is & — of a, a: 


, 1), 


the c, d, e being constants whose subscripts may b X jreduced modulo 7. Then 
(98), for i — 7, gives 


à; = as È oy at + ad X dad + as È en at (j —1, zm 


bey = A} aj O; + aj D, + a E, + (41 — 1)T, 6 = Xo a ad " 
We may introduce a term from T} into C; and set | 
8 ‚7 . 
O= E Gy AT = SG yy GY (A=7+ 1). 
u) i=1 
A similar modification may be made in D,, E,. By (98), for i = 6, do ôsj—ı and 


hence aT; is a multiple of a,; thus a,L, ,— 0. By (113), 6, lacks aj. 


Hence I, = 0 for — j, 80 that 
7 7 
Oe; — ay > C-i lH aj T a È d; Ll ai Tox 6j 114 ai . 
ie] i=1 bei 


SOf these Tao Tyee, Tis Tias Tas, 231) give identities. 
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By (98), for è = 6, ðs; = a$ Cj +; Dj + a £1 + (ai—1)Ty, where we may set 
7 , 
C; = 2 Gas 44141 F 6 3 (aj — 1) = i al = z er a, 


and similarly for Dj, Ej. By (98), for i = 5, dy òs- and hence a, in is a 
multiple of a). But I" lacks di y by A228), Hone I'— 


BEN; 
Oxy on Orana À+ a$ E d, s sal + al Se, nadi, 


| 
M= i M a 


= ay 2 et ae + d d, s 1434} + "es t „a us dd t (ai— 1) s. 
By (98), for i= 4, ay MN and hence a, e , is a multiple of a,. "Thus 
e, = e; (a, — 1), e; a constant. 
Now the coefficients of aJajd in H, L and H, H, TP, which satisfy (112), are 
(ai — 1) b bi, ay bi bi. i 


Multiplying the former by b and the latter by at bi (i, j = 0,.., 6), and sub- 
tracting constant multiples of the products from $, we may delete the terms 


350, — ag bp at Bj (7,8=1,.., 7), 


from Du. Then òp lacks al. ‘Hence the total coefficient of aj in the above 
expression for à,, must vanish. Thus 


Cy, = 0, & = 0 (J, £— 1, -ey 7). 
Since ö,, lacks aj, by (113), the earlier argument gives 
7 | & 7 

Og; = a$ È dj aua ai+ aj € 4144 a, 

1-1 i=] 

7 1 | 
bo; = ag > dj sis ai + aj 2 45140 + 54, 

4 T 
i = ds X di, 1+8 aj + ag = 5.6 1-46 ai + 2 A 


where A = (aj — 1) (a1 — 1), s and ¢ constants. Since the subscripts of d and e 
‘ are taken modulo 7, (121) may not be written in the form 


LT 7 «T 
Dy, — X (Hbi (0$ E di iaa] + ab Sei aal) + bi B, AL, 
: tj i=} Lex] 
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where B, = bs, + bog. Then (1151) gives 
| Lee T l 7 | 
Dy = È bib (a x djia + ay E Gm ti) + (61 1) G, 
i hj i=] Tom] 
where G is a function of a), a,, b). Now 
a4 B: (1154) + a$ 05 (1171) + a$ 2 (1194): (a8 + af BY) Da = 0. 
After a simple change of summation indices, this reduces to 
i ab bs G = 0. 
For G = Xc,aj, the latter gives 550, = 0 (i = 1, .., 6), bo (ey + cr) = 0, 
6 
| G = (4 — 1) È hd «(4$ — 1), 
where the &, are functions of a,; c, a function of a,, bọ, free of b}. By (120]), 
8 
- dj Dy is a multiple of b. Hence aj > k,aj = 0, A= 0. By (1164), 0) Dy and 
: 1-0 


hence'ójo, is a multiple of ag. Thus q = 0, G — 0. By (113), Dy lacks aj df, 
ajo’. Hence every d and e vanish. Thus 


M 7 l 
Da=0, Dy=BA, B= Xb(üs- bt), 4c (0 — 1) (1— 2) 


By (115]), (118), Ds = bo Da = 0, whence Da =.0 by (113). By (118}), 
bi D= 0. Then by (1154), (120), ao Ds = bo Dg =0, De —0. Thus (11%), 
(119), Dy —0. By (116/), b Dr —0. Then by (119) and (119,), D, = 0. 
By (116,), % Dn — 0. Then (120,) and (117,), Ds = 0. -By (116), (1183), 
Dyp = AQ, where by (113), Q lacks 5j, b$, 56, 63. Then (119,) requires that Q 
be independent of bp. By (117), & Dy = bo Dy = 0. - Hence Q = e (bi — 1). 
As above a, Dy = 0, whence D; — 0. Then D, = 0 by (115,), Da —0 by (119). 
By (116), (1155), (115,), Da, Da, Dy are multiples of B = (bj — 1) (bi — 1). 
Then by (113) and (115i), (117), (119), we get Da =ar L, Dy = apr ai L, 
Dy = ara? L, where r is a function of a, such that r(a] — 1) = 0, and hence 
a multiple of a,. Hence after subtracting constant multiples of aj H, Ip, we 
have r= 0. Hence all the D,, in (114) now vanish. Then by (56), @ has no 


ai bi, Ab (i = 4, 2,1), af 05, ab bi, a 55, a 65, ab, ab be. (122) 
Since the 22 D’s in (112) and (114) vanish, Zyn (k, | = 1, 2, 4) give 
ap Da = bi Dy, 4: Da =b De, % Dg + bı Da = 0$ Da t+ boD, (123) 
Oy Dey = bo Deg, af Dy = OY Dg, ai Dy + BY Dog = Oy Da + Ds, (124) 
a$ Da = b3 De, ai De = bi Dy, af Dy + Oj Ds = Da + Ds, (126) 


-t 
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while To, Ts; Two; Ta, Tso, To; T; Iæ, To, Tus, Ts, Tin give 

a Dot b, Dg =b Da, 0; Dg + 0, Dig= 0$ Dig, bi Dg zz 05 Dg, u Dg — 0$ D, (126) 
di Dry + bi Di — 5, Dg, a1 Dg + bi Die =a Dg, bi Dg — b, Dy, bi Dg= ad Dg, (127) 
ai Dy + bi Dy =b Ds, A Da + Bf Dos = b Dos, bi Du = 55 Ds, bi Do = a5 Da. (128) 
The relations derived from the latter by interchanging the a’s and b’s, D,, and 
D,, will be designated (126^), etc. In any D, certain factors are lacking by 
(113), (122). Then by (126), (126^), Dy, and D, lack also the factors 


ay bj, 1j or ji =.70, 62, 61, 52, 51, 43, 32, 31. 
Applying also (125,), we have the first two of the relations 
Dy — UD, Ds =D, Dam bD, Da = af D, (129) 
D — d,a$ BS + da bb + ds ad -- d, a5 b + d, as + d, as 5 -- d, ay +455 dis Edi bs du, 
the d, being functions of a, b. By (128), (1281), 
Dg = i D--(b-—1)m, Dy = aj} D+ (aj—1) 0. 
By (128%) and (128,), aol = agm = 0, L= m = 0, whence the final relations (129). 
By (127), (127), Dy and D; lack also the factors | 
| aj bj, ij or ji = 70, 64, 62, 61, 54, 52, 43, 32. 
Applying also (123,), we have the first two of the relations , 
Dy =F, D= 4E, Du=bhE, Dgj-—a,E, (130) 
E = e, 06, bh + 65 ao bo tan + 6, G6 bo F Es a6 + ee 4G 06 F 6108 + Es bo + eo OG + Ebo F ens 
the literal terms being the same as in D?. By (1265), (126,), 
 Dy=b E+ (4 —1)e, Ds= 4E + (5 — 1). 
By (1263), (12614), d, 6j = dg& = 0, & — & — 0, whence (130, 4). 
Similarly, by (128), (128'), D„ and D, lack also the factors 
ai bf, ij or ji = 70, 64, 61, 54, 52, 51, 43, 31. 
Using (124,), (1273), (127), (1275), (127,), we get 
Dg =bF, Dg=a Fl, Das iF, Dy= all, . (131) 
F'— f lbs + fal b + + fia bs 4- Soda + fs ao b + fL ad + feb + Salo + Soh +a, 
the literal terms being the same as in E? or D+. 
In terms of r = a,b, + a,b), conditions (123,), (1245), (1.255) become 
rF=rtD, rH=rD, r*E-r E, 
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of which the last follows from the first two. The first two are satisfied if and ' 
only if di, &, A (è = 3, 4, 5, 8, 9, 11) are constant multiples* of 


n= (al — 1) (8E — 1); (132) 


ài d, — b ds, bd, = b f, = bie, ho =a, fiy = aep, Qe = be, 
a5 f, + Of, + af ds + bidy = 0, afi + bif + bid = 0, | 
ay fe + fio + bide + ai dz = 0, at + b fs -- aj d, = 0, (133) 
ai dy + bidi + a4 & + bi ey = O, aj d, + Oj dy + 5,6 — 0, 
aj dg + bidy + bie +ae=0, ajd,+ 51d, + a, e — O. 

In the following invariants, having the D,, in (112) and (114) zero, 

H, E, H, R", H, H, k, R’, H, R*, H, R5, H, Hy R’, Hy E^, H, B”, 


the coefficients of af b$ are, respectively, 


ag biai + ay biai bi, aa T ej, ah, mid as, 
bobi, aobhal, a ? 4 ah B8 ay b, Panait, 
ag bobi + ab by a1 b] + af boai bi + biai br, 
16$ + af by aj + af bf af bf + ay bp ay Bf. . 
Subtracting the products of the first by aj, the second by 0, the third by 

aibi(t,7=0,.., 8), we may assume that the coefficient d, of gb} in Dy is a 
constant. Subtracting ai A’, afb} H, E (66, r S1), we make the coefficient dyo 
of & in D, a constent. Subtracting atb; H, R? and bit! P, where} P =b R 
+. a,b? H, E? has a, 0202 as the coefficient of a$ bt, we make the coefficient d, of 
a,b} in Dy a constant. The coefficients of af dj in 


S= H, H, Æ + a3 H, H, R, HBO La HE 
H, Rt + ait H, BS + a,b, 8 


are agbjaibi + ai by af BY, 4955 bf + ag baz bj, a} 5) aj (bi — 1), respectively. Sub- 
tracting the products of S by abi and the second by 5i(8,5S 6), we make the 
coefficient d, of aĝb & function of a, alone. Subtracting the products of the 
third by aj(¢<6), we make the coefficient of a§ 6, b] & constant, so that in d, the © 
coefficient of bj is constant. Then by (133), — 


d,=6,(aj—1), | dy — à (bi — 1) (8,, 5, constants). ` 


` 


* a d =b = 0 imply that d isa constant multiple of v. 
+ In the last line of (82) occurs also aj Æ', which we may here replace by (al + bI + 1) R' and SUM in view 
of (68), by (a1 — 1) BI — 1) R'. The latter is used in the next paragraph; see (140). 


- 


3 
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The d,, other than these and the constants: d,, dr, dio, were seen to be 
multiples of x, defined by (132). But; by (126,), 54 Dy has every term a mul- 
tiple of a, or 5,. . The same is true of each d,, since a, and b, do not enter the 
same manner in two terms of b$ Dy, by (129,). Hence every d= 0. Then a 
simple discussion of conditions (133) shows that the e, /, occurring in them are 
all multiples of a. Hence every e, f, (( C11) is a constant multiple of x. But 
by (127,) and (128%), af Dy and b)Dy are multiples of a, or b. As above, 
each e, = f = 0. Hence i 


Dy, = De = Dy = Da = Dy = Dg Dg = Dg = D = Ds 
| = D =D,=0, (184) 


No term of > has a factor aĝ bi, - - , a}. (135) 
^" With the vanishing D’s deleted, Ti, Tig, 72, Tus, Taso, 714 give 
aj Do = bi Du, a Da =b Ds, to Do = bo Dar, (136) . 
Ag Dya = bo Dig, a$ Da = 5$ Dg, as D, = 655 Dy. ` (137) 


The possible factors afb} are now those in which i,j are 


NOMEN re 


(138) 
16, 14, 12, 11, 10, 07,.., 00. 


By (1363), D» cannot contain aj b$, 15=60,.., 10, 44, 42, 24, 22, 14, 06, 04. 
By (137,), also 41, 21, 11, 01, 05 are absent; by (136,), also 12, 03, 02. Hence 


T 

Dy = Eu 65 + go (ab — 1) (g’s functions of a,, b). 
i=l 

Then by (1838), i | 


7 7 ' | 
Da = 29 aj BS" + ga (b — 1) = 2 du ay? bh + 914) — Js- 
By (1375), a$ (91% — 9s) = 0; go — gi. Then (137) gives 
7 
Dy = xg ay 0$ ^ + gs (bo — 1) —2 jus aj? bh + gs ai — Yo. 


By (137), as (ga a6 — 9) = -5 Jo, an 
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: By (1371), gu, — Jay and 

. 
Dy = 2 Gi OH 0$ F Gy (85 — y= = 2 , 965 ay? b + gs ao — 


Then (137;) and (1374) give g = g; and 
i 1 | 1 
Dy, = 2 dus aj * bf? + gy (b — 1) = 2 dee ag” bj + gs Q5 — gis, 
1 7 j 
Dy = = Fis aj ^ 55? + gu (b — 1) mr Jj ao” bi + gı% — Iu- 


By (1363), 913 = s- Thus Qv = gx (k =1,.., 6). All the conditions (136)- 
(137^) are now satisfied. By (126,), (126), .., (128,), (1281), 


Gg — b gia, Rdn Hin: (139) 
for every i making no subscript 7» 14. Conditions (126,), (1962), .. , are satisfied. ` 


By (139), 
AE big, = bi bigi, (ai + bi) g1 — 0, 


g = 2 ey a b] + (1+ ai tbi) (e's constants). 


In Z, = V, and Z? = V,, given by (61), the coefficients of aj a$ b, are 
1+ ai+ b! and a$5,. Hence by subtracting constant multiples of Z, and 
aibi Z2, we may take g — 0. Then by (139) for i — 1, 5g, = 0, ga — A (51 — 1), 
where A is a function of a, alone. By aga = biga, aA is a multiple of 5, 
and hence zero. Thus 4 = (aj — 1). . Proceeding similarly, we find that 
(139) gives | 

g, — ln (i— 2, .., 7), 9 = B (ai — 1), gu =a (bi — 1), 


where x is given by (132), 8 a function of 5,, a a function of a,, 4 constants. 
Subtracting GJ,, in which the coefficient of az(aj— 1) is 8 (a1 — 1), we have 
g = 0 in Dy. Subtracting «1,, in which the coefficient of 5j & — 1) is 
a (bl — 1), we have gy in Dy. In 







(140) . 
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multiples of these and m RT’, we have g, = 0 (i = 2, .., 7) in Dy. Hence. 


every g, = 0, 


Dy = Da = Da = Dg = Du = Da = Dy = Dn = 9, (141) 


No term of $ has a factor aj 5 b ($ = 0, .., 7). (142) 
From the latter and (138), the possible factors aj bj now have 
i, j = 60,.., 00, O6, .., 01, 44, 42, 41, 24,.22, 91, 14, 19, 11; (148) 
while D,, vanishes unless z, 7 is one of these pairs. Then 7,,,(5, [— 1, 2, 4) give 


ak D+ 0} Dy=b; Dy, a; Da+bDa=BDu, m Dy tb; Du=a$Da+bi.Dy, (144) 
ao Da+b Da = bj Da, a3 Dotti Dig — 5, Dy, ai Da=b De = a) Dy +) Da, (145) 
a Da +b D,4— 0$ Du, 01 Dat D — 055 Ds, aj Datti Dy =a Dy +b) De. (146) 


. We sübtract from $ constant multiples of invariants containing only terms 
(143). Subtracting af 0$ E*(r, & C'T), we delete b5 in Dy. The coefficients of af 
in H, R and R*+ ab R? are af bia’, afb8b,. Subtracting the product of the 
first by af b; and the product of the second by 5 (£X 6,r S T), we make the 
coefficient of ab? in Dy a constant. The coefficients of af in A = H, R? 
+ aibi H, R and p= R° + aibi R^ are agai bi tabu and ap bj + ag bf a1 b; 
subtracting aj bf À and by" p (if <6), we make the coefficient of aj in Dy 
a function of a, only; subtracting at (b1 — 1) h, we make the coefficient of aj b4 8] 
a constant. 


The following invariants, free of aj, have the indicated coefficients of b$: 


| H,R: ad; rm H, R+ M H, R: aU + 06 af Bf; 

a(R + aR) +b H, R: abia; ap +aibih: Dai -+ ai ooi. 
Subtracting the product of the first by af bi, the third by aí(? <'6, r<7), we 
make the coefficient of aj 65 in Dy a constant. Subtracting the product of the 
‘second by aj dj, the fourth by at(t,7<6), we make the coefficient of 08 in D, 
a function of b. Subtracting b{(aj—1)r, we make the coefficient of aj 6j a; 
a constant. | 

The following invariants are free of a$ and b$: 


H,H,, H,R'+abih, H, R*+ tbir, 


and have had}, aj bdjai, af dpb) as coefficients of aj b$. Subtracting their 
products by aj bj, ai, 51 (1,7 <6), we make the coefficient of afbs in D, 
a constant, necessarily zero, by (144,). Ä | 

19 
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By (144,) and (1443), 5,D, and af D, involve only the aj bg given by (148). 
Also afg bé has been deleted. Hence 


© Dy = hy ah + hig a + ha ao + hu + ha 5 + Ar bo + hg 
Then, since Dy lacks b8, (146,) gives bı% = 0 and 


Dg, = bt hy a8-+d, a$ B+ dy a 04 4- d a OR 4-04 hg a2-+-d, dy b+ di bit dy b8-+- d BR 4-04 hg, 
Dy = d, a$ +d, af bo + da a$ + d, a9 + ds ai 05 + de af bo t d ag +O} hg D$ + 01 hy Bh + Of Ag. 


Similarly, (1461) gives a,4,==0 and 


Dy = aj hya + eai 0G 6s a3 bot esati BY + a fis ai + C4 a5 D + 6506-1- 609 T 6109 tebot a hg, 
Dyg = ait 6s a6 0 + edit 6,08 + 6505 D5 + 6503 US “670% Og + eg + hbo t aj hq biH aihe. 
In view of the above simplification of Dy and Dæ by subtracting invariants, 
bth,==0, ath, — 0, d, and e are constants, the coefficient of b! in d, and that of 
ai in e, are constants. The second members of (144,) and (1445) must involve 
only the aj bj in (143). Hence | 
e, 2eQ756,76,726,—0, dQ,— d,—d,—d,—0, eb, = 
Since bjA,-——0, h, = A (bi —1), A being a function of a, only. Then 
d, = at A (b —1). But the coefficient of b! in d, is a constant. Thus af A=0, 
so that A is a constant multiple of a1 — 1. Henceh,=cn, n defined by (132). 
Similarly, A — kn, where c and k are constants. Thus e,— 0, d=0. Also, 
hs = In, l a constant. Since the terms of left member of (144,) are multiples of 
a, or b, the constants d, and e; vanish; in fact, each enters a single term on the 
right. Hence 
Da Ut hy ak + d, + bih, Dy = dra + bth + bth, 
= aj hg ai + ehh ai, Dog = eag + at hs bi + athi 
Then (146,) and (146,) give 
b Da = bic, a Da= ao, c aid, + bbe. 


Hence D=o + m(aj—1) (bj — 1) But ajbj does not oecur. Hence 
Dy = 6. The terms of the left members of (145,), (145/) are multiples of 
a, or bo. Hence bi De —0, a Dg — 0, Da — dz, where d is a constant. 
Then c — d x gives d — 0. i 

In view of (143) and D, — 0, (145,) and (145;) show that D, and D are 
linear homogeneous functions, of afb), aba, aob, aobo, di, bb, OS, du; and 
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Da, Da of abi, od, abi, a,b, ak, a8, a2, a. But the right members 
of (146,) and (1463) must involve only (143). Hence 
s Dy = a aĝ by + B bi + y bo, Dy = a.a) + Barb + ya, 
Dy = B aibo + whi + vb, Dy = B a$ + uas bh + vay. 
The left members of (144) and (1443) are now of degree <8 in ay, 5; their 
right members of degree >4. Hence each member is zero. Thus 


dy = eg = 0, a, 8, Y b v, hs, hs, hy, he 
are constant multiples of x.. l 
In particular, Dy, Dis, Du, Dy now vanish. By (144,), every term of b D,, 
must be a multiple of a, or 6,; but each A, is a constant multiple of x. Hence 
D, =0. Similarly, by (146), a, y, u, v vanish. After subtracting 8 R", we 
have 8 = 0, since | 
7t R5 = m (a$ ba + 5; a$) (ds bo + bao). 
Thus Dg, Da, Drs, Du now. vanish. Then D,=0 by (145,), (1453). In view 
of the eleven D’s just proved zéro and (143), the possible factors aj; are now 
i, j — 50, 41, 40, 20, 14, 10, 05, 04, 02, 01, 00. (147) 
Hence by (144,) and (144i), Dy and Dy involve only 41, 14, 06,04; Dy and Dy 
only 50, 41, 40,14. Applying also (145,) and (1453), we get 
| Da = sbi, Dy = sabi, Dy = sabo, Das = 80$. 
By (144,), s is a multiple of z. But 
x = n (a, by + By aq) (2504 + Bhat), 
Hence by subtracting sR®, we make s = 0. Thus by (147), 

i, j = 40, 20, 10, 04, 02, 01, 00 (148) 
give the only non-vanishing D,, and the possible factors a$j5$j. Then Tio, 
k= 1, 2, 4, give | | 

a, Diy + b, Dy = ab Do +b Dy, 01 Dey + 01 Dy = 29 Dy + bo Dy, 
| aj Dy + bi Dy = a$ Da + 5 D. ) 
The second members must involve only the a{5i given by (148). Hence 
Dy = pa + gb +r, Dy = Pa + Qb + U, Dy = pag + obi + A, 
Dy: qa$ + bti, Da = Qa + Sho + T, ` Dy = oa + ubi + v. 


1 


(149) 
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Then relations (149) are satisfied if, and only if, | 

r=t1=0=Ter=ı=0, pHa P+, s=a,Q+h,8, (150) 

P=ap+do, S= aio tbu, p=aipt big, u=aiqt bis. (151) 

Subtracting atb? H,, tI Rt (46, r <7, we have p = constant. Subtracting 
ajbi R®, we have g=0. In a4(E* -+ aibi E?) + ajb, H, and H,, the coefficients 
of aj are zero; those of bj are bjaj and 6§5%. Subtracting the product of the 
first by ai, the second by ajbi, we make s= constant. Subtracting ajbi B, 
which is free of af, b4, we make' o — 0. Then (151) becomes l 
| papal, u=, P=pat, S= all. 
The final conditions (150) give | 
19=p(d+i), aQ=s(+1) 
Since p and e are constants, we have p=s=0, Q=en. Hence 
oy) — 07 (a5 bo + by ao) + Do. l 
We make c= 0 by subtracting cztA*, since 
aRt = m (a5 5, + 5,04). 


Hence $ is now Dy and therefore by (56), a function of a,, b, only. 

In view of the last two foot-notes, it is readily seen that the invariants, 
which have been subtracted from $ to reduce it to Xaj5j, together with the 
latter, are linearly equivalent to the set (82). 

TukonEgM. Every invariant of a pair of quadratic forms in the GE'[ 2°] is an 
integral function of the eight independent invariants (81); indeed a linear com- 
bination of the linearly independent invariants (82), for n= 3. 
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Surfaces and Congruences Derived from the Cubic 
Variety Having a Double Line in Four- 
Dimensional Space. 


Bx Vira SNYDER. 


Twenty years ago Professors Castelnuovo* and Segre + published a series 
of memoirs on the cubic varieties of »* points in space of four dimensions &, 
which have been the foundation of many important researches since.} 

The most important ideas are those of the apparent contour (section of the 
enveloping cone from a given point by ordinary space) and the systems of lines 
contained upon it which project into bitangents of the apparent contour. The 
treatment in Segre’s longer paper is entirely synthetic; many particular cases 
are mentioned, but they are not considered in detail. The purpose of the 
present paper is to extend the results given in the second part of Segre’s memoir 
and to show the connection with a number of known configurations. Part of 
the results of every article of the present paper except the last are given by 
Segre, but the method is analytic and no knowledge of the previous papers 
will be assumed. | 

| | 81." One Double Line. ` 

1. The most general cubic variety F in 4, having a double ne d defined 

by xı = 0; 2, — 0, x= 0 may be expressed i in the form 


PS aay + har ay + bay + gary ty + SEa + or) 0, (1) 


* «Sopra una congruenza del 8° ordino'e 6* classa dello spazio a quattro dimensioni e sulle sue prolezioni 
nello spazio ordinario," Atti del Islituto Veneto, Ser. 6, Vol. V (1887), pp. 1240-1281, and Vol. VI (1888), pp. 


' 525-579. 


t “Bulle varietà cubiche dello spazio a quattro dimensioni e su certi sistemi di rette o carte superficie dello 
spazio ordinario," Memorie di Torino, Ser. 2, Vol. XXXIX (1889), pp. 1-48, and ‘‘Sulla v&rletà cubica con 
dieci punti doppi dello spazio a quattro dimensionL” Atti di Torino, Vol. XXII (1887), pp. 791-801. 

{Particularly by G. Fano, in the Atti Ist. Veneto (1898), and Aiti di Torino (1904) ; A. Dragon], In Bati. 
Giornale (1902); and H. W. Richmond, 1n Quar. Jowr. (1908). 
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in which a =Œ Za, x, and similarly for the other coefficients. The tangent 5, at 
any -point as (0, 0, 0, 4,1) on d is indeterminant. The second polar M, has. 


a t (2,23 +...) $b (at. — 0, (2) 
which always contains d. When the point describes d, M, forms a pencil, the: 
four basis-planes passing through d. Three polars of the pencil break up into 
pairs of spaces, corresponding to those values of t, : t for which the discriminant 
of (2) vanishes. These points are bispatial on d. The six associated. tangent 
spaces define by proper pairs the basis planes of the pencil. 

A general S will cut T in a cubic surface having a double point where $, 
cuts d. Through this point pass six lines lying on the surface, which contains 
15 other lines. The plane formed by joining any point P on I' tod will cut T 
in d counted twice, and in a line through P. The lines of T cutting d definea 
(1, 6) system. The S, tangent to T at P will have a double point at P and 
another at the intersection of 8, with d. The line joining them is counted twice, 
hence through P pass 4 lines not cutting d. The residual system of ADENO on T 
not meeting d is (4, 15). 
| The apparent contour from a point on T will have d for a double line; it 
will also have a double plane containing four other double points on its conic of 
contact. The surface F, is focal for a (2, 6) congruence having a focal line, and 
a congruence (8, 15). Any plane through the projection of d will cut F, in a 
conic. The two tangents to this conic from any point of its plane are the lines 
of the (2, 6) congruence. Any plane z not containing d will cut d in a point II. 
Through II in z can be drawn six tangents to six different conics of the system. 
On d are three cusps, images of the three bispatial points in S,, and a fourth, 
image of the point of intersection of d with the polar S; of the center of 
projection. 

When the center of projection i 18 not on T, the apparent contour will be a 
surface F, of order 6, class 12, with a cuspidal sextic c, and a double line. The 
congruence of lines tangent to the surface and meeting d is (3, 6). Any plane 
through d cuts F, in a quartic curve having three cusps. The point II is now a 
uniplanar triple point on F,. It is a double point on c, with d for a nodal 
tangent. Ifthe center of projection is in one of the tanzent planes touching T 
along d, the cubic covariant @ is a ruled surface having d for double directrix. 
The Hessian will also contain d; hence, from the equation 


F,=4 + @=0, 
| 
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d is & triple line on the surface. The residual-cuspidal curve is a rational c, 
lying on H, having d for trisecant. Any plane through d cuts J, in a cuspidal 
cubic. When the simple directrix of @ lies on H, c, breaks up into this directrix 
and three generators. In this case 


DE oy ta, ts (ay + 2g — 2$) = 0. 


The four singular tangent planes are z = 0, ta = =0; x= 0, % Æ x= 0; 
and the three bispatiäl points on d are (0, 0, 0, 1, 0), (0, 0, 0, 2, 1), (0, 0, 0, 2,— 1). 
The apparent contour from (0,1, 1, 0; 0) on its polar S or a= 0 is 
27 [ay 25 2, tar P + 4 [2 ory + 225 2]? = 0. 

The triple line is 2; = 0, 2, — 0; and the four cuspidal lines are, = 0, 2; = 0; 
0, 20; a+ a= 0, a = 25; m 24 — 0, v, + 2:4 = 0. Of these the 
first is the simple directrix and the last two are torsal generators of G. The 
triple line is inflexional tangent for the cubic curve. in every plane through it. 

2. If the entire plane z, = 0, x= O lies on T, then c=0: The point 
a, == 0, x = 0, /—0, g — 0 is now a double point on T.. Let the plane be 7, 
and the double point D,. The pencil c, = kæ, through m will cut T in 7, and 


a pencil of quadries 
(a + 2h + bè) x, + 2x (kf + g) = 0 


which contains d and a variable line passing through D,. Conversely, if T 
‚ contains a double point notlying on d, the plane containing it and d will lie 
entirely on T. | 

The plane z; = 0, 2, = 0 is now one of the basis planes wues by all the 
tangent hypercones having the entire line d as vertex and belonging to the 
points of d. Such hypercones are called hypercones of the second species. _ 

The lines of T form three systems: the first (1, 5) composed of the lines 
cutting d; the second (1, 5) composed of the lines cutting r,, but not cutting d; 


and a (3,10) cutting neither. The second consists of the generators of the 


quadrics, of the same system as d, while the first is composed of the generators 
of the other system. b 

The contours F,, F, are now of class 10, have a double point, and are focal 
surfaces of congruences (2, 5), (3, 5). 

3. If T also contains the plane 2,==0, z= 0, or z&, then 5=0. We 
may write fÆ qı, 9=x, without loss of generality. The point A=0, r, — 0 
or D, is also a double point. The space z, — 0 cuts T in the planes 75, 2, and 


nm 
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the plane æ, = 0 or o,, passing through both double points and meeting d in 
(0,0,0,0, 1). The pencil kæ = x, through 7% cuts T in the system of quadrics,, 
whose section by c, = 0 is the pencil of conics 


Lg Ly + (ha s + Prg t + is a) ny + Reeg ty = 0. 


These conics all pass through D,, D, and touch each other on d, the common 
tangent being ya, + £ — 0. It is a bispatial point on d. 

The lines of F are now the (1, 4) meeting d, the (1, 4) meeting zt, but not d, 
the (1, 4) meeting 7%, the (2, 6) meeting c3. T can be generated by the trilinear 
system 

ast, — Bas = 0, 
ON, -+ Ba + Yt, = 0, 
ax, + Blax +h) — y1 = 0, 


and its conjugate, where à = a — a, tg. 

4. If T also contains the plane z= 0, c4 = 0 or 7%, then a zz0. ‘There 
is also a double point D, at h = 0, z;—0 inz&. The variety now contains six 
planes 75, 75,75, Ci; 05, Ca and three double points D,, De, Da. Each plane 
c, cuts d in a bispatial point and contains two double points. T has just one 
proper tangent plane touching it throughout d. 

The lines of T are arranged in five systems, all of form (1, 3). The first 
is composed of the lines cutting d, the next three cut 7z,0,, and the last cuts 
0, Og Og. 

From a point P on T the apparent contour is a surface of order 4, class 6, 
having a double line with four cuspidal points, four double planes with four 
double points besides the intersection of each with d, and three other double 
points. It is complete focal surface for four (2, 3) congruences, and the double 
line is focal line for another, the surface being the other sheet of the focal | 
. surface. 

From a point not on T the apparent contour will be of order and elass 6, 
having a cuspidal sextic, a double line and three other double points. If the 
point be taken in the plane D, D, D,=r, the double points will be collinear. 
The only proper tangent plane containing d is 


hye, + %=0, Rett a= 0. 
The equations of v are p 
M hy Xa + hy X = 0. 
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From the point of intersection of these two planes (— Ahi, —Azh;, RER, hå he, 
hh, Fẹ will have a triple line and three collinear double points. If the center 
of projection be taken in v on T, a double point becomes uniplanar, and one 
conic of contact in a double plane is two coincident lines. 

b. Finally, it is possible that 


T=hr a + Le Lg Xy + 2 Lg a. = 0 
contain another plane passing through d. Its equations may be taken 
mE T = Ta = Tg. 
It will lie on T if A, 2 — 1, hy =— 1, A, + th= 0, and there will be a 
double point (1,1,1, A,, As) or D, lying in %4. | 
D'z m (x, — Ta) (Ay 9 — 24) + % (g — 23) (Ag tg — 25) = 0. . (3) 
The four double points are: 
D, z (0, 0, 1, 0, 0), De (1, 0, 0, hy, 0), 
| D, = (0, 1, 0, 0, he), D=(; 1,1, Ay, hs); 
they all lie in the plane ¢ Ä 
Ts — hy = 0, a, — ha — 0, 
which from (3) lies on F. 
Besides the planes 7, z,, T contains 6 planes o, defined as the residual 


intersection with I' of the space containing the planes 74, ,. The equations 
of the complete set of eleven planes are: 


7l : 9, — 0, gy == 0 

7t, 4,70, =O 

Ts % = 0, gy = 0 

TM: 1 — % — 0, Wy — Yg = 0. 

01 x == 0, g, = 0. 

O18 Ly = 0, zy = 0, | 
Oy: %—%= 0, hy x + hg ty — X, — a = 0. 
O55 : Tg = 0, hy 2 + hy s — 2, — x; = 0. 


Oy: T —t = 0, hy Lo —t = 0. 
Oy: Bgy —T = 0, hy t — a = 0. 
T : hwe = 0, hy 2g — 25s = 0, 
The planes r, contain each one double point D, and d; the planes og, 


contain two double points D,, D, and cut d in bispatial points; the plane «v 
20 
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passes through all four double points and. does not meet d. Thus, through each 
point D, pass five planes 7, 74, o4. (hs) 
6. The variety T may be generated by the following trilinear systeme: 


Gs + B(%,— 2) =0, (tg + (As — as) = 0, 
14 Pam) ya —2:)- 9, IL} 8(m—2) + ye = 0, 
y (A, tı — 2,) + aa = 0. y (hy — 2.) + alx — x) = 0. 
Ody + Bay = 0, Ak, + Pf, — x5) = 0, 
Il) B(z,— a) +.y(Agre— x) = 0, IV4 Bm) tYya—a) = 0, 
y(h z,—2,) + a(xg—a%) =0. ylh m — n) Han = 0. 

Oy 2E Ba, | = 0, 


V4 O(a —%) -y(zm —9-) =0, 
y (A 2, — t) + alh xa — x5) = 0. 


The system V consists of lines cutting d and v. The pencil of spaces 
" through ¢ will cut d in a projective range. The quadric surface in the residual 
section with [ will have a double point on d; hence every surface of the system 
will be a cone. In case of the three spaces through r: 


À x, — 2, = 0, 
: hs 2 — x5 = 0, 
hy xı — u — (Ay y — ag) = 0, 


the quadrie cone breaks up into a pair of planes. These are 


953; Ou ? 
O18; On» 
Oig ) 03; 


respectively. The points on d on the lines of intersection of these planes are 
bispatial points: | 
(0,0,0,0, 1), with the tangent spaces xı — 0, az, — 2 — 0, 
(0, 0, 0, 1, 0), i d " t I, = 0, t — % = 0, 
(0, 0, 0, 1, =], © Eu ^ "I, %,— 2, — O, 
respectively. The four pencils m, D, do not belong to V. 
The lines of I cut 75,04, Oo, Cu. A pencil of spaces through m will cut T 
in a series of quadries, whose section by 7, is d and a line through D,. The 
lines of I do not cut d, hence belong to the same system of generators of these 


Mi 
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quadrics as d. In general the pencils Ci, D, belong to (i). There are no 
proper quadric cones on T' with vertices at D,. The sextic cones at the double 
points break up into plane pencils. All of these systems are (1, 2). 

- 7. The apparent contour from a point on I’ will be a surface of order and 
class 4, having a double line, two double planes and. four double points. It is 
the general complex surface of Pliicker, formed by the lines of a quadratic com- 
plex which cut a given line not belonging to the complex. Its symbol is 
[21111]. | 

If, however, the center of projection be taken in r, all the four double points 
will project into collinear points, and the line joining them will be a double line. 
The lines of V now project into lines cutting two skew double lines, hence F, is 
a ruled surface contained in a linear congruence. From (1, 2,3, A,, 2%) on 
x; = 0 the contour becomes. 


[ 2(2, — £a — as) (Ay Xy — x1) + hy xs (£3 — 9s — zl 

+4 (z, — ag) (ha — %) + har es (2 —28)] [405 £g) " hat] = = 0. 
The double directrices are x, — cm = 0, z,— 92, =0; 30, opem = 0. 
The symbol is [(11)1111]. 

8. The apparent contour from a point not on T is a surface of order 6, 
class 4, having a double line, a cuspidal sextic curve and four double points. 
An interesting case arises. when À,—,-—0. If we project from (0, 1, 1, 1, 0) 
on the polar space a, = 2, + 2, + x; the equation of the focal surface becomes 

Al (aq + 94)? — 25 2, ]* = 27 [m o, (23 + 24) H m xs (22$ — 2; + 2)". 


The double line becomes m — 0, 22% -+ x, = 0, and the cuspidal curve is com- 
posed of the two plane cubics 


Dy = QU, qa == T Ty ((2 + o) % — d [o = 1 

each of which has a node at (a, £s, £, x5) (0, 0,0, 1) on the double line. Any 
plane section through the double line will consist of a quartic having three cusps, 
one of which is at (0,0,0,1). There are but five distinct double planes : 

hm = = wr, = 0, 

Mg — My — Oy =, am, + 2, = 0, 

Og —04-— T = 9-—0, 

En — Gy o GQ- m=, 

O54 = Gm. t Am, + %— 2, = 0. 





* A. Weller: ‘Ueber die verschiedenen Gattungen der Complexe zweiten Grades," Math. Ann., Vol. VII 
(1874), or the corrected list given by Jessop, Treatises on the Line Complex, p. 230. 
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Three double planes pass through each double point. The sections made 
by the double planes cg, Cu, « consist of three concurrent lines, each counted 
twice. Thus, through (0,0, 0,1) pass the double line and four simple lines of 
the surface, the latter having fixed tangent planes throughout. 

The bitangents of the surface can be readily arranged in four systems of 
quadrics, each of index 3. Thus III becomes 

ag(2z, + %) + GPa, — a — 22, — a) * 
io ~~ (ty — ty) + Ba 


$9. Two Intersecting Double Lines. 
9. The variety T may have the line d’ defined by 2, = 0, 24, = 0, q, = 0 
for double line, as wellas d. The general equation is 


P= aay + ho. + barg + my tg m, = O. 

The tangent ‚5 to T at any point (0, 0, £j, &, £j) lying in the plane 2, = 0, 
x==0 or x has the equation z; = 0. The residual intersection of z, — 0 with 
r is the plane o defined by b= 0, cutting d in the point (0, 0, 0,— bs, 5,) and 
d' in the point (0, 0, bs, 0, — ba). The polar M, of the first point is 


Delay o Ay a s +6: +) — b, (ag zi + y m as + by 23) —0, ' 
which factors into x, and another linear factor; hence the point is bispatial. 
The point on d' is also bispatial, c, = 0 being common to both. The M9 of 
(0, 0,0, 0, 1), the point of intersection of d, d', is „a haz, 2, + by ai = 0. 
It consists of two spaces, both passing through rn. The spaces of the pencil 
% = ke, passing through x cut T in a series of quadrics 

| a,(a + kh + Eh) + aga, = 0° 
cutting z in d, d'. The systems of lines cutting d, d’ are each (1, 4). 

A pencil c, — Ab through ø cuts T in a series of quadrics whose section 
with c is a pencil of conics touching each other at the bispatial points on d, a’. 
This system is (2, 6), the class being obtained as follows. Any S; cuts T ina 
cubic surface having two double points, containing 16 lines made up of the line 
joining the two double points, 4 others through each, and 7 not passing through 
either. Of the latter, one is the intersection with o. 


* For a similar particular case of a variety having nine distinct double points see my paper In the Trans. 
Amer. Math. Soe., Vol. X (1909). The necessary and sufficient condition that thé cuspidal sextic breaks up into 
two plane cubics is that the Hessian is the product of two spaces, This will happen when the center of pro- 
jection Hes on & definite curve of £. $ 
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10. Now suppose T has a double point not lying in st nor in o. 
D,=(1,0,0,0,0). The plane determined by D; and’ d must lie entirely on I. 
This is a= 0, x, —.0; hence a= 0. Similarly, the plane of D, and d! lies 
on T, but 2, — 0, = 0 already satisfies the equation. 

I = hay & + bag + x tgw = O. 


The system of lines cutting d is now (1,3). Its equations are 


Aty — Bar, = 0, 
am, + hB + yb = 0, 
| Bzs— ya, = 0. 
The (1, 3) system cutting d’ has the equations - 
an, — Ba, = 0, | 
az + Bh + yb = 0, 
Bs — ya, = 0. 


The conjugate of the first system cuts c and the plane D,d’. Theconjugate 
of the second cuts o and the plane D, d. 
11. If T has another double point D, at (1, 1, 0, 0, 0), and 6=<a,, 


DP = (2 — 23) 23 £s + 2, 25 2, = O. 
The plane c and the line D, D, lie in the space x= 0 which cuts T' in o and 
two new planes 
T:9,—0, x0; . 7,:9,—0, = 0, © 
which intersect in the line D, D,. The first passes through the bispatial point 
on d, the second through the bispatial point on d/. The eight planes on T are 
now the following: 


d, a! vı = V, gs = 0, 
D, d gs — 0, gg = 0, 
D, d! 25,70, $,—0, , 
D,d Vy — D = 0, z = 0, 
D, d' Uy — z$-— 0, z,-— 0, 
c w = 0, «= 0, 
7 gg = 0, & = 0, 
Tg : bie u = 0, ay = 0. 


I “ z, d 
| IV * Dd, Dd’, c. 
The first and third are conjugate, as are the second and fourth. : 
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12. The apparent contour from (0, 1, 0, 0, 1) on its polar S; is 


A[325 — 32% + i] — 27[ (x, — Ta) (xy — 25). + 21 25 2, ]? — 0. 

It is of order 5, as x, appears as a factor. Any plane z,—£ 2,=0 will cut the 
surface in the line a, = 0, x, — 0 and two conics which touch each other at 
(0, 0, 0, 1), (0, 0, 1, 0), the common tangents being x= 0, ,=0. The planes 
4, — 0, æ, = 0 are double planes, the conics of contact breaking up into two lines 
intersecting at the point of contact of the conics, which are both triple points on 
the surface. The plane 2, = 0 contains the line joining the triple points as a 
threefold line. The points (3, 2, 0; 0), (3, 1, 0, 0) are both double. The planes 
g, == ki tg, & = fo x cut the surface in conics which are cuspidal on the surface, 
i, ka being roots of the quadratic equation 3? — 3k + 1— 0. 
The planes (dd') and c project into m = 0. 

T tí D, d, D, d, v “ € ga — 0. 

T *  Dd', Ddr “ * aeh 


The congruences II, III have focal lines; the other two interchange by the 
transposition (æs%,), an involution which leaves the surface invariant. 

13. If the center of projection be taken upon T, the apparent contour. is 
the Plicker complex surface with one more double line, having the symbol 
[1122]. The usual form of equation results when the center is at (2, 4, 2, 2, 1), 
and an interesting particular case from (1, 0, 0, 0, 1). 


.83. Three Concurrent Double Lines. 


14. If T has three double lines d, d/; and d", the last defined by a= 0, 

=0, v, = 0, its equation becomes 
T = (aas + ba) 2 + 3% + (m + das) a = 0. 
The tangent jS; at every point of the plane 75, containing the first two lines is 
cx, + da, — 0. It cuts T in the residual plane Oz: daz, + bz,) — cx; = 0. The 
tangent S, at points of 7t: pon 0, xa = 0 is ba, + 02 — 0, and the residua] 
plane is o,: b(axı + de,)— cx, — 0. For 75:25,— 0, c, — 0 the tangent is 
ax + oz, = 0, and the E plane is o,:a(ba, + dæ) — cz, — 0. The point 
(0, 0, 0, 0, 1) is unispatial, x = 0 being the tangent S. On d', the planes o, 
and c, meet in the bispatial point (0, 0, 0, c, bd), the tangent spaces being 
[bat + as (0x, + dary) ] + dba = 0. 

The lines of T' form three (1, 2) systems, cutting d, o,; d', o2; d", Og. 


i 


i 
i 
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15. From a point not on F the apparent contour becomes an F, with a 
cuspidal o,, three concurrent double lines and seven triple points. It is the dual 
of the cubic surface cut from T by a — Š. Hach of the three (3, 2) 
congruences has a focal line. 

From a point on I', the contour becomes the Steiner surface of order 4, 
class 3, and symbol [222]. By taking the center at (0, 1,1, 0, 0), the section by 
z = 0 is the canonical form 

ci Ot yoQ L4 — 22,2 X. (225 — Ep) = 0. 
If the center of projection be taken in zt, [42] results. 


$4. One Double Line of the Second Species. 


16. A double line on T is said to be of the second species when the 
tangent M? at every point upon it breaks up into two spaces. If æ= 0, a,=0, 
x = 0 be the double line, then 


| T= al + hen my + bad + And = 0, 
A= XA m. The tangent MẸ of (0, 0, 0, £,, &) is 

7 E (a, i + P m oq + ba) + Eslas ti + As 21 ms + 5,23) = 0. 

Thus, the pairs of spaces have the plane c, = 0, 2, — 0 in common, and 
form an involution projective with the point of tangency. The points on d 


belonging to the double elements of the involution will be unispatial. The 

section of IT’ made by the space a, = kx, through the basis plane 2 will be 
Bst, 23) + [z, (a, + Ak + bk) + 2s (as + Ask + bsk] gj- 0, 

hence a cubic cone with vertex at (0,0, 0, as + Ak + bh, — (a, + hk + bik)) 

having d for cuspidal edge, and x for tangent plane. The lines cutting d form 

a (1, 6) system; the residual system on T' is (3, 9). 

17. The apparent contour of [ from a point upon it is a surface of order 4, 
class 6, with a cuspidal line having a fixed tangent plane and two triple points. 
The surface has & double plane, the conic of contact passing through two double: 
points besides the cusp on d. It is focal surface of a (2, 6) and a (6, 9) con- 
gruence, the former having a focal line. 

From a point not on T the contour is of order and class 6, having a cuspidal 
line and a cuspidal sextic with a point in common. This and the projection of 
the two unispatial points are triple points on the surface. The cuspidal line has a 
fixed tangent plane which cuts F, in three lines meeting at the uniplanar triple 
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point. In particular, if P be taken on x, its polar MY will be a hypercone 
having d for vertex, and its polar 8, will always pass through d. Its equation 
is A+ 2 4; = 0, independent of P. Hence every line of the (1,6) system 
cutting d will go into a line lying entirely on the focal surface, a ruled surface 
of order 6, having d'for multiple directrix. Its equation is of the form 


[$s(2, 23) ]? + A [o + 0,23 + haya, + dl, 2)  — 0. 


Any plane z, = kx, through the fourfold line contains two generators which 
intersect upon it, the point being the same for two values of &. The generators 
passing through the images of the unispatial points are cuspidal. The surface 
is rational and has no other double line. It is form 101 in my enumeration.* . 
An interesting particular case is that in which the double elements of the invo- 
lution approach coincidence. The ruled sextic now has a tacnodal generator. 


Its equation is 
| (2, a — aas)! = 2 23: 

18. Suppose T contains a double point not lying on d. This requires that 
A=0. Now any space a = ke, passing through x will contain n as a squared 
factor, the other being 

a+hk+bP=0; 
hence T contains an infinite number of planes, each lying in an & with z. 
Every point (0, 0, £;, Eu, Ej) of x is bispatial, the tangent M, being of the form 


Esla 9] + hg x m, + b, a5) ES Ela, T... «) T Ela x m j= 0. 


The two spaces become coincident for points satisfying the equation 


4(ds Es + a Ey + Q5 Es) (by Es T b, m T b; Es) — (As Es T h, b, T hs Es)". 
Thus, if T has a double plane, there is a conte lying in the plane, locus of unispatial 
points. : 
Since a space x, = ka, is uniquely determined by a point not in x, it follows 
that no two planes of T' j | 
| x = km, a + k+ bk = 0; 

Ta = le, , a+hl +67 =0 

can lie in the same S, except when A= 0; but in this case [ is a hypercone, 
projection of a ruled cubic surface of Sj from a point outside. Excluding this 
case, it is seen that through any point (0, 0, Es, £,, Es) of zt pass two lines, 
a + hk -+ bk = 0, intersection of the generating planes with æ. The envelope 
of these lines is the conic of unispatial points c. 


*JouRNAL, Vol XXVII (1905), pp. 76-102. Seo p. 95. 
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The tangent space Tat a point P of c, will cut zt in the tangent ¢ to & at P. 
It will cut T in a generator plane a and in a quadric surface. The quadric 
passes through ¢ and another line of a.. The generators of one system will cut £, 
those of the other not cutting rn. There is just one tangent space at each point 
' of ce, hence T' contains a (1, 1) system of lines not lying in the generator planes. 
19. The apparent contour from a point not on F; 


T E g Å F Xi t By H Rn 
say (0, 1,0,0, 1), is 


A(x &, — 35) + 27 [zs ac] + a da a i 2x5 |* = 0, 
which contains x? as a factor. “ The other factor is the envelope of the plane 
ba, — 3x + ha, + x= 0, 

the projection of a generating plane. | 

From a point on T, the apparent contour consists of zt counted twice, the 
generating plane through the center of projection and the point which is the 
projection of the transversal through it. | 

20. In the preceding case, the tangent spaces formed an involution. Now 
suppose one factor a, is fixed while the other space turns about æ projective 
with the point of tangency on d. In the equation of I, a, b, A, c can contain 
only £i, Xe, %3, while f, g are general. The equation of the variable tangent Ss 18 


Eu (gus + fio) + Es (gor + Some) = 0. 
The fixed space x = 0 cuts I' in 


(a4 2 + dy tty) o3 + (hy 2, + eh (b, a, F by m) ad = 0; 


i. e., in three planes 7t, 7%, 7g passing through d. The section made by any S 
none 7t, Bay 
a xy + Bi t = kas, 
will be a quadrie 
Ye (3, $3) + (Az + fs as) te + (94 ty + u) = 0, 


whose section with 7, is 
& (Ba, + (Ja 2a + Ss 2s) ay + Hut gs os) Bx) = 0, 


thus the line d and a variable line, meeting d in the fixed point of contact of 
ihe space 7, 7. 
91. If T has a double point D not lying on d, the plane Dd will lie on T, 
hence D will either lie in zt or in m; = 75. 
|. 21 


i 
1 
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Let 7 = 7, and P, be the point of contact on d of the space zz. A space 
passing through m will cut Tin % and a quadric, the section of the latter by 7, : 
being d and P,D; hence this line must be a double line. If 2, be c, —0,.2, — 0, 
then 5, — 5,— À,—0. The point on d associated with c, = 0 is (0, 0, 0, Ja, — A); 
and the equations of the new double line are E 

=0 Ba tan dem. do fam =0, x =0. 
This is the most general T' having a double line of the second species and another 
double line of the first species. There are evidently three (1, 3) systems of lines, 
- one cutting d, one cutting the other double line, and the third cutting 75. | 
= 22, Now suppose D = (0, 0, Ës, &, Ej) in m. This requires that c= 0, 
Js = 0, Ja = 0. ' 
PSII (a a, + Bite) + as (fae + go) = 0. 


The space mx, cuts T in o, =f8,— ga, — 0, which passes through D, and 
cuts d in the point belonging to nm. T now has four systems (1, 2), of which 
the first cuts d, and the others cut 7, Cip, Cira- 

The general equation of T is 


DP = a ay (£) — 23) +5 (% ay + T 2) = 0. 


7: a, == 0, nom). |00;5: a, ==0, a= 0. 
75: +2 = 0, w= 0. 05: %=0, n =Q. 
My: =0, m = 0. Og: %—%=0, u + m, — 0. 


Ng: G — 24 — 0, n — 0. 
, The equations of the four systems are | 
an, + Q v, = 0, at + Bx, = 0, 


a + y (x, — et 'B a, — y ts = 0, 

Qa, — y vy — 0, axı — (B ay + y (tg — a) — 0, 
axı + Pu = 0, Q2, + Ba, = 0, 

Q, Lg — ide d am — D a + y 2, — 0, 
Bas — y v — 0, B (a, — 25) + ya, = 0. 


28. <A double line (m, = 0, x = 0, x; = 0) and a double Lass (0, 0, 1, 0, 0) 
both lie on T, when its equation is of ds form 

| D = Å wa H x (a a + sty ax) = 0. mE 
In the preceding table, 7% coincides with 74, and o, with o,. There are therefore 
three systems of lines (1, 2), the first cutting d, the second d', o,, the third 75, 0. 


| 
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. 94. In 19-22 the fixed basis plane zt did not lie in the fixed tangent space. 
Now let x, — 0 be the fixed tangent space, z as before. In this case T can have 
no other double point nor double line. It has four (1, 3) systems. 


25. The apparent contour from a point on T is of order 4, class 6,: except 
when T' has a double point, in which case it is of class 4. The general one is 
[3111], formed by the lines of a quadratic complex which meet a line belonging 
to the complex. If T has the double point and a double line we have [123], 
wherein d is a line of the complex and is tangent to the Kummer surface which 
is its surface of singularities. From (1,1,1,— 1,0) on z, — 0 the equation is 


[25 ty F Lg Ly + La e]? — 4 [xa — og + ay + es] Ly Lo Ty = 0. 


The line z,— 0, 24 —0 is the cuspidal line, c4 — 0, y= 0 the double one. 
The projection of D is (0,1,0,0). The plane az, — 0 cuts F, in the cuspidal line 
and touches it along the line æ, -+ x, =0, projection of o,. %= 0 passes 
through the double line and touches the surface along 2,—0. The plane 
ty — “tu + 2 — 0 touches it along the conic 


(a — 25) (x, + 2) + 2 o = 0. 


The other double point is at (0, 1, 1, — 1). | | 
If the center of projection be taken in x, the double line becomes tacnodal. 


The equation is . 
(ai + a ay 41 aga, = 0. 


(0, 0, 1, 0) is a triple point on the tacnodal line. 

From a point not on T the contour F, is of class 6, has a cuspidal c, and a 
cuspidal line intersecting in a triple point of F,. It is focal surface for four 
(3, 3) congruences, one of which has the cuspidal line for focal line. If T' has 
a double line, #, will have a double line intersecting c, in another triple point 
on the surface. One of the (8, 3) congruences has the new double line for focal 
line. If T has a double point, F, will be of class 4. It has four systems (3, 2). 
If T has both a double line and a double point, F, is of class 4, has a cuspidal 
line and an intersecting double line, and a double point. The cuspidal c, has 
two double points, d being tangent to a branch at one node, d being tangent 
to.a branch at the other. 

If, however, the center of projection is in the plane x, the contour will be 
a ruled surface having a triple directrix, the three generators issuing from any 


| 
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point lying i in a plane containing the directrix. It has three cuspidal veheräfore: 
and is contained in a special linear congruence.* 

But if T has a double point, zx lies on T', and the contour becomes a ruled 
quartic contained in a special linear congruence. From (0,0,1,1,1) it becomes 


0 (n, E as ae)! — 4 An. 
It has the symbol [(21) 111]. | / 
If T has both D and d', the corresponding contour l 


(24 2a F ay 05)” — 4 (ay + 29) vi wy = 0 


has the double generator 2, == 0, == 0. Symbol [(12) 12]. From (0, 0, 1, 0, 0) 
we have an F, with a triple line. It has the symbol [(31) 11]. 


| 85. Two Double Lines of Second Species. 


26. Let d(zx,—0, ,=0, a=0) and. d'(z,— 0, 4 — 0, z, — 0) be 
two lines on I‘, each of the second species. Along d, v, — 0 is a fixed tangent 
space, the other one describing a pencil projective with the points of d, thé 
basis plane being z,— 0, x, — 0. Similarly, z,—0 is fixed for points of d', 
the basis plane of the variable tangent space being u — 0, z,— 0. The equation 

may be written | 


(a, 2, + a5 25) 2 + + gan + (ini +f, a) tag + lan F co 2) q = 0. 


The tangent space æ= 0 cuts T' in the plane z,=0 counted three times. The 
section of T by 2, = 0 is | 
La (Ja Be X, + Cy 23) = 0, 


i.e., the fixed plane containing the double lines and a quadric cone containing d, 
tangent plane u = 0, x= 0, and containing d', tangent plane m == 0, z,— 0. 
If cy = 0, the cone breaks up into these two tangent planes. The space a,= ky, . 
cuts T in a quadric whose section with &=0, c,— 0 consists of d and the 
variable line g + AA, +0 %=0 passing through the fixed point a,=0, 
g-- 0270. Letg=x,. To avoid duplication of terms we may write 


„=hzhzaml A=. 


* This is included in type IX of my enumeration of sextic sérolls of genus one, JOURNAL, Vol, XXV (1903), 
p.87. IfT hand’, F, ls of genus zero. Itis now type XXVIII of rational surfaces. See p. 74. — 
` | 
| 
| 
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T has an additional double point at (0, 1, 0, 0, — 1), and can be'generated by the 
two conjugate systems | 


a — Bx, = 0, 
A — Y X = 0. —— 
a (xs + æ) + B (a + 24) — y (zı + at) = 0; 


at + Bay, + y (vs + 2) = 0, - 

amt y (a+ %) — 0, 

B ay + y (a + a) = 0. à 
The first system cuts d, the second cuts d/. Hach is (1, 2). 

27. The apparent contour from a point on T is an F, with two coplanar 
cuspidal lines. When the double point exists, it becomes the Plücker complex 
surface of' symbol [33]. If the center of projection be taken in the plane 
2, = 0, x = 0, the result is a cubic with 4 double points, with symbol [222]. 
From any point in either basis plane the contour consists of two quadrics 
: touching each other along the projections of the cuspidal lines. The symbol 
is [(21) (11) 1]. 

From (1, 0,0, 0, 0) not on T, the contour becomes a double plane and a 
surface of order 4 Tarup a cuspidal conic. Ifa,= 0, the cuspidal conic reduces 
‘to two straight lines intersecting in a triple point on the surface at (0, 1, 0, —1). 
The equation is l 
Aas (2g + cg + ay)? + 27 2$ v; — 0. 

38. The two basis planes may lie in the same space. The equation may 
-now be written in the form | 


DS ah ts + Ac wy + mp pom my, = 0, 


a, = 0, %=0 being the basis plane for the variable spaces belonging to points 
of d, and 2, = 0, x,—0 being the plane for d’. From any point in a, = 0, 
not on T, the apparent contour is a quartic surface with a cuspidal conic. From 
(0, 1, 0, 0, 0) it becomes two quadries having two generators in common. From 
an US point not in z; = 0 the contour is a surface of order 6 having three 
cuspidal conies passing through two common points, at which they touch the 
same planes, and two cuspidal lines, the latter passing through the points of 
intersection of the conics and lying in the tangent planes. 
From (1, 0, 0, 0, 1) the surface is 


4 (at c, — 3 08)? + amd 2a + Aah + es ai 


\ 


- 
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The cuspidal lines are 24, —0, tg =0; , = =0, z,—0. The three cuspidal conics 
are cut from the cone 252, — 322 = 0 by the planes x, — kx, wherein 
ae (+1) = — 1. u 
If one of these conics be regarded as the absolute, a number of types of 
cyclides and other related surfaces can' be obtained. 


$6. Depiction of T on &. 

29. Any cubic variety containing a plane can be birationally mapped on 
ordinary space. Let a plane x and a non-incident line d lie on T, From any 
point of S, can be drawn one line cutting d, n. Thus, any point P of T is 
uniquely associated with the point in Sj in which the line through P cutting d, 
z cuts S;. Since any six spaces in S, can be projected into any given ones not 
having an 5 in common, we may define x by a, —0, 2; —0; d by a, —0, «e, —0, 
zy, = 0 and Ss by xı + £ + t+ x,4-24—0. The equations of the line connecting 
(5) = (Ei, Es, Eas Ess £j) on T with d, n are l 
| Ez t — Eit = 0, &%—f,%,=0, Es Xs — Es 2g = 0, 
and the corresponding point in 8, becomes | 


oa = —E (Es + E + &), v tty = — E (Ey + E+ Ep), 
vag = És (E1 + E), vc, = E (E + Eo), co Tas = Ér (5 En). 
The equation of I' may be written in the form | . 


P= (a£ + bE, + e£) & — (a £ +E, + eE) &, 
| 5 
in which a = a;£,, and similarly for the other terms. By means of the 
i=l 


equations of the line we can now solve for &,, giving the following results: 
o k = a ar — a8], | 


ok, = 2, [ E ‘ ], 

O Eg = T3 [4 xi + Aut 4,23], 
c£ =, [ . ] 
of, = a, [ cc d 


wherein | 
A, = a us + bit + eoa, 

Ary = (da — a1) xg + (b; — bi) v + (e — et) as, 
2 = As t +4, +4, 

with similar expressions for A}, 2}. 


P4 
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Any line of I' which cuts both z and d will go into a point; one cutting d 
and not 2, or z and not d will go into a straight line; one cutting neither will 
go into a conic. The line d and the plane x are principal elements in the 
depiction. The lines cutting two transversals of d, can be depicted on a 
system of circles with common absolute points. | 

A linear transformation which leaves F invariant will define a Cremona 
transformation in §;, and any other variety left invariant by the same trans- 
formation will define an invariant surface in $5. Conversely, corresponding to 
any linear or Cremona group in /$ there will be a group of birational trans- 
formations leaving I' invariant. 

An interesting application can be made to the varieties given in Nos. 
19, ‘22, 23, 28, when we consider the one-parameter groups 


o% = bi, oka = be, che = hy, ck = by — AEs, ch = EL + AE! 


under which [ remains invariant. Any function of £, &,&, && + E £s, 
‚together with T, will define a surface in S, which will become a surface in Ss 
invariant under a continuous Cremona group. But the resulting suface will 
contain only x, £s, z, and hence defines a cone. From the theory of birational 
transformations of plane curves it now follows that the genus of as cone can 
not be greater than one, whatever function be chosen. 

Another illustration is furnished by the variety 


LÌ Ly — G Lr F T Ty X = 0, 


a particular case of that considered in No.19. It was shown by Fano* that it is 
invariant under the four-parameter continuous linear group defined by 


= my, 

x = p (x + am), | 

x = p" (xy + 2am, + (o? — 8) x), | 
xy = c p? (2, + B as), | 


Dh, = Oo. 


* «Sulle varietà algebriche dello spazio a quattro dimensionl....," Atti Ist. Venwto, Ber. 7, Vol. VII 
(1896), pp. 1069-1108. 
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The corresponding birational transformation in £z, -- 0 becomes 


Tap = — 2 A, 
v25 = — p (z + am) A, | 
: l Tx = pP B z (C — 20,5 — (a° — P) a 2), 


- v, = op BO (x, + B zs), 
TL, =0% BC. : 
: = p° wg C — 2a p° c, Ly Lg ay — p ? (a? — 1) a2 xz + Co (p? + (p. 8 ai 1) 25), 
= pas + (pa + 1) z, 
ia U — 93 Ts 
The pencil of quadric varieties a3 — x, x, = Aa? and the pencil of paces 9, = ur; 
remain invariant under this group. In particular the form 


(1 — p”) (E$ — £ £a) — PB EF 


is multiplied by p”, and ££, is multiplied by c. Various functions of these two . 
forms will therefore preserve their form when an appropriate relation between 
p,0 18 given, Thus, if o = p, we obtain the quartic surface 


a 2s [(1 — g^) x, — p° Ba] + a (ai m, — a3 ag) = 0 | 
which has the three-parameter group. It is of type [2211]. This surface can 


be obtained by the method of Cremona.* Another form of quartic is obtained 
when opf=1. When o*— p°, we obtained the surface of order 10 - 


zi es [(1 — p”) v — g^ B ax] = os (ai x, — Eh)". 
All these surfaces can be mapped birationally upon an arbitrary plane. 
CORNELL UNIVERSITY, December, 1908. 


& 


* «Rappresentatione piana di alcune superficie algebriche dotate di curve cuspidali," Bologna Mem., 
Ser. 3, Vol. II (1872). See also Cremona's note in the Göttinger Nachrichten, 1871. 


Finite Groups Which May Be Defined by Two et 
Satisfying Two Conditions. 


: | By G. A. Mare 


$1. Introduction. 


In the present article the expression, “condition satisfied by two operators 


(81, 8), will be used exclusively for a relation which may be represented in the 


form ef sj 5| 6 .... — 1, where a, B, y, 6, . are positive or negative integers. 
Unless the contrary is explicitly stated, the operators 81, 8 are supposed to be 


distinct and neither of them is the identity. It is clear that a , & single condition 
between these operators is insufficient to define a finite group; for, if 4, & 


satisfy the equation sf a$ 8} 85 .... = 1 but are not restricted in any other way, 
we may replace s,, & respectively by two commutative operators t, 4, which 
have been so chosen that £ft?* "is the inverse of t?***--. As this condition 


does not fix an upper limit for the orders of t, t, it results that the order of the 
group (@) generated by s,, 8, can not be limited by a single condition imposed 
Upon 8), 8. : 

Since it is necessary to have. at least two conditions between two or more 
| operators: to limit the order of the — or groups which may be generated by 
| | possible number of conditions ien two operators. ‘Such a & study appears 
| especially useful in the application of group properties to other subjects. 
| The two conditions can not be of the form e? = 1, ef = 1, since the order of 
the product of two operators is not limited by me orders of these operators. 
If the conditions are of the form . 


- st — 1,* 8j = 85, 
the order of G has an upper limit when n and a are relatively prime, or when 


* A defining equation of the form s" = 1 implies that the order of a, is exactly n. 
22 


1 
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B — 1, and only then. ‘When one of these conditions is satisfied, G is a cyclic 
group and its order divides 8n. Moreover, every cyclic group tan clearly be - 
generated in this way. For instance, the cyclic group of order 40 is completely 
defined by the conditions s — 1, &) — sf. On the contrary, the two conditions 
sj = 1, sj = #3 are satisfied by two operators which generate a group whose 
order sueaeds any given number, which is in accord with the general theorem 
stated above. __ . 

It may happen thata pair of conditions which does not impose an upper 
limit on the order of @ is nevertheless very useful in exhibiting properties of @. 
‘While such pairs of conditions do not lie within the scope of the present paper, 
it seems desirable to consider briefly one such pair, in view of its id aces in 
what follows. This pair is 
went ee 


As 8,, & are commutative, G is an abelian group, and the following theorem 
is evident: Jf two commutative operatore satisfy the condition sf = sf, they generate 
the direct product of two cyclic groups whose orders are respectively the lowest common 
multiple of the orders of these operators, and a divisor of the highest common factor 
of a, B. The latter group may be the identity, and it must be the identity whenever 
a, B are relatively prime. 

Two operators which have a common square are known to generate a very 
elementary category of solvable groups.* By adding to this condition the order 
of their product there result the pair of conditions 


(8; 8)" = 1, si = 8. 


These are satisfied by the generators of only a finite number of groups for a given 
value of n, as may be seen from the following developments: 


(5 551)" = (er le). = er, 


since s? is invariant under G. As &;?" is both invariant under G and also trans- 
formed into its inverse by each of the operators s,, s, it results that the order 
of s divides 4n, and that the order of s, sz! divides 2n. If these operators have 
the highest possible orders for a given value of n, the cyclic groups which they 
generate have two common Operatora; and hence it results that the order of G 


* Archiv der Mathematik und Physik, Vol IX (1905), p. 6. 
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is a divisor of 4n?. An interesting illustrative example is furnished by the 
non-abelian group of order 16 which contains two cyclic subgroups of order 8.* 


81 = ahgfedeb . tponmlly, 8; = ajgpencl . bohmfkdi, 
6,8, — am . bj . co. dl . ei . fn. gk. hp, 8,551 = aoek . blfp . cigm . dnhj. 


In this example n= 2 and the order of G- is exactly 4n’. On the other hand, 
ihe two conditions | 


(8 83)" = 1, 8) = 8 


can not be satisfied by the two generators of another non-abelian group. If G - 
is abelian, it is either the four group or the group of order 8 and of type (2, 1). 
Hence the theorem: Jf the two generators of a group satisfy the conditions 
(8, 8)? = 1, e$ = 63, the group is one of the following three: the four group, the 
abelian group of order 8 and of type (2, 1), the non-abelian group of order 16 
which contains two cyclic subgroups of order 8. ` 

In a similar manner all the possible groups may be determined for any 
given value of n. Since the second condition is sufficient to restrict @ to a very ` 
elementary eategory of solvable groups, it seems of little value to determine all 
the possible groups for special values of n. The theorem that the number of 
these groups corresponding to & given value of n must be finite is, however, 
useful. A much more interesting set of conditions is ! 


n sme — gi 
>], 8, 8, — 85 af. 


When either a or 9 — 0, or when a = 1 = ß, these conditions reduce to those 
which were considered above. These 'special cases will be excluded in what 
follows, and we shall therefore confine ourselves to non-abelian groups in con- 
sidering the.groups whose generators satisfy such conditions. A large number 
of interesting cases arise when either a or B = + 1. These cases will be com- 
pletely investigated, as regards the number of possible groups, in what follows. 
A number of these cases were considered recently under the heading “ Generali- 
zation of the Groups of Genus Zero," t and the present article completes this 
generalization along certain lines, especially when 8 = — 1. 


* Quarterly Journal of Mathematics, Vol. XX V11I (1890), p. 269. 
t Transactions of the American Maithematisti S ic Vol, VIIT (1907), p. 1. 
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82. Conditions of the Form s? = 1, 8,8, = ssi, when a = + 1 or when B= 1. 


As observed above, it may be assumed that neither of the two numbers a, 8 
is 0, and that they are not both equal to unity. If both of them are equal to — 1, 
the second condition implies only that the order of 5,5, is 2; and hence it does 
not limit the order of s. That is, the two conditions et = 1, 8,5, = 83! 80t are 
not sufficient to fix an upper limit for the order of G, and Bones do. nol coma 
within the scope of the present paper. In what follows we may therefore 
assume that a and f are not both equal to —1: 

With the restrictions noted in the preceding ERISGEAPS, we proceed to 
determine all'the possible groups when 9 —1. Since s8481! = &5, it results that 
81 896," = 8 — 83". That is, the order of s, divides a^ — 1 and is completely 
determined when this number is a prime, and only then. In this case @ is com- 
pletely defined by the given conditions, and in all other cases they restrict @ 
to a limited number of groups. For instance, when = = 1, 5,8 = 64, it results 
that a, is of order 31 and that G is the subgroup of order 155 in the holomorph 
of the group of order 31: On the other hand, the conditions ef = 1, 8,6, = 88 
are satisfied by two generators of the group of order 378 obtained by extending 
- the cyclic group of order 63 by means of an operator of order 6 transforming a 
generator of this cyclic group into its square, and also by two generators of each 
one of its four subgroups of orders 18, 42, 54 and 126 respectively. When 
a — 1, the order of G has no upper limit; for, if &, s, satisfy the given conditions ` 
8,, 48 (t being any operator which is commutative with 8,) must also satisfy 
these conditions, since the second condition takes the form 55!5,5, = s. Hence 
the theorem: The conditions 8} = 1, 8,5, = s3 sf are satisfied. by the two generators 
of only a finite number of groups when B= 1 and a +1, but they are satisfied by 
two generators of each one of an infinite system of distinct groups when a = 1. 

Having considered all the possible cases when at least one of the two 
numbers a, 8. is unity, we may assume, in what follows, that neither of these . 
exponents is unity. When «= — 1, the conditions assume the form 

e? — 1, 8; 8 == 65 ef. 

‚From the latter it results that 8, 8 = 85381 1. aitt, or (sg)! = ef 1. Since sft? 
is a power of s,s, and commutative with e,, it must also be commutative with sj 
and hence it is invariant under G. As it is assumed that 8B + —1, it results that 
G contains at least one invariant operator besides the identity whenever a = — 1. 

When n and B +1 are relatively prime, C muse abelian, and hence the second 

d 
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condition becomes s$ = sf}. From this it results that the order of @ is either 
n or 2n and that @ is also cyclic whenever n and 8 +1 are relatively prime. 
When n is even, 8 + 1 and 8 — 1 are odd, and hence G. is of order 2n in this 
case. That is, G is completely determined by the two conditions s? — 1, 8,8 = 851 81 
whenever n 1s even and also n and B +1 are relatively prime. If these conditions 
are satisfied, G is the cyclic group of order 2n. For instance, @ is the cyclic 
group of order 24 when sj? —1 and s&,5,— 655], or when s}? = 1 and s,5, = s; 8$; 
but when sj —1, 5,64 = 83'181, G is either the cyclic group of order 9 or the cyclic 
group of order 18. 

When n and +1 are not relatively prime, the order of G has no upper 
limit. This fact results from the following considerations: Since G is generated 
by 8; 8, 8, the second of the given conditions may be replaced by (a, &* = sj. 
Hence it results that if s, 8, e, satisfy these conditions, they are also satisfied by. 
(8,85, t,8, (where £, 4, are commutative with 8,8, 4); and ¢ is of order 2, while 
the order of 4, is a common factor of n and @ +41. Ast, ¢, may be so selected 
that they satisfy these conditions and that also the order of £1, is an arbitrary 


number, the theorem under consideration has been proved. It has therefore 


- — my eee ee 


been established that the conditions s? == 1, 88s = 87'8 can determine a finite - 
group only when n and 8 +1 are relatively prime. If, in addition to this, n is 


. an even number, @ is the cyclic group of order 2n, while it is either this cyclic 


| 


t 


‘= a a um ot o—l nor ava FX ar rir ry 


group or the cyclie group of order n when n is an odd number. 


83. General Considerations as Regards Conditions of the Form I = 1, 8; 6; = 83 8;°. 
These conditions may be represented as follows: 


s=l (nes 













3$, Moreover, if &, 5; 

th each of the operators 

Á it is possible 
pond a 


Hence s^! is invariant under G and (s &,)*= (63, 
satisfy these conditions and if 4, % are commu 
81, 8, and satisfy the additional condition # = 
to replace &;, s, respectively by ¢,9,, f in tI 
are such as to restrict the group 14, te} ge 
order, it is possible to select &, % 80 as tc 
generate a group whose order exceeds any 
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within the scope of the present paper it is necessary that n, a + 1 have one of 
the following pairs of values: 2,4; 3, +3; 3, Æ 4; 3, + 5; 4, + 3; 5, +3; 
3, — 2; 4, —3; 5,—2. ` | 

The first ofthese pairs does not require consideration, as the second con- 
dition would become s &,, since s, = sr! when s, is of order 2. We also excluded 
the cases when «= — 2, since these conditions would imply that s,, s; are 
commutative and hence the resulting conditions could be written in & form 
which was completely considered in $1.. It will be found that each pair of 
conditions corresponding to the given separate sets of values of n,a +1 will 
give rise to a small number of groups of comparatively low order. These 
groups are closely related to the groups of genus zero. In fact, they have these 
groups for quotient groups, so that many of their fundamental properties may be. 
directly deduced from those of the groups of genus zero. 


$4. Groups Defined by the Conditions gi —1, 884 — art. 
The following pairs of conditions require consideration when n= 3: 
BA, 85 2 85; B= 1, sm dep; AI, s mier; dom 1, ee mes rs 


A= l, 8185 = 83" 81 ; 81 — 1, 818g = 8g 81 AEL 8183 — 8 5. 


The first set of conditions may be expressed as follows: 
| gj =i, (8, 5,)* = sj. 


These conditions have been considered in an equivalent but slightly different 
form,* and it has been proved that there are just two non-abelian groups which 
may be generated by two operators satisfying the conditions s] = 1, 8, & = ej 6; !. 
These ‚are the tetrahedral group and the group of order 24 which does not involve a 
subgroup of order 12. Wii s, 8 are commutative, the order of G is 3. 

The second set of c n8l8 | | 










(8; 8)* = &. 


der of 8, we may proceed as follows: Since 
e, the product of one of these operators into 
rmed into its inverse by each one of them. 
uct.as to arrive at an invariant operator, 
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this operator is either the identity or it is of order 2. ‚In the present case 
we have 
(81 8987" 8 a) = (88 81 85 DEE =e ober! of sy 505601 | 85° = oP. 

Hence the order of 8, must be a divisor of 24. When this order is 2, G is iis 
symmetric group of order 6; when it is 3, G is abelian; and when it is 4, 
G is the symmetric group of order 24 according to a well-known definition of 
this symmetric group. If the order of s, is 6, it is clear that {s,, $} = the 
symmetric group of order 6, since (s; 52) = 1; hence /s, s,, &: = G is the direct 
‚product of this symmetric group and the group of order 3. when the order 
of s, is 6. 

If the order of s, is 8, the given conditions may be written in the form 


ti = t$, (Gh = 1, t$ — 1. 

It is known * that these conditions define a group of order 48 involving the 
group of order 24 which does not contain a subgroup of order 12. When the 
order of s, is 12, it is easy to see that [5;?, 5,5; *| = the symmetric group of 
order 24, since (s;*)*= 1, (s, 55 *)9 — 1, (535,85 5 = (857 &,P = (ela = 88 (8, 6,)? — 1. 
As G is generated by this symmetric group and sj, it results that @ is the direct 
produet of the symmetric group of order 24 and the group of order 3 whenever 
the order of s, is 12. Finally, when the order of s, is 24, it results that 
is 873 a, sx! | = to the group of order 48 noted above; for 


(es 5)* = (65° 5 83°)’, 

(85° 4,854)? = (5; 795,9 = (55° 81)" = 5? 81 6 * 81 8p” 8, = 8361 82 838,83. 638,» 6p — 1. 
By adjoining sj to this group of order 48 we clearly obtain G. As the group 
generated by s; is composed of invariant operators and has only the identity in 
common with 18), 5555, 654}, G is the direct product of the group of order 3 and 
the group of order 48 given above, whenever the order of s, is 24. Combining 
these results, we arrive at the theorem: Jf two generators of a non-abelian group 
satisfy the conditions s} = 1, 8,8, = 858, 1, it must be one of the following stx groups: 
the symmetric group of order 6, the symmetric group of order 24, a group of order 48 
involving the group of order 24 which does not contain a subgroup of order 12, ur the 
direct product of the group of order 3: and one of these three groups. When G is 
abelian, it is the cyclic group of order 6 or the group of order 3. In the last case 
the two operators 8,, 8 can, however, not be distinct. 
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. The third one of the given sets of conditions may be represented as follows: 
8j = 1, (5; 8)” = 83. 
To find an upper limit for the order of s, we may proceed in the following manner: 


5 cud ee el 
> 854^ — 8236185, 
(85 81 83 ) — 8$ 81 528, 65 = 88 83 8; 8g — 85 818381 88 , 
(6 5,551)" — a}? 81 8381838183 = 8$ 61 8281 6381 By” — 63. 61 162 68185 = 8$ 81 8561 185, 


—135 — —1 —] $4—8 $18 & —2 — „45 
(s$ 81 85 ) = af 8; Sa 81. 89 : 82 81 83 81 8g — 85 e 


As s$ is invariant under G and is also transformed into its inverse by e; 8, 
it results that the order of s, divides 90. We may also assume that it is a 
multiple of 5, since we may confine ourselves to the consideration of non-abelian 
groups. | ME | 

When & is of order 5, @ is the icosahedral group according to a familiar 
definition of this group. When this order is 10, the conditions may be expressed 
as follows: (8,8) = 1, e$ = (8, 8), 8 — 1. Letting ¢, = 8,8, t — $51, these con- 
ditions become tf = 1, t$ = t1, (h4) — 1. The latter conditions define a group 
known as Ga," and hence this is the group defined by 5) = 1, 8,6, = #3", 
when the order of s, is 10. When this order is 15, the icosahedral group is 
generated by s, 5$, since (s$) = 1, 83 = 1, (8, 6§)® = sl? (s, 8,)® = 65 = 1. Hence 
it results that G is the direct product of the icosahedral group and the group of 
order 3, when s, is of order 15. If this order is 30, it is evident that G' is 
generated by 8,8, 5°, since (s,5$)* = 1, (ez *)5 = (8, 68)", (a,659)9 = 5, 553 8, 85 5, 65° 
—8,848:1855.955; 185; * — 1. Hence @ is the direct product of Gi and the group. 
of order 3, when the order of s, is 30.' The next possible value of this order 


is 45. When s, is of order 45, {s, s, sl] = icosahedral group, since (52 — 1, - 


(8, e$)? = (818) 8 = 1, (ler = 1. In this case G is therefore the 
direct product of the cyclic group of order 9, generated by s5, and the icosahedral 
"group. Finally, when the order of s, is 90, Gim is generated by s, 8, 8, since 
sa, 1, (si) = (esi, (8183) —1. Hence G is the direct product of the 
cyclic group of order 9 and G,4 when s, is of order 90. These results give rise 
to the following theorem: Two non-commutative operators satisfying the conditions 


T 4T Lum 


d|-—1, 3,8 = 8581" must generate one of the following six groups: the icosahedral - 
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group, Gig, or the direct product of one of these groups and one of the two cyclic 
groups of orders 3 and 9 respectively. Each of these groups is completely determined 
by adding the order of 8, to the given conditions, and hence tt is completely defined 
by three en If two commutative operators satisfy the conditions sf = 1, 
885 = 8487, they generate the cyclic group of order 9. | 

The set of conditions 68 =1, 1.8 = 8578; ne that s, is invariant under @ 
and hence (# is abelian. As a 85)" a 8,1, it results that sj is of order 3, 
and hence the conditions s] = 1, 8,8 = 83°87! define the cyclic group of order 9. 
The next set of conditions is equivalent to 6? = 1, (e, 8)? = 67°. Since 8,5, and 
8; have a common square, s, 63 is transformed into its inverse by each of these 
operators. An upper limit for the order of s, results from (s, 9)’ = 43, s3 being 
invariant under G. As «§ both. is invariant under G and is also transformed 
into its inverse by 8,8, its order can not exceed 2. From this it results that 
the order of s, divides 12 and that the order of s,s; divides 6. If both of these 
operators have the largest possible orders, the order of Gis 36. The remaining 
properties of this group of order 36 may easily be deduced from the fact that 61 83 
may be represented by the following substitutions: 


b 


so = ace. bdf . kim, 8 = afedch . ghij . im. 


When s, is of uin 6 and 5,53 is of -— 3, G is of order 18 and may be 


generated by 
8, = ace. bdf . kim, 8, = afedeb . km. 


If & & is the identity when s, is of order 6, @ is clearly the cyclic group of 
order 6, and if ss; is of of order 2 when s, is of order 12, @ is the cyclic group 
‘of order 12. When 3, is of order 4, s,s; must be of order 6, and hence @ is the 
associate-dihedral* group of order 12. When s, is of order 3, @ is the group of 
order 3, and when s, is of order 2,. G is the symmetric group of order 6. 
Uniting these results we arrive at the theorem: There are exactly seven groups 
which may be generated by two operators satisfying the two conditions s) = 1, 
8,8, = 83° 8,1; these are the group of order 3, the two groups of order 6, the cyclic 
group and the associute-dihedral group of order 12, a group of order 18, and one of 
order 36, This theorem illustrates the general theorem of §1 as regards groups 
generated by two operators having a common square. 
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The remaining three sets of conditions are respectively equivalent to the 
following: | 

e = 1, (8183) = (3°); ei = 1, (818) = (°); ala). 
The possible groups that may be generated by two pia satisfying these 
conditions were determined in Vol. VIII of the Zransactions of the American 
Mathematical Society, pp. 4, 6 and 11 respectively. Hence all the cases which 
may give rise to only a finite number of groups when s — 3 have been 
considered. , 

| 85. Groups Defined by the Conditions st = 1, 8,8, = 63 5? 
When n = 4, the following three sets require consideration : 
i= 1, 8 = $e; f= 1, 65-54?)585; of = 1, 969-585. 

The first set can be satisfied only when the order of s, divides 12, since 

(8155811 8g 1) = (8381 83)" = 536185 618351 65) == 5361 . 81 8g . 8 . 81 8g. 81 83° — 65. 
As the order of s, is a multiple of 3 when G is non-abelian, it is necessary to 
consider the cases which arise when the order of & has one of the following 
values: 3, 6, 12. In the first case:G is the symmetric group of order 24. 
When s, is of order 6, 1515,, &} = the tetrahedral group, since 
(83)? = 1, (Jh) = 1, (57 8)? — 8? 85 81 8g 81 8g == 81.8185 81 + 81 Eg - 8185 — 8, 5$ 81 8 — 8$ — 1. 
This group is invariant under G, since it involves 

| Sg 6l 83 == 83 8) 83 — 83 S] 8p = 8.81 63.53, 

(8,1 658, = 8] : 81 85 . 85 84 == 81655163 = 62 81 63.810385 , ANG 811.56] 8. 81 = 8,88; = 5. 
By adjoining 8 to this invariant tetrahedral’ group there results the direct 
` product of the group of order. 2 and the tetrahedral group. This direct product 
is also invariant under G, since s~s invariant under G. The group of order 24 
; just obtained involves s, and sf. Hence @ is the group of order 48 obtained by 
adjoining @, to this group of order 24. When the order of &, is 12, Œ involves 
the quaternion group as an invariant subgroup. This subgroup may be generated 
by eis$, 83-8] 83. 8g = 83 8183. The fact that these two m generate the 
quaternion group results from the equations 


(de) = 1, (de = (83° 4s), 


1 f 85 8} 5 A gi = 83 8] Sg. 8) Sa 6] = 82 5] RET 5 $= 83 8] 8, 817 83 8 = 83 5] 8, 8T 9 ga 
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. This quaternion group is invariant under 8a, since... 
85" da rg dió 2” 
TE dda of of =f ay dad — of oh. of} oy? of 
uL dei dá ndi. | 


-a — 


and 


Hence Is, siap, s; 3 51 os} = iie: group of sides 24 containing no subgroup of 
order 12. By adjoining the invariant operator s to this Gy, we obtain a Gy, 
whose properties are evident from n these a - The given Gy, is invariant 
under 8, since Pin 


= =- æ + > ~~ 


adncodd, Ted una, 
EEE dst. deut 8p LL LLL 8,88 = sf ob 8,. 


e - u. © 


- - a a - 


quaternion group is invariant under @. As Gi i& invariant under 4, G4, must 
also have this property, and the latter contains lé}. Hence G is the group of 
order 96 obtained by adjoining ‘s,. to: the given-G,,. The quotient group of G 
with respect to Gy is cyclic. These results ‚may. be ern as m. 


“se + we 


generate one of three groups of order 24, 48 and 96 nn The first V Ps 
is symmetric, and the other two have this group as a quotient group with respect to the 
invariant operators generated by $. If two commutative operators satisfy these con- 
ditione, they generate the cyclic group of-order 4.- | 
The second and third sets of conditions are equivalent respectively to 
st = 1, (818) = (553); si = 1, (8, 5 = (s31). The latter of these has been 
u * Ihe former. implies that _the _ order. o of s, ILI 16, since 
of ie 8 generated by & s3 has two Sen common with the Kar group 
of order 16 generated by &,, and each operator of the former is transformed into 
its inverse by a generator of the latter. Hence @ is of order 64 when a, is of 
order 16, which is in accord with the general theorem stated in §1, as n = 4. 
When s, is of order 8 and a, 82 is of order 4, the cyclic groups generated by these 
operators have only the identity in common, since (s, 6)’ = 6} implies that s, is 
of order 2. In this case @ is therefore of order 32. If s, is of order 4 and s, s? 
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is of the same order, G is the quaternion group when these arealo have a 
common square, otherwise the order of G is 16., Ifthe order of 8,83 is 2, @ is 
evidently abelian. Hence we have proved the TEEN There are exactly four 
non-abelian groups which may be, generated by two operators satisfying the conditions 
sel es’. The orders of these groups are 8, 16,-32 and 64 respectively. 
The only abelian groups whose generators satisfy these conditions are the cyclic group 
of order 8, and the group.of order 16 and of type (3, 1). 


$6. Groups Defined by the Conditions s5 =1, 8, 8 = 83 41 5. 
The following three sets are the only ones which require consideration: 
Si sese; X1 55 =’; ee 


If the first set is satisfied, the order of 8, divides 30, since 


PAB Ann? > inta e 


(8; 8887" s y = CA 85 1? = 2 5? a, a7 83 == 858] 6381 63 
(851? 8; ly = 83 8% 658,858, 85  — 8282828 62 61 85 | = 856] 8, 81 8, 8, 6281 165^ 
— 6$ 8] 83 8] 83.81 Sp — 8581658] 859185) - 
(6$ 81° 65°)” = 83 81 83 81 8381 83 — 8381 836561 82 g 1 = 64 84 8 8; 631 = 83. 
As the order of s, is a multiple of 3, when @ is non-abelian, and a divisor of 30, 
it has one of the following values: 3, 6, 15, 30. If this value is 3, @ is the 


icosahedral group. If the order of s, is 6, we can readily prove that G isa 
group of order 120, known as G,* by letting | 


f i= — 8 83, b = = 8p l 83 
and observing that 


ü—1, =t, (A= (hh = g =1. 
When the order of s, is 15, it may be observed that 
| (e 85?) = 1, (s?) = 1, (8; 83) = (6; e; e? = 1. 


Hence is, 873, 83 | = the icosahedral group and G is the direct product of the 
cyclic group of order 5 and the icosahedral group. Finally, when the order of s, 
is 30, it is evident that | 


(8; a) = 1, (8; 83) = (85 sy")? — 83°, (sj 5811.8, a; =1; 
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and hence $s, 3, da} = : Gs. Moreover, 15,5; En ssa; 5, 88} =G, since it involves 
8; 8, = 6 8;', and hence also 83811.8183 = 83. From this it results that @ is the 
direct product of the cyclic group of order 5 and Gj.) when the order of s, is 30. 
This proves the following theorem: If two non-commutative operators satisfy the 
conditions & = 1, 8, & = 68,1, they generate one of the following four groups: the 
icosahedral group, Gig), the direct product of one of these groups and the cyclic group 
of order b. f two commutative operators satisfy these conditions, they generate the 
cyclic group of order b. 
As the third of the three given pairs of conditions is equivalent to i = t, 

(4%) =1, the groups which may be generated by two operators satisfying fess 
conditions are known.* It remains therefore only to consider the possible 


groups when 
a 5 en —B 
i — 1, (8; 85)? = 63”. 


In this case the order of 8, divides 20, 20, since (s, a) = a?, and hence sf is both 
invariant under 81 8g , and also y fnnforiasd into its inverse by this operator. 
If the order of s.is 20, the order of 5,8) is 10, since G is not abelian. The 
order of G is therefore 100 when s, is of order 20. Ifthe order of s, is 10, that 
of 8,6 must be B, and G is the group of order 50, which may be obtained by 
extending the group of order 25 and of type (1, 1) by means of an operator of 
order 2 which is commutative with one of the two independent generators of 
this group, but transforms the other into its inverse. If the order of e, is 4, 
that of s83 is 10, and G is the associate-dihedral group of order 20, while @ is 
the dihedral group of order 10 when 4, is of order 2. As we have considered 
all the possible values of the order of s, that may give rise to a non-abelian 
group, there results the theorem: There are exactly four non-abelian- groups which 
may be generated by two operators ‘satisfying the conditions sj = 1, 8 6 = 83° & 1. 
The orders of these groups are 100, 50, 20, 10 respectively. The abelian groups 
which may be generated by two such operators are cyclic and of orders 5, 10 and 20 


respectively, 
§ 7. Groups Defined by the Conditions s? = 1, 8,8 = 87 8"; sf = 1, 8, = 82s? 


. If two operators satisfy the condition 4, 8 = s;* 81°, they are either of the 
same order or the order of one of. them is three times that of the other. 


* Transactions of the American Mathematical Society, Vol. VIII (1907), p.-12. 
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Moreover, the operator 8,8 generates a cyclic group of odd order which is 
invariant under G, and the following relations exist for all values of m: 


4^ 435 — ,2m-c1,2m-r1 4" —1) — ,2m ,3m ® 
(45)5* engen. (8 8,) 5€ — iau 


From these conditions it results that the order of @ is finite for any finite value 
of n in the conditions s? = 1, 8,8 = 63°80”. As G is also a solvable group of a 
very elementary type, it is easy to determine the possible groups for a given 
value of n. For instance, when n= 2, @ is the cyclic group of order 6 or the 
group of order 2; when n — 3, G can be non-abelian only when it is of order 27 
and involves operators of order 9. If G is abelian when n — 3, it is either of 
order 3 or it is the non-cyclic group of order 9. Hence the theorem: Jf two 
-generators of a group satisfy the conditions $ = 1, 5,8 = 83° 87", the group is one of 
the following three: the non-abeliun group of order 27 which contains operatore of 
order 9, the non-cyclic group of order 9, or the group of order 3. 

The merits of this theorem consist mostly in serving as a type of theorems 
which may be established for the different values of n. The fact that deserves 
emphasis in this connection is that for every given value of n the number of the 
possible groups is finite, and that these groups have such elementary properties 
as to make a complete determination of the possible groups for a given value of n 
an easy matter. The conditions 


sp 1, 8B 8 = 


present much greater difficulties. These have been solved only for a few values: 
of n. The latter condition implies that the orders of &,, s, are either the same 

or that the order of one of these operators is odd and that of the other is the 

double of this odd number. When n — 3, @ is the alternating group of 

order 12, the group of order 24 which does not contain a subgroup of order 12, 

or the group of order 3. When n — 4, G is either the cyclie group of order 4 

or the holomorph of the group of order 5.T 


$8. Conclusion. _ 


The pairs of conditions which have been completely investigated, in the 
present paper, as regards whether they maybe satisfied by two generators of 





* Bulletin of the American Mathematical Botisty, Vol. XV sacha p. 182, 
t Netto, Orele, Vol. CXXVLII (1008), p. 255. 


Symmetric Binary Forms and Involutions. 


By Arrtaur B. COBLE. 


B1. Introduction. 

An involution Get neg by &+1 linearly E T binary forms of 

order n, 
(asec)", (ago), - - - -, (ae 4r)”, 

is an aggregate of sets of n points in the binary domain, any & of which may be 
chosen at random, the rémaining n— % being then uniquely determined. We 
shall say that such an involution 1s " order n, of RUDI k, and of extent n — k; 
and indicate it by the symbol 7, ,,..,.* 

According to Gordan,f every combinant of the given k +1 forms isa 

comitant of the so-called “ fundamental combinant” 


(am )” (ap )” se.: (a 5.10%)” 
P= (1%) (ag2y)” e. (a4. 1.3205)" 
mod gx i * ^ i os s e J 
(1% 41)" (ar41)? -1-- (Gea ets)” 
a form in Æ+ 1 variables, 24, £s, ...., c,,,. This theorem is fairly evident 


from the interpretation of F. For, on the one hand, a combinant is by definition 
& comitant of the involution itself, rather than of the particular forms which 
determine it. On the other hand, the form F, equated to zero, is an analytic 
statement in invariant (è. e., symbolic) form of the given involution. For it is 
the condition that the Æ -+ 1 points a, £s, ...., 24,4, belong to a set of the invo- 
lution; or ifthe & points 2,,2,, ...., c, be given, it is the equation of order n 
satisfied by the % given values ud "ilio n — k which they armen in the 
involution. 


* Rather than by the usual unsymmetric symbol 7* ,. 
+ Math. Annalen, Vol. V. 
9A 
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Since F vanishes when x; is: 25, where i,4— 1,2,...., A+ 1, and tJ, 
it contains: every factor of the type (zm). The Bier fadt can ja expressed 
symbolically as ' | 


H, pram = Mag) an)" Oe (meme), 


the symbols a, ...., @grı having a meaning only when all are combined to the _ 
degree n— k. Er the identity, F= Hy nr . Ul), F and II each merely 
change in sign when q; and 2, are interchanged. Hence H,, , is a symmetric 
form in the k-+1 sets of variables. 


' The symmetric form H, ,,_; thus determined by and determining an In 
is not the most general form of its;type.. It will not usually happen that, when 
k points 24, 25, ...., 2, are given and n — points determined by the equation 
H, n- = 0 of degree n — k in 2,1, of the ñ points any set of % points will deter- 

mine the remaining n — k points. If, however, such a set of n points occurs for 

à given symmetric Hy, aci, it will be called an involutive set of Hyn- Evi- 
dently the extreme cases are, (a) the form H, „_, has no involutive sets; (b) the 
form H, a, has o* involutive sets. In the latter case, the involutive sets con- 
stitute an 7, ,..,, and the special form Hy sx will also be denoted by dy n-z- 

In many problems of projective geometry it is desirable to know how many 
involutive sets the given form H,n-r possesses, and to find the conditions on 
the form that this number should increase until it attains its maximum, oo *. 
These questions are answered in part in this article and the results are inter- 
preted geometrically. "Two distinet geometrical representations of the form 
Hy, sk will be e" first. 


| 53. The Apolarity * Spread of Hin: 
Let 
(1) (ex)* = (e — my = = c lg — [oca +. +] 
represent symbolically the binary form of order " 
@) (— riar — (Beye hy + (Boge? -r — (Sor ap ++]. 





*A —€— example of the representation here employed 1s oaned in. the memoirs of Study, Math. 
Annalen, Vols. XX VII dnd XL. There the ternary quadratic ls taken aa the element, rather than the binary m-ic 
as above, Much of the content of this paragraph Is -HüpHed in Study’s Ternäre Formen, where (p. x) also 
there is found the notation for binary forms. : 


r 
) 
t 
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By the equations AN 

(3) X= 00; X = (Te, ertt X, = = 1f )em- A 
the form is represented by a point X in Sm and conversely. All ,m-ics, (cx)”, 
apolar to a given m-ic, (dx)”, satisfy the linear condition, (cd)” = 0, or, from (3), 


(4) Xidm + Xidm + Adna + +--+ + Im = 0; 


1. e., the m-ics, (cx)”, are enn by points X onan S4. ,, U, in D Sms whose 
Ga are 


(b) Uy = dm, Uy = duca, rr, Um = ds. 


Thus the m-ic, (dx)”, can also be represented by an $,,..,, U, and conversely. 
Wherever it is necessary to avoid confusion, we shall suppose that U represents 
(cx)” and X represents (cz)™. The incidence condition for point X and space U 
is the apolarity condition for the corresponding binary forms. 

... To perfect m-th powers, (yx)™, correspond points on the fundamental norm- 
curve, Nm, whose parametric equation in point form is 


(6) Key, X;— — (Qr wa X= GWPUWeee 


The parametric equation of the norm-curve in reciprocal form, Nm, 18 


(7) U,— yr, U,— Tu, U= yr? Berete 
The space U of N, osculates N, at a point X with the same parameter. The 
equation (ez) = 0 determines the parameters of the m points X where the space 
(cx)™ cuts Nm and also the parameters of the m spaces U of N, which pass 
through the point (cx)". ; 

Just as the form (cx)” is represented by 'an S,,_,, U, the locus of points X 
which represent forms (dz)™ apolar to (cx)™, so the symmetric form 


(8) Hi, m = (a1%1)"(a3)” = (a) (2524) 
is represented by a point-quadric. The points (cz)" and (dx)” are an apolar 
point-pair of the quadric if (a,c)"(a,d)" =Ò; and the point (cx)"=(c'x)™ is on 
the quadric if (a,c)"(a,c')" = 0. In particular, if x, and a, are values that satisfy 
H, m = 0, they are the parameters of two points on Np, apolar to the quadric. 
The equation (a,z)"(ayz)^ = 0 gives the parameters of the 2m points in which 
the quadric cuts Nm. 

The same symmetric form can be considered dually to represent an S,,_1- 
quadric and will then be written with dashed variables. Evidently the 
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point-quadric ME and oe Sm quadrie (a2m)"(a,2m)" are apolar if 
(4,0) (a525)"^ = i 
The ie determined by the special symmetric forms 
Qi = (wre) (a)^ ar)” 0<2izm 


are important. To characterize them we observe that the condition 


l | (e (ai)y*- (ac! )* =% — 0. 
is satisfied when 


(cæ) = (dx)? = (ayzr)'. (88) . ..:. « (8548) « (Er) 5*1 
for all values of 81, &, ...., 81). and t; and that when 


(ca) = (de)" = (a). em. - (8) « (6) 7*, 
the condition reduces to 
(es (f... - i (009 (0^ "(s)" = 0. 
(9) The point-quadric Q, contains Nm, and all its osculating spaces up to and 
including those of dimensions $ — 1; it also contains the 2(m — 23) osculating spaces 


of dimension ¢ whose parameters t are determined by (a,t)™—*(a,t)™—* = 0. 
A dual statement holds for the S,,_,-quadric whose form is 


Qs = ("a 

To interpret the Gordan — of the symmetric form, we write in the 

usual way 
$-T:g—1 (m m) | 

(0) (um) "(e)" = . 3 ER, (sena) n). n 
where the subscript of the brace indicates the (m — %)-th polar of the enclosed 
form as to a. Denoting the various terms of the expansion and the corre- 
sponding quadrics by IL, we have. 


(11) (at) "(ast)" = II, + II; +1, +....+ IL. ml 


Evidently the form of the last term varjes -— as m is even or odd. 
The same form (10) with the dual meaning is expanded in the sgme way 
and we have 


(12) - (tat Py + Ppt Pyt...-+ Pr m= 
‚en 
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The quadric IL, is of the type Q, described in (9) but ie further specialized 
by the fact that its form is a product of (xy)* and a polarized form. This further 
condition is equivalent to the apolarity of the form with any form containing 
the factor (xy)"*™, where k> 1. Thus a geometric statement of the expansion is: 


(13) With — to a = — -curve Nm, any quadrıc can be expressed 
uniquely as a sum of — +1; n 1 quadrics Tl, each of which is of the type 


described in (9) and: furthermore ts ae to every quadric of the type P,,, where 
k0. . 
The special case of this to be employed is 
(14) A symmetric form (ayx,)"(agx,)" is a polarized 2m-ic when. and only 
when the corresponding quadric is apolar to all the quadrics inscribed to the norm- 
curve. | 
To express certain conditions it is necessary to have the reciprocal equation 
or form of the point quadric given by the form (a,2,)"(a,2,)”. As usual, we pro- 
ceed as follows: The polar of a point (cz) which lies on a space (d«)" as to the 
quadric is a space (ex); that is, 
(asc) (aos "^ = p(ema)"^, 
(dec)^ ~ = 0. 


Eliminating the m + 2 quantities o, . ..., Gm, p from the m + 2 equations given 
by the identity and the equation, there results the reciprocal quadric polarized 
as to the spaces (dx)” and (ex)™. The result expressed az in terms of 


the coefficients of (as (ages) = = (ajm) "(agt)" = .... ig 


(15) (m) (asa) (ad) - . - Cal s) (a) (ai). 
| (a^ — 2) Toa?) (apa), 


"where $4, k = 0, 1, ...., m — 2 and tÆ k. 
The discriminant of the given quadric can be found at once as the apolarity 


condition of (aj«,)"(asx,)" and (21%) (a3). To within a numerical factor its 
value is | 


(16) D == Ti (apa) 11(a3"a3") i, —0,1,...., (m— 1) and $ £ k. 


Let the eee form be the polar of a 2m-ic, (Ax)’™. Since (he)? can 
be expressed i in o! ways as a sum of. (m + 1) 2m-th powers, say 


(hao = Aa (ri + Aare)! +. Rinne)”, 


7 
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the symmetric form can also be expressed in œ! ways as 
(17) — (ha)" (has) = Ara)" (roe) + Mirr)" b+ 
“ i=m i 
Hence the quadric is in the. form X A,(R,X,)(R,X,), where the space R; 
$ #=0 


osculates N, at the point whose parameter is r,. Thus the spaces E, form a 
self-polar (m + 1)-edron of the un and with reference to (14) we can state 
that . 

08) If a proper point m is apolar to all the quadrics uda) to Nm; 
it has ©! self-polar (m + 1)-edra whose spaces osculate N,,. 

As shown above in detail for the forms H,,., and H,, ,, the general 
symmetric form H,„_, can be viewed as a spread in S, , of order k+ 1 and 
dimensions n — £ — 1. The general spread can be represented in this way by 
a symmetric form. The spread is supposed taken in points or reciprocally 
according as the variables are not or are dashed. "n 

We shall define an antorthic® T-point of a point spread of order t to be a set 
of r points such that any s points:of the set are apolar to the spread of order t. 
such a set will be indicated by the symbol 45,. Of course szr and sci. If 
the H, n—+ has an involutive set as defined earlier, this set can be interpreted as 
an Af.,i,%41 Of the spread determined by the form lying on the norm-curve 
N„_r: One of the problems to be considered concerns Bus distribution of these 
At 43,41 Upon norm-curves. | | 


$3. The Parametric t Spread of Ay n-k- 


In Eye 4.4, let 83, Te, +--+, eyy be & + 1 points on a norm-curve in a space 
S,,;. The set of 4+ 1 values z, determine a point X in &.,. If the set be 
chosen so that H, n— = 0, the point X lies on a spread in Sk, of order n—k 
and dimensions & Again the dual interpretation is indicated by dashed variables. 
The general spread in 5,,; can be represented in this way. Forif in the equa- 
tion of the spread the coordinates of the variable point X be expressed in terms 
of the symmetric combinations of the parameters a, 25, -.--, 241, the equation 
takes the form H, nr = 0. | | 


* An orthie set of r linear forms (German,.« Pol-r-Befte'') has been defined as a set in terms of whose 
powers a given form can be expressed. The antorthic r-point (German tt Pol-r-Eck ") may nn an orthic 
set by taking all the linear forms incident with the r points. 

+ The representation here given 1s the one usually employed: Meyer's Apolarität or Grace and Young. 
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An inscribed n-space of the spread is a set of n linear spaces S, in $,,, any 
k-+-1 of which meet in a point of the spread. If H,, , has an involutive set, 
the set represents an n-space insoribed in the spread and circumscribed to the 
norm-curve, Nypi. 

The spread in question will be denoted by $7-* of the form H,, ,; the 
spread of §2, by d5*! , of H,, ,. Since each is general any spread can be 
represented in either way. Thus the v2-* of Higa is the ?}—* of a symmetric 
form H, , ;,,,;, This form is obtained from H,, , by replacing the sym- 
metric combinations of 2, 25, ...., z,,, by the coefficients of a binary form 
(ox) +1 = (dv) +! =....; in the result of degree n— k in the coefficients of 

(cx) *!, the coefficients of n — k forins (eqx)**!, ...., (ey .4m)* *1 are introduced 

by the Aronhold process; and finally the cofficients of the n — forms are 
replaced by n — k sets of variables xı, 2,, ...., 0, .,. By the inverse process 
the Df*i , of H,,. , can be expressed as the U^*l , of a symmetric form 
Ha, k=1,%41- Only when n= 2k-- 1 do the spreads db and P of the same 
form H,,.., have the same order and dimension. Though still distinct, they 
are covariants of each other and the norm-eurve. 


84. The Symmetric Form, Hy nı. 

The d$ , of H,, = (a) (apx) t is a quadrie in S,_; considered 
with respect to a norm-curve N, ,. If H,, , has an involutive set of n points, 
there is on X, , an antorthic set AZ, of dà ,. Hence ® in reciprocal form 
is apolar to all the point quadries containing JV, ,. According to the dual 
of (18) there are then o IA? , of b on NW, ,. Hence. H,, , has ©! involutive 
sets; 4. e., 

(19) Jf the symmetric form H,,, has a single involutive set of n points, 
it has ©! sete and is an Dni 

The Pr! of H,„_ı is a curve of order n — 1 in Ss with reference to a 
conic M. If H,,., has an involutive set, there is an n-line inscribed in W 
and circumscribed about N,. The translation of (19) is: 

(20) Jf an n-line circumscribed about a conic ts inscribed in a curve of order 
n —1, there are oo ! n-lines circumscribed about the conic and inscribed in the curve 
whose n points of contact form an I, „_ı on the conte. 

The theorem of Stroh* that, after m" by an invariant, all.the 


* Maih. Annalen, Vol. XXXIV, p. 328. 
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combinants of two binary forms.of order n can be expressed as covariants of a 
single binary form of order 2(n —1) is also evident. For the condition that 
H,,., represent an involution is that the quadric d$. , in reciprocal form be 
 apolar to all the point-quadries containing X, ,. According to (14) this 
reciprocal form is then merely a polarized form of order 2(n— 1), say 
(ast,)"-1 (aa,)"-!, But from the reciprocal form, the original form H,„_ı can 
be recovered, multiplied however by the (n — 2)th power of the discriminant 
of $ which is the resultant of:the two given binary forms. - Thus the funda- 
mental combinant, H,,,_,, is itself a covariant of (az)’*-), The analytical 
results of Stroh follow readily from formulae (15) and (18). 


§5. Theorems Concerning Involutive Sets. 


(21) The symmetric form H,,-,' an I, 4.4, if, for arbitrarily assigned 
values of k—1 variables v, xy, ...., v, 1, the form H n-p in the other two 
variables, a, and «c, ,, 18 an I ac 

Let the values yi, ...., Y+ of k of the variables determine the values 
ei) Peg) cos, & Of the remaining variable; i. e., the k 4-1 values y,..-., yy, 
Z441; Where (21, 2,....,n—h, satisfy Hy n-e — 0. Since, for the given values 
Yis Yay coro Yr—1, the form is an li ,—x, then also yi, Ys, e+e +) Jui, M41) Tem 
satisfy Hy, , ,— 0. Hence the values y,, ...., y,:,, Z+; determine the values 
y, aNd z,,,, where m #1. Again, for given values y, ...., ¥:—g, 241, the form 
is an 7, , ,; hence the (5— 2) y's and any three z's satisfy H,, ,-—0. Bya 
repetition of this process one can show that any £-|- 1 values selected from the 
y's and gs8 satisfy H,, ,—0; whence the y’s and z's constitute an involutive 
set and all sets determined by the form are involutive. 


Writing, as before, 
Fine = (a) (a) * zx ECL 0375 
we have already determined the condition that the form ` : 
H, xm (aptr) "dar 11941) ^ 


be an L, 45 namely, if (ar) "(a dy ı)" * of degree n — & in the coefficients 
of H,, , be the quadric reciprocal to H, ,. , (in the sense of § 2), then the 
identical vanishing of (aa; 4. 1)” (Gy Hp)” ~*~? (a 112 41) 7? is the required con- 
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dition. Hxpressing that this condition i is satisfied for uis values of ee ee 
1, we have 


(22) (am) (aja1)^^* . . (Dr... (1) ^ (3 i8 1)" ^ 
(rn. (arar) (art) la) et. 
Hence | 
(23) The identical vanishing of the form (22) of degree n—k in the coeficients 
of H, 4, symmetrical of order (n — kf! in k— 1 variables, and symmetrical of 
order n—k— 2 in two variables, is the necessary and sufficient condition that H, nr ` 
be an I, ng 
Naturally this condition does not — to the case n—A=1. For then 
mere symmetry is sufficient to require an 7, , and the form H, , is a completely 
polarized (E + 1)-ie. The most convenient application is to the case n — k = 2. 
Then the two variables &, and z,,, disappear and the condition is a symmetric 
form, H, ,,—0. Most of what follows is concerned with this case. — 
Specializing the results just obtained we have 
(24) If H s= (am) (agr). = (aim) (aos)? has one involutive set, it has co! sete 
and is an ls. The invariant condition for this ts 


(a,a4)(aga5) { (2122) (2322) + (a:a5) (2329) | = 
From this theorem we have further: 
(25) The form H, = (ay (ams (am) = (ales baden)! = .--. has in 
general a single. involutive set given by the quartic 
(a1a1)(aa4) | (a,a,)(ala}) + (aya) (ajas) (as) (ad)? = 0. 
If the form has more than one involutive set, it has œ? sets and is an lg. The 
invariant condition for this ts the identical vanishing of the quartic. 
For if 41, Ys, ya, Yı are the roots of the quartic, they are the values for which 
H,, becomes an s (24). Let H,;, when z,— y, and z, = Yg, determine the 
values zz and z; of a. Since, when z, = y, the form is an 4, and is satisfied by 
Yis Yo) % and Yı, ya, %, it is also satisfied by y,, 2, z,. Similarly it is satisfied 
by ya, Za, 4. Hence yı, ys, %, % are an involutive set of H,, and for any one 
of the four, H, , reduces to an Z,,. That is, z and z, are y, and y,. If H, , has 
more than one involutive set, the quartic must vanish identically. But according 
to (23), H, s is then an 4. | 
Again, let V | 
H; = (avri) (ases (ages) (ae) = (aim) (agta) (ru)... 


QR 


192 Coste: Symmetric Binary Forms and TInvolutiona. 


If, for assigned values of two of the variables a, and a, H} a reduces to an ah ; 
x; and x, satisfy the symmetric relation 


H, , = (2,25) (2424) (ay (ase) d (agas) (asa) (a) (ale) = = 0. 


We note first that every involütive set of H,, is an involutive set of Z,. 
Conversely, every involutive set of H,, is an involutive set of Hgs. For if. 
42,,-...,2& is an involutive set: of H,,, and if the value a, be assigned in A,,, 
sedücius it to an H s, the single involutive.set of this H, a iB ag, +++, œs (25). 
Hence z, and any three of a, N E satisfy H,,—0. Similarly uh 
to a, etc. and the set is involutive. If H,, has one involutive set, it has © }, 
and we conclude: 


(26) .H,, has in € no involutive set. If it has one involutive set, it has 
c! which form an D. The invariant condition for this is the condition that H,, 
be an I, , [aee (32) and (23)]. Jf Hys has an involutive set not contained in = 


. Lı, dt has œ? sets and is an hg, ' ‘the invariant condition for which ts Hy 
From induction there follows: : 


(27) The form H,, has the same involutive sete as the form Zn a} whose 
identical vanishing is the condition that H, , be an Ip g. 

Thus a study of the forms H,., when £ 7^2 involves that of the symmetric : 
forms of order 4 in more than two variables. | 


$6. The Form Aus a8 a Ternary Quadratte. 


The binary quadratic (az)? = a — 2a,0,2,2, + ajay represents a point X, 
and the quadratic (ax)? a line U,. in a plane when we put 


(28) re, X, = — ag; X, = aj 
| U = ai, 0, = Ayaz, Us = a. 


The condition that three points lie on a line or that three lines pass through | 
a point is that the corresponding quadratics be i in involution ; the incidence con- 
dition is the apolarity condition. Employing the usual symbolic notations for 
the binary and ternary domains, the formulae are 


(29). . | (XYZ ) = 9(ab)(ac)(bc) 


(UVW) = (ab)(ac)(bc) 
ze 
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Ternary forms of degree higher than the first are always polarized; thus 
the norm-conic is 

(30) N,N, = (21,8, — 4X2, — = X,Y + LY, — 4X Y) (a2)? 

(0 Ug Vy = (20,0) — 2U1), = U,V, + Uy Vg — 20, V, = (mas. 

Small letters can be used for both domains since the difference in symbols 
distinguishes them. 

The general conic, its line form, and its discriminant are at once written 
from (29) : | 

(31) asly = (a2) (ag) = (a5) (asi) = (m (asm — - - --, 

(aa'u)(aa'v) = (a,:)(asa5) (asa) (012) (ass) (ass) , 
(aaa = (a,a1)(asa1 aat (asas) (0305 )(sas )- ` 

Thus H,, appears as a conic whose apolarity relations with the norm-conic 
N are 
(32) ay = (0,9) 

(aa' N} = $(a,01)(a203) | (a;a5)(a125) + (a5) (a325)| 

If H, , has one involutive sets, it has oo! seta. Then (aa NY — 0 and H, a is an 
Is. The triads of 4, are antorthic sets A}, (4. e., —— triangles) of the 
conic Hia which lie on N. 

If, for the 7, ,, ay = 0, the conics Nand H, meet in a set of four points 
equianharmonie on either conic. The A, is then the second polar system of 
this quartic. 

If, for the 7, ,, (aa'a"} = 0, H, , has a double point on N with parameter 
t, say. Then the form H,,is (z, — t)(as — t) . (o;)(agt%), where (a42,)(as2) is a 
form JH, , such that (a,2)(asr) — 0 fixes the two other meets of H and N. In 
this case the J, , degenerates into the neutral point.£ and an J, ,. 

‘Tf, for the J, a, (aa’u)(aa'v) vanishes identically, the conic A, , is the square 
of a line which meets N in points whose parameters are s and 4. The form Ms 
‘is then (a, — s)(x,— ¢)(%,— #)(x,— t), and the J, , degenerates into an arbitrary 

point and the neutral points s and f. | 


$7. The Form H,, as a Ternary Cubic. 


The spread of H,, as defined in § 2 isa plane cubic, = aj? = a7? — ...., 
and we write . i 


(33) J= aaya, = (agn (ages (arg). 
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Involutive sets of H,, are sets of 4 points on the norm-conic N such that 
any 3 of the 4 are apolar to the cubic, t.e., antorthic sets A$ ,.* Using the first 
property of (25), we find that | 


(34) On any conic there is, in general, a single antorthic 4-point of a gwen 
cubic. 

The spread of H,, as defined in $3 is a space uide and the translated 
theorem is: 

(35) There is, in general, a single tetrahedron circumscribed about a cubic 
space curve and inscribed in a quadric.t | 

If the point x (or x, on N) belongs to the antorthic set, the polar conic 
of x as to f, when taken in lines, is apolar to N, or, symbolically, (aa! N Ya,a; = 0. 
The meets of this conic and N? form the unique antorthic set. 

If the A$ , is not unique, the H, , is an 7, ,, =e Nand f are subject to the 
relation 

(36 (aa N Pasas = AN}, 


which expresses, in the ternary domain, that the polar conic as to f of any point 
x on N, when taken in line form, is apolar to N in point form ; and, in the binary 
domain, that for any value of x, the form A, , reduces to an J, and is therefore 
an Is s. | 
The conics AN? which satisfy the relation (36) have been investigated i in 
companion papers by Professors White and Gordan.t The former finds, corre- 
sponding to the values A= +/48, two nets of conics, the polar conics of two 
irrational covariants of f, 


(9?) — AmAL— AES, and B= B= A— VS 


These conics on each of which jio Bit antorthic sets of f which constitute 

an l, will be called involution conics. 
An Aj, is a set of four points subject to four relations; è. e., there are o * 
Aj. In general, an Aj, is determined uniquely when two of its points, say c 
and y, are given. For the other two points, z and ¢ must lie on the polar line of 





* These sets have been discussed by Caporali, Memorie, p. 51, $5. 

Theorem of Meyer, Apolaritat, p. 279 (y,). The parametric representation is treated there quite fully, ‘and 
further results in thia direction will not be given. 

i Trans, American Math. Soc., Vol. I, pp. i and 9, Other references are given there. The notation for the 
comitants of f is that of Gordan. 
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xy as to f and must be harmonic with the pairs of points in which this polar line 
meets the polar conics of æ and y. Through x and y there passes a definite polar 
conie of A and of B. Since each is an antorthic conic, the polar line of zy as to 
J must meet each in a pair of points which form with x and y an Aj, of f. 
Hence these conics meet in the Aj ,, x, y, 2, t. 

(38) The 0 Aj g8 of a cubic f are distributed œ? at a time on the co? polar 
conics of A; and in the same way on the œ? polar conics of B. On a fixed polar 
conic of the one cubic, the Aj gs lie $n an Lẹ which is cut out by all the polar conics 
of the other cubic. | | 

Assuming henceforth that H,, is an 4,, on an involution conic N} we have 
the following parallel between the comitants (polarized) of f and the comitants 
of the form £,,, the transition being made at once by the use of (29): 

(39) N= N,N, = (cy) 

f= 44,4, = (ava) (aos) (agt), 
hi = (aa'u)(aa'v)a,a, = (a123) (a1) (agaa) (agas) (agn) (ala, (ma) 
= (aa'a"a,aya, = (a2; (axes (a1 28) (aza) (ats ) 
. (ala! lal!) ) (asai) (aaia “ai 
= (6101)? (deea) (yg). 

Then the relation (36) becomes, in the binary domain, 

(40) am) (ajos) (aya) (asap) [ (8303) (8204) + (a5) (a323)] = V S (23)*. 

Expanding the left-hand member in powers of (xx), the first term is a polar 
of the binary quartic in (25) which is now identically zero. The second term is 
an invariant multiplied by (z,25)*, and equating coefficients we have 


(41) + ^ $8 = Haa’) (aya) (asa) [ (asas) (as05) + (asa4) (2405) |. 

Thus the irrational invariant V45 of f is a rational invariant of the form L ,. 
This is to be expected, since the irrationality is really adjoined by the choice of 
N? as an involution conic. - Noting that a polar conic of A = A+ /$S/f is one 
which satisfies the relation (36) for the value A= + ^/ 16, since 

A, (aa! Aya a, = t ^ S [AA + VASA] = + 48 4,42,* 
wé can write 

(42) A=A T vis = (Gy (Bo) (Gorg + v $5 (ase) (ase) (aats), 

v0 B=A— A IESf = (Ba) (Bo (Beg — v 5 (ami) (aseo) (ase) 
um = (b) (baxa) (bs), | | 


* The symbolic calculations not explicitly given follow readily from the formulae of Gordan (loe. cit.) or 
from those In Olebach-Lindemann, Vol. U (French edition). j 
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where of course S, when it occurs in a binary expression, is understood to be 
the binary invariant of (41) The choice of the positive sign 4n (41) ai that | 
A in (42) be the cubic whose polar conic is N = (ey. 

When the 7, , on N is given, the cubic f, the value + V45, and the point P 
whose polar as to A is N are uniquely determined. Conversely, when /, the 
value + 4/48, and the point P are given, the antorthic conic N and the 1, , on it 
are uniquely determined. Since the system of invariants of f and P is the 
system of covariants of f, we conclude that 

(43) The rational invariant theory of the involution form I, coincides with 
the rational covariant theory of the ternary cubic f after the adjunction of ^ 18. 

Thus the invariants of 7, , are of two types according as they correspond to - 
invariants or covariants of f. 

The best illustration of the J,a is the system of intersections of a rational 
plane quartic curve by lines of the plane, and we shall look particularly for the 

invariants which correspond to obvious peculiarities of the quartic curve. Since 
the quartic has three double points, the J,, has three neutral paits, and on N 
there are three pairs of points whose polar mn is indeterminate ; +. e., three pairs 
of cor responding points, on A. | 

(44) The two nets of antorthic conics: can be defined as the conics which cut 
the Hesstan of f in three pairs of corresponding points. 

A direct proof of this is immediate. If A542 is any polar conic of A, it 
satisfies the relation Ap(aa'A)*a,a,—=/,SApA?. But if x is on A, its corre- 
sponding point y is given by (aa!u)*a, al, = = pu. Thus if x on A satisfies” 
Apá = 0, y does the same. ~ 

That these nets contain all such conics is seen from the ‘elliptic parametric 
representation of A. Let corresponding points u and w satisfy the relation 


u — u = where © and o are the independent périods. Then «, v, w, and their 


corresponding points, lie on a conic if either 


G _ 10: 
Spufpot w=} io 


or 
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. In the first case u and v determine a unique pair w, e» and the conics lie in 
"a net. In the second case a similar net is obtained which is distinct from the 
first. These two nets must be ApA® and BpB?. 


Through u and w there passes a pencil of each net; hence the line uw is part 
of a degenerate conic in each net as well as in the net of polar conics of f. We 
obtain then the theorem of Professor White: 


(45) The relation of the cubics u A, and B is mutual. They are three cubics 
with a common Cayleyan. 


Moreover, referring to (44): 
(46) The polar conics of A, in particular N, cut A and 
2 Ag — H(T—V4S)(A + 3A $87), 
the Hessian of B, each in three pairs of corresponding points. 


Continuing further the parallel between the ternary and binary forms, we 


have 
j 


(47) s=w = (ad'a")(aa'u)(aa"u)(a'a"u) 
= (0) (a2) (aat (asas (agas) (ag as) (159%) (452%; )( Aes) 
"p (a) (a5 5) (d Ta) 
= (0325) (03%) (08), 


ab-8 = (000), ' 
Ai=T = (Ayo, (055) , uis 
Up = Neu, = (0103) (00). ^ | 


By comparing the value of 8 just given with the value of $$ in (41), a 
symbolic identity is obtained. 
From the ternary identity 


A Aio, = (T -- AST jur 
we see that the point P $n (47) ts the pole of the norm-conic as to A. Forming in 


the binary notation the polar conic of up as to A in (42), we find, since the 
conic is N$, 


(0103) (0505) (019; (b) +V T8 (oos) (o2) (a121) (aa) = s(T -- 18) (zi. 
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Expanding the left-hand member into Gordan’s series and equating coeffi- 
cients, we obtain two identities, 


, (48) (rers oh in (ha TAE Fic eren ai = 0, 
(49)  (0:0,) (8,9, (0555) E MS (aas (agas = THV ES. 
Let P+ SV 18— R, and T— WII R,; $.e. the discriminant of f is 
R = kh = P— 48°. | 
If in (49) the values of 7, 8 and 4/18 be expressed by m means of (47) and 


(41), we obtain a syzygy among the invariants of the sixth degree of the form I, 5; 
namely, 


» (50) (ner +V dS (o1: (0585) (030) 
= (0102) (0,05) (0308) +v tooa) (asa Y (0303). 
That (50) is not a mere identity ia verified by expressing the last two terms as 


invariants of the cubic / and point P while the first two terms are invariants 
of f alone. Consider the form 


uta, al = (e; (o9) (uta) (nm (aes 
The result of operating on the right side with (z2,)? [on z, and z,| and with 


(z,2,Y* [on a, and a] is $(o,0)*(oa3)*(a,0,)°. Similarly operating on the left with 
the norm-conic in points and with the norm-conic in lines, i. e., with 


An and -pr AA AAU, 


we find | 
1 1 1 
| BAALAAAN SB 
hence 
(51) - a p = RE, . (0103) (a1a3) (0908) ; 


and similarly | 
: an/ d aS — Ab = R. (0102) (8183) (0883)"- 


(52) When the cubic f iè non-singular, the invariant condition on the form L , 
that the pole P of the norm-conic N as to A shall lie on the curve k,B + ly FSS is 


(o2, ($d (o9) mE (s +k) +8(c 105) (0125) (0925) = 0, 
k(c,03) (b, b, (03b) = hy / tS (e10, (a,25) (0303)? = 0. 
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Another statement of the same condition is 


(53) The pole P of N as to A lies on the curve kB + la VSS if the polar 
line of N (in lines) as to the curve k,B—~k, / &Sf passes through P. 

In formulae (41), (47) and (52) we have the expressions for the invariants 
of / and the covariants of its syzygetic pencil in terms of the invariants of the 
form Z,,. ‘Other covariants would probably be not less useful. The combinants 
of.the syzygetic pencil ought to be particularly interesting with reference to a 
pair of quartic envelopes defined in the next paragraph. 

The following ternary identities also will be used: 


(54) "olio eio S,—348; ViS,=+ 3h. 
As = — MA + 3 VSS); S,—3Hj; Vi$5— + th. 
s= k.s; A,= $R,.V4S.f or — 4R .B. 
s= 8R8,.58; B= — 4R. ViSf or —&E,. A. 
These can be employed to obtain a convenient equation for the involution 
conics through given points x and y. The polar conic of A through z and y is 


3(4.4 A7) 45 A747? = (xyz). A, A,Au + (8 xy) (8 42)(8 4y2)* 
= — $B, [(xyz){A,A,A,—307 18a,a,a, | —(sxy)(sa2)(sys)]. 


Since 
(ey (sez) (sy2) = = (aa'a")a2a;?a]!? + A(ada"a,a,aza,ay a; 
an 
3(aa/a")ofaj'a,'* = Xxyz)A,A,A, T (sey ena) (sys) 
we find 


(44147) ALAA = Me [Sada )asaafatadat! + Saar, - (eye) 
(55) The involution conics through æ and y are 


2(aala”)a,a,alalallal! + 448. (xyz) . aaya, = 0. 
Since N is a polar conic of A, the net of polar conics of A cut out on N an 
I, s, and the lines joining the four points of a set of 7, , are lines of the Cayleyan. 
If a line of & cuts N in the points ¢ and c, the Ee equation of's (see $3). 
is given by the involutton form t 


(56) | (ost) (Gst)(Os¢)(0,7)(0,7) (Gyr) = 0. 


* See Gordan, loc. cit., p. 10. The minus sign in the formula given there should be changed. 

t That the joins of the four points of a set of J,,, are lines of the Cayleyan shows that the Cayleyan Is the 
Hessian of a cubic B to which Nis apolar. From this there follows the apolerııy of the nets of polar conics 
of A and B; see Gordan, $ 10. 


26 
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Finally, we may emphasize in the binary domain the translation of the — 
mutual relation of fand B with respect to A and to their Cayleyan: 

‚(57) The involution form I, 3=/ has a covariant involution form 1, ,— B o: 
the third degree in the coefficients. The relation of the two is mutual, and the I, 5. 
formed for L, is Lj multiplied by the invariant — $ V tS Ra. I, has also a 
covariant involution I, y of the third degree. The I, formed for I, ts L s itself 
multiplied by the invariant Hs. 


88. The I,, and the Ternary Rational Quartic. 


The given 7,, is cut out on N by the polar conics of B, whence the polar 
lines of points on Nas to B envelop a rational quartic R, whose lines correspond 
to the points of Nand whose J, ; (the four lines of E, through a point) corresponds i 
_ to the given 4, on N. In the same way, the covariant Z,, on N is cut out by - 
the polar conics of f, and the polar lines of points on N as to f envelop a rational 
quartic R, whose J, is das ‚In this paragraph some phases of the mutual 
relation between A, and R, will -be discussed. 

Since B = (bz (baxs) (bexa), the polar conic of the point (gz)* as to B 
ls (b, qy (boats)? (bsx), which meets N in four points whose parameters are 
(hg my n = 0. 

(58) The given I, is the co? quartics, for variable q, (bygy (bx) (bc) = 0. 
The covariant I, , is the co 3 quartics (aq) (ax) (as = 0. 

When (qg) is a point on N, say (yz), the quartic (ay (ax (ax) = 0 is 
found in Js. But in the given J,, this is four values x, each of which, taken 
twice with y, belongs to 7,,. Hence 

(59) The tangent at a point of R, cuts R, in four other points whose parameters 
form a set of A s, and the tangent at a point of R, cuts R, in four other points whose 
parameters form a set of I,,. More generally, there exist on R, sets of four points 
such that the parameters of the remaining two tangents of R, from each point lie in 
a pencil of quadratics; these sets of four points lie in the des of R,. 

Some special cases of the antorthic A$, call for special treatment, in par- 
ticular those which are not determined when two of their points, x and y, are 
given. In general, the two other points are obtained as the meets of the conic 
(aa'a'!ja,a,a,ala//a!! = 0 and the line a,a,a,=0. Since the conic is not evanes- 
.cent, the construction fails if (1) the conic has the line for a factor or if (2) the 
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line is evanescent. Denote by Q,,, the quadratic involutory Cremona transfor- 
mation whose corresponding points are apolar to the polar conics of z and y as to f. 

In case (1), the polar lines of z, any point on the polar line of xy, as to the 
polar conics of « and y, must meet in a point ¢ on this polar line. Hence this 
polar line corresponds to itself in Q,, and must be a diagonal line of the two 
polar conics, 4. e., a line of the Cayleyan. The points z and ¢ are harmonic with 
the vertices on the diagonal line which are poles of the line zy. From (38), if 
through z and y there passes a definite polar conic of A, then through x and y 
there must pass a pencil of polar conics of B which meet A in pairs of point z, t. 
Hence the polar conic of A must be the lines (xyz) — 0 and a,a,a,—0. Or if 
u, and v, are a degenerate polar conic of A, each line has two of its poles as to - 
f on the other line; the poles determine on each line a pencil of quadratics; and 
any member of the one pencil with any member. of the other is an Á$. A 
similar statement ‘holds for the degenerate polar conics of B. There are o? 
such A$,, ©! on each proper involution conic. On N they lie in such a way 
that any point is contained in three Aj ,'s. If, in the ],,.0f (56), ¢ is given, three 
values of ¢ (7,, v, and Ta) are determined. The lines ir, and 7,7; form a polar 
conie of A, while ir, and the line paired with it as a polar conic of B fix an Aj, 
which contains f£. 


. Incase (2), the pair x, y iia Aj s is indeterminate is a pair of corresponding 
points on A. Through z and y there passes a pencil of polar conics of A and a 
pencil of polar conics of B. If N be taken as a fixed polar conic of A, the pencil 
of polar conics of B cuts out on, N a quadratic involution, 4, ,. , 

If x and y lie on u and Q, , is the Cremona involution defined earlier, then 
every pair of corresponding points on A is a pair of corresponding points in Q y, 
A itself passes through the singular points of Q, , which correspond on 4 to the 
three meets of A with u. The fixed points of Q., are the four poles of v. On 
any line v there is a pair of corresponding points in Q, ,, say 2, t, a pair whose 
polar line is u. On a conic mer are in general four pairs of corresponding 
points in Q, y- | 

On the conic N let the three — N pairs of A be A,, A}; let them be 
joined by lines H, respectively; and let the vertex of the triangle opposite H, 
be J,; £—1,2,3. Similarly let the three corresponding pairs, k, ki, of As on N 
be joined = lines A, which meet in points L. 


If u meets N in points x, y, the four pairs of corresponding points on N in 
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Qz y are the three pairs A, A! and the pair.z, ¢ cut out by the polar line of zy. 
Thus the relation of the lines ay and zt is reciprocal; they are corresponding 
lines in an involutory Cremona quadratic line-transformation, Q, whose singular 
lines are Hj, H,, H,. Since a, y, z, t together form an As g, We see, on n allowing 
x and y to coincide, that 

(60) . Q transforms the tangente of N into the tangents of R,, the T at x 
on N being transformed into the polar line of x as to f. 

Since lines through J, are transformed by Q into H,, we find that 

(61) The neutral set, h,, hi, forms with the pem cut out « on N by the 
pencil of lines through J, sets of the Ik, on N. 

The Qasa! has for sad dose pairs any pair of points whose polar line is 
hM. Since there is on N o 1 such paire, N is unaltered by Qu, ,/. Evidently N 
goes through the.singular points h, and Al , but it must also pass through two fixed 
points, say a and. b; 4. e., two points in: which the degenerate polar conics of h, 
and.A|.meet. The a to N ata and 5 meet in a point from which a line 
pencil.cuts out the corresponding points on N. — to (61) this point 
must be'J,, and we have the result: 

: (62) Jf the points of contact.of tangents from J, to N. are a and b, the mon 
conics of h, and hi are respectively hia hib and h;a hb. 

. To the three double.tangents of R, correspond the parameters on N of the 
point pairs h,, A}; and to the three double tangents of R, correspond the para- 
meters on N of the point-pairs k,, Kj. Since the tangents to N at a and 5 pass 
through J,, a singular point of Q, both correspond in Q to the singular line H,. 
Therefore H, is.a double tangent.of R, with the parameters. of a and b; i. e., 
a.and b are. dr on N. Since ab or kk or i is the polar line of J,, 
we find that = | 

(63): The: triangle H, of double tangents of R, and the triangle K, of double 
tangents of R, are polar triangles of N. The poor conic of h, ae to f is hik, Alki; 
of k, as:to B is kih, li AL. 

The following corollary may'be worth noting: 

(84): ^ Three pairs of corresponding points determine a cubic an If the 
three pairs lie on a conic, the polar triangle of their joins cuts out another set of three 
pairs.. "The two. cubics constructed oe the two sets f three pairs lie in a syzygetic 
pencil. 

"The relation of the eyaygetio pencil to the conic has been given above. 
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Another consequence of (63) is that the Jacobians of pairs of the three 
quadratics (on N) h,hi are kiki, and vice versa; and that the products of corre- 
sponding quadratics A, A] k, k| are sets of the common covariant Z, of J, s and ds 

In order to define the conic N with reference to a given R,, we recall that 
the tangents of E, from a point y are the polar lines as to B-of the four points 
on N cut out by the polar conic of y as to B. If two of these four points coin- 

„cide, y is a point of E. But the conic polar of k; as to B meets N at k twice, 
and at A, and Aj. Thus %, is a point on the double tangent A, where it meets 
R, again. | 

(66) The conic N passes ion the six poinis hy, ki where the double tangents 
of E, meet et R, again; and — the sta pun h,, A! where the double tangents of 
R, meet K, again. 

Other facts ‘as to the mutual relation of R, and A, with regard to N are 
readily shown. For example,the given 7, , has four double pairs &;, 5;, $— 1, 2,3,4. 
The four lines s,s} are the fixed lines of Q; The tangent of N at e, is transformed 
by Q into the tangent at-s; whence the eight common tangents of E, and N have, 
for parameters on N, the parameters os R,) of the eight tangents at the four double 
points of E, etc. . 

But the statements (63) and (65) identify the curves R, and E, with the 
pair of curves Æ and P which are treated at great length by Meyer,* though in 
dual form and in a quite different setting. Possibly the most interesting result 
obtained is the reciprocity between three pairs of corresponding points of A on 
a conic and the six further intersections 9h the polar conics of the six points 
with the conic. 


$9. Interpretation of Certain Invariants of the Form 1, ,. 

The rational quartic loci just obtained have been of class four. The curve 
of order four, R®, is handled more commonly, and results will be stated for this 
curve even though they have been gotten in the dual form. 

From the obvious properties of the 7, ; there follows: — 

(66) The curves f and A cut out on N the points whose parameters on N are 
the parameters on R® of the six flexes and the three double pointe respectively ; ; $e, 
the six flexes and the three double points are determined by the equations: 


— (ax) (asc) (age)! = 0 | 
- (és) (8) (ðr)? = 0 ; 


and \ 


respectively. 


# Apolarität, pp. 258-972. 
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The three cubica f, A, and B lie in the syzygetic pencil of f and A. The 
polar conics of P as to three cubics lie in a pencil whose base-points are an A}, 
of each curve of the syzygetic pencil. To the c? positions of the pole P cor- 
respond œ? such antorthic sets of the syzygetic pencil,* ‘one on each involution 
conic. On N this set of four points is the common tetrad of 7, , and I. Since 
it is the four points in which the polar conic of P (the pole of N as to a as to f 
meets N, its equation is (see 47) | 


(67) . (o,0,) (esas (e.c) (age. = = 0. 

According to Caporali,t if three points of A‘, lie on f, the fourth also lies 
on f, and the four points are the meets, other than P, of f and the — conic 
as tof ofa point Pon f. Hence. 

(68) If three flexes of the curve R® lie on a line, a fourth also lies on the line.] 
The invariant condition that four flexes lie on a line is that the pole P lie on f or, 
ın terms of the coefficients of Ls, that the invariant of degree four (see 52) 


(0103) (0403) (C388) 


vanish. If this condition is satisfied, the four PN are obtained from the 
equation (67). 

In considering invariants of I, a which are at the same time invariants of f, 
one must examine each particular case with regard to possible variations in the 
- number of involution conics and with regard to the determination of the pole P. 
In this connection the list of canonical forms and their covariants tabulated by 
Gordan § for all special cubics / is very convenient. 

S=0 is the condition that f have an antorthic set of three points such that 
any two of the three are apolar to f; i.e., an As. Then the o * Aj,’s of f are 
distributed, œ? at a time, on the conics of the son through Á? s. Let the para-- 
meters of A, on N, any one of the involution conics, be ui, s, uj. The polar ` 
conic of the point u, as to f is the square of the line upu, Thus, for the given 

value u; 4, reduces to an J, which consists of the neutral pair uu; and an 
arbitrary point ($6). Hence ha! contains the neutral triad UH; and E has a 
triple point. ` 





* Caporali, loc. oit., p. 52, § 28. 

+ Loc, eit., p. 52, § 32. 

i Brill, Math. Annalen, Vol. XII. 

$ Trans. American Math. Soc., Vol. I, p. 499. 
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(69) The vanishing of the invariant /48 of the second degree in the coeffi- 
cients of I,,; is the condition that R® have a triple point. | 
To express certain conditions on f, the contravariant ¢, the evectant of the 
invariant 7, is necessary. Let 


(70) t = ub = (H0) (6a) (t). 


Since “48 is rational in the coefficients of J,,, the discriminant of f, 
R= T? — 46°, breaks up into two rational factors, R,— T + S4/ $$ and 
R, = T— Sv 4S. To determine the involution conics, we take f in the 
canonical form 

A = — 6(a} + 2$ — 2z,2525), 
S= 24, T=48, +V7iS= + 2, 
A— 2f — — 8(ai +2), 
A+ 2f = — A(x] + 2$ — 6232525). 

From the formula (55), or directly from the relation (36) for à = + 2, two 

nets of involution conics are found: 


pis? + paced + pal 203 — ay) 
O(a] — 22:525) + oalah — 22521) + OT. 


The conics in the second net are the polar conics of A + 2f, each conic 
having a definite pole. The conics of the first net are not all polar conics, and in 
this case the correspondence between pole and conic is no longer unique. But 
from (45^) the correspondence between pole and conic fails when ££, = 0. Hence 
E, = 0 is the condition that N be a conic of tlie first net, and A, == 0 is the con- 
dition that .N be a conic of the second net. From the usual* parametric repre- 
sentation of A, it is easily verified that the.conics of the first net cut A in three 
pairs of corresponding points, while those of the second net cut A in two pairs of 
corresponding points in addition to the self-corresponding point, the common 
double point of f and A. l 





* Cf. Olebsch-Lindemann, Vol. II, p. 886. In the same chapter the invariant conditions on f to be used 
later are found. 
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Let E, = 0, whence N is a conic of the second net on which the double point 
of f has a parameter w. Since the polar conic of u, as to f is a pair of lines‘ 
which meet at «,, for the value u;, 4, reduces to an 7, ; which has a neutral 
point 4, (86). Hence J, , arises from a curve R® with a cusp. 

(71) The vanishing of the invariant, T— S MFS, of the sixth ae in the 
coefficients of I, 18 the condition that R® have a cusp. 

When f has a double point, the contravariant II = St — 7s is the cube of 
the double point. Since now T= S4/4$, this is S(t — 48%), ot, in the binary 
notation, II is proportional to s | 


(Ct ts (f)? — VENEN 

Hence | 

(72) When T— SV7}S=0, the parameter of the cusp is determined from 
the equation er a/ leerer = 0, which is a perfect sixth | 
power. 

Let R = 0, whence Ni is a conic of the first net. Evidently the cubics fand 
B= A + 2f are interchanged by the harmonic perspectivity with the double 
point of f, £, = 0, as center and the line of flexes of f, x, = 0, as axis. But this 
perspectivity leaves N unaltered. Hence the envelopes of class four, R, and 
R,, of the preceding paragraph are interchanged by the perspectivity, as also are 
their triangles of double tangents H, and K,. On N the perspectivity is an 
ordinary quadratic involution which interchanges the pairs of points A,, A; with 
. ki, kj. Since TI is the'cube of £ and &, does not lie on N (when N is a proper 
conic), the, polar of N as to IT is £j. II is now proportional-to 


EEE + TEE 


and the polar of N as to IL is represented by the quadratic (Lb (tt) + / 1S 
(0,05)’(0,%)”. But this quadratic determines the fixed points of the perspectivity 
on N. = | 

(13) The vanishing of the invariant, T+ SMFS, of the sixth degree in the 
coefficients of L, ts the condition that there shall exist a binary involution on R® 
which interchariges the parameters of each double pon of R® with the parameters of 
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the two tangents from the double point. The covariant (tit) (tia) + VIK) (oa 
of the stæth degree determines the fixed points of the involution.* 

Let $—0 and 7=0. Then f. has a cusp, and there is & single net of 
involution conics any one of which, say N, passes through the cusp with a para- 
meter x, through the meet of the cusp tangent and inflexion tangent with a 
parameter u,, and touches at u, the join of the inflexion and cusp. Since the 
polar conic of u, as to f is the square of the line lille, lj, bas co! tetrads con- 
sisting of u, twice, us, and an arbitrary point. 

(74) The vanishing of the invariants, /+S and T, of degree two and six 
is the condition that R® have a triple point with two coincident branches. 

Let / have two double points. Then 


frat 6x grs, | A = — 6(aj— Ann), 
S= 24,  T-—48, . X iS -— +2, 
A—2f=—8xj, A+ 2f — — 4A — 62,02). 


Corresponding to the values 4 = — 2 and A= +2, there are respectively the 
two nets of involution conics © 
| Pitt + pes + poth, 


O(a — 92239) + asso, + OTs. 


As before, the two nets are distinguished by the vanishing of R, and R, respect- 
ively. When k,=0, the conic N passes through the two double points and the 
curve R® has two cusps. The two double points are cut out on N by A— 2f 
three times. The contravariant II vanishes identically. Hence 


(75) When T—SV%tS=0 and — ^ | 
(£25, (fats (t2) — V 4S lot) (092) (05255)? 0, 
the curve R® has two cusps which are determined by the equation with two triple roote 
(B (Bx (By? + V S (aya) (asy (ag = 0. 


. * We may note here that the theorem of Meyer (Apolarität, p. 200, footnote): “Es giebt eine bestimmte 
projectivisehe Beziehung, die irgend drei Elementenpaare in thre bezüglichen Funktionaldeterminanten über- 
führt" is not correct. Another version of the statement is:—Two perspective triangles (1. e., two polar tri- 
angles as to & conic) can be interchanged by & collineation which is necessarily involutory;—and this is true 
only when corresponding vertices of the triangles are harmonically separated by the center and axis of perspec- 
tion. This is one condition on the two perspective triangles or one condition on one triangle and the conie. 
Hence the three quadratics In the theorem quoted must be subject to one condition. 

The error is the result of another In the statement of the theorem, (m), p. 260. Only when the invariant 
T + Sy 45 of the I, , of either curve R and P vanishes is the theorem (x) correct. 


27 
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On the other hand, let E, —0, whence N is a conic of the first net unaltered 
by the three harmonic perspectivitiés whose centers and axes are. (&,. x), 
(£5, Za), and (£j, zy). The last two interchange f and B, while the first leaves 
each unaltered. The two envelopes, R, and R,, are again mutually related, 
each being unaltered by one perspectivity and the two being interchanged by 
the other two perspectivities. N cuts the common line, z, = 0, of f and A in 
two points with parameters u, and u, and cuts A further in two pairs of points, 
each pair being harmonically separated by. m, = 0 and £,— 0. Hence the per-. 
spectivity (£,, x) leaves the three double tangents of R, (as well as of Ej) each 
unaltered, the points of contact on one double tangent being unaltered, while 
those on the other two are interchanged. Since A — 3/— — 823, the polar of 
N in lines as to A —2/ is the line;z, —0. Hence 


(76) When T+ S4/ 18 — 0 and 
(HE) (ns (toate)? + S (o) (os (ns) = 0, | 
the curve R® is unaltered by a harmonic perspectivity with center at one double point 


and axis through the other two. The first double point ts also a double flex-point. 
The parameters of the double flex-point are determined by the equation 


(8,85) (Ao? + V 48 (a) (a) = 0. 


There exist un the curve two binary involutions which interchange the parameters at 

the double flex-point, and, at each of the other double pointe, interchange the parameters 

of the double point with the parameters of tangents from the double point. 
Let f have three double points. Then 


f = 60,05% , A = 122,252, S = 24, T= 48, 
+V = + 2, A—2/=0, A + 2f = 2429s. 


The involution conics are again in two nets, 


p + pay + pos, 


0195593 + Oggi + 082325, 


corresponding respectively to R,=0 and E, — 0. For- conics of the second net. 
R® has three cusps; for those of the first net, since f and A are proportional, 
the double points coincide with the flexes. The invariant condition in the ternary 
domain is A— 2/ = 0. l 
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(77) When T— S/74S = 0 and | 
(A12, (S25) (ds)? + ^ 48 (aao (ases (agro) = 0, 


the curve R9 has three cusps; when, however, T+ S A/ 4.8 = 0 and the same 
covariant vanishes, the curve R® has three double flex-points. 
Let f be a conic and one of its tangents. 


f = 3mh + x), A= — 624, Sa 70, t= 0. 
The involution conics are now in a single net, 
pii + potita + pa( 2 — x), 


whose members touch the line of f, x, = 0, at the point, £, — 0, where it touches 
the conic of f. Hence N meets A at this point only with a parameter u,. The 
polar conie of u, as to f is the square of a line which touches Nat u. For the 
value m, I reduces to an J,, consisting of p, twice and an arbitrary point. 
Thus the curve A“ has a triple point which is formed by the coalescence of two 
cusps and a node into a smooth point. Such a singularity, the reciprocal of an 
undulation point, will be called a bi-stationary point. 

(78) The identical vanishing of (tia) (tx) (dr)? is the condition that R® 
have a bi-stationary point. The parameter of the pointi is determined as the six-fold 
root of the equation (ôw (sxf (bF = 0. 

For further degenerations of the cubic f into three lines the involution 
conics are also all degenerate and the above enumeration of types of R® which 
correspond to types of the cubic f is complete. But for every type of f there 
will exist sub-types of R® which correspond to special positions of the pole P 
of N. Without attempting a complete discussion of these cases, some of especial 
interest may be pointed out. 

If the polar conic of P as to A touches A at one point, it must m" A at 
the corresponding point also, and on R® two double points come together to 
form a tac-node. Since the polar conics of A which touch A form a singly 
infinite system, their poles lie on a locus I' which we shall determine. TI is also 
the envelope of the polar lines as to A of points on A. Such an envelope is in 
general of the sixth class, but since the polar lines of corresponding points on A 
are the same, the class of T is three. A and A are each unaltered by the col- 
lineation Gs of the syzygetic pencil; I'is then unaltered by the same group and 
can be assumed as 


ui + Us + UB + 6yutsu. 
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Here y is determined by requiring the locus P to touch the polar line as to 
A = Zæ + 6az,x,.2, of the point 0, 1, — 1, a flex-pointon A. This polar line 
is — 282 +a, + z = 0, whence — 8a? + 2 — 12ay = 0. If f— Xoi- EMELT, 
then a satisfies the relation, 4ma? + 4m'a -- 1 =0. Lowering, by means of this 
relation, powers of a higher than the a the condition. on y becomes — 4m? 
| 1— 4m 


ms Paid T' is the common Cayleyan of f, A 


+ 1—6my — 0, v y= 
and 2. | 

(79) If s is the common Cayleyanof three cubics, the polar conic of a point 
P on s as to one of the cubics touches each of the, Hessians hd the other two cubics 
at a pair of corresponding points. 

If the polar conic of P as to A passes through a common point of f and A, 
t.e, if P lies on a flex- Rn of A, then R® has a Sa pom at a double pour 
Hence 

(80). The invariant condttion. on the soos of In, in order that R® have a. 
tac-node is that the pole P = (010) (032)? shall lie on the Cayleyan (o2, (osa Y (0523)^; 
the condition that R® have a flex at a double pom is that the pole P shall lie on one 
of the nine TREE of the cubic 


. (bya (822e) "(Oo)" + a/ dS (ay) (ases Y (aso. 


These invariant conditions are not given in symbolic form, because a direct 
substitution of the coordinates of P in the locus in question gives the required 
invariant multiplied by extraneous invariants,” Until more is known of the 
relations among the invariants of the form 7,,, explicit expressions are out of 
the question. Take, for instance, the condition that R® have an undulation 
point, two coincident flex-points. Then NV = (x,%)” must touch f. ` The tact- 
invariant of the conic and the cubic is of degree ten in the coefficients of the 
cubic. Since the undulation condition is known to be of degree four, an inva- 
riant of degree six must factor out of the tact-invariant. This extraneous factor 
must be R, since for R = 0, N touches f (t.¢.,, passes through the double point 
of f), and on R® two flexes coincide (at the cusp of £,). 

The tac-node condition, obtained by substitution of the pole P, as in (80), - 
or by forming the tact-invariant of N and A, appears in either case as an inva- 
riant of degree thirty. Since two contacts with A are involved simultaneously, 


nen 


* E. g., the condition that P lie on a curve of the syaygetic pencil is of degree twelve when obtained by 
substitution, but contains the factor Æ. See (52). 
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this is probably a perfect square from which R, also factors, leaving an invariant 
of degree nine as the probable true tac-node condition. . 

The true undulation-condition of degree four in the coefficients of /, ; can be 
obtained as follows: On &“ the Z$, determines the apolar involution 71 s, the. 
so-called “ fundamental involution on R®.” Ji, is a linear covariant of JZ g- 
It is, in fact, 


(116) (roto) = 2 (a1, (as) (sts) (aas) a) — (titz) (e) ( as, Xa) 


if ( and f belong to a tetrad of /1 3. This form has been represented as a quadric 
in Ss, the vanishing of whose discriminant [given symbolically in (16)] is the 
condition that all the tetrads of 71 , have a common point: which is an undulation 
point on E^. 

Finally, it may be worth while to give the point-equations of the class 
quartics, R, and R,. Since R, is the envelope of the polar lines of points on N 
as to B, it is also the locus of points, y, whose polar conics as to B touch N. 
The invariants of the two conics, N= A543 and B,B?, are: 

(81) Ay, APALAZ(AA! AI = — ERAS — 3 A $8/1], 

Au = ApAPB,(AA By = — eh, BEB, ], 
Aj, = A,B,Bi(ABB'Y = — h| 4,47], | 
Am = B,B,B/(BB Bh? = — &R,[AS — 3 $871]. 


To obtain #,, f replaces B and the conic aa} replaces B,B2. The 
invariants of N and a,a2 are: 


| 


(82) Ay, = Ay, = — IR [AS — 3 V ISFE], 
Ä Ags $.R,[ apa, |, 
A = . 48[424%], 
= A. 


In terms of these, the tact-invariant of N and 5,B? is* 


4(Ar Aso — Ata) (Auson — a) — (Ann — Aso)! = 0, 
which is the sextic point-equation in variables y of the quartic F. 
The locus of points y from which the tangents to A, are equianharmonic is 


2i = 8( Abs — Ass A) = 0, 
which is the conic through the cusps of R,. Since A,» is the conic N, we find 


* Clebsch-Lindemann, Vol. I, p. 871 et seq. 
28 
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_ dually that the conic which touches the six flex-tangent of the point-quartic R®, 
. and the conic which touches the tangents from the three double points of RY 
touch at two points. . 

The locus’ of points y from which the tangents to R, are harmonie is 


the cubic 
8/35 = 8Ay Aridi — Ady Ass — 245, = 


From these formulae the locus of points y from which the tangents to R, have 
any desired anharmonic ratio (a sextic curve) can be gotten. 

The point-equation of R, is symmetrical in y and B, and P and A. The 
locus of points for which R, passes through P is a curve of order twelve, the 
product of the four flex-triangles. Thus the condition that the pole P lie on a 
flex-triangle is the discriminant of the quartic covariant of (67) and is, at least 
formally, of degree twenty-four. There seems to be no simple geometrical pecu- 
liarity of R® which corresponds to this invariant. i 

In an article to appear in the next number of this Journal, the zélution 
between the rational space quintie curve and the plane quartic curve (subject 
. to one condition), and the relation between the rational plane quintic curve and 
the cubic surface in S, will be discussed. 

BALTIMORR, Desember 31, 1908, 


The Birational Transformations of Algebraic Curves 
of Genus Four. 


By. Anna L. Van BENSOHOTEN. 


In this paper the groups of birational transformations which leave curves 
of genus 4 invariant are obtained, and some geometrical properties connected 
with such transformations are considered. This has been done for the space 
sextic situated upon an hyperboloid by Wiman,* who has also outlined in the 
same paper the groups for plane curves derived from those sextics which lie 
upon & cone, | 

The discussion naturally falls into three main divisions: first, the hyper- 
boloidal case, which deals with binodal quintics and a few sextics which are the 
projections of a space sextic lying upon a hyperboloid; second, the conical case, 
wherein the corresponding normal curve is-on a cone; and, ‘hind the Be 
elliptic case. 

31. The Hyperboloidal Case. 

i. As is well known, the normal form for every plane curve of genus 4 
which is not hyperelliptic is a curve of the fifth order. That is, all such curves 
C, (4), whatever be the degree m, possess a point-group series gj and are thus 
birationally equivalent to a (,(4), & quintic with two nodes. 

When the nodes are distinct, the triangle of reference OlJ can be selected 
with vertices J and J or (0, 0, 1) and (1, 0, 0) at the nodes. Then the triply 
infinite system of adjoint conics is written 


axy + by? + cyz + dxz= 0. 
Whence putting for xy, y*, yz, and xz the new variables px’, py’, pz’, and p, the 
result is a plane section of the hyperboloid F, whose equation is 
ala! = yh. 


* A, Wiman: Ueber die algebraischen Curven von den Geschlechtern p—4, 5, und 6, welche eindeutige 
Transformationen in sich besitzen, Bihang till Kongi. Svenska Vetenkaps-Akademiens Handlingar. Stockholm, 
1895-96. 
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The substitution in the quintic gives a cubic surface F, whose intersection with 
F, is a space sextic S. IE : 

Whenever, by a birational transformation, the plane quintic Os goes into 
itself, the corresponding space sextic S, must also go into itself, and conversely. 
The adjoint conics ¢, merely interchange, as do also the corresponding plane . 
sections of F,. Hence the transformations in space are all linear. Since p—4, 
every generator of F, is a trisecant. The inflexional tangents of S, must be 
generators of F,, for no other straight lines have three points in common with - 
the curve. /$, can have no point-singularity; for if projected from a double 
point or cusp it would give a quartic whose genus is less than four. 

Collineations which leave &, invariant, leave F, invariant. The linear 
transformations of F, are of two kinds: first, those in which the systems of 
generators interchange; second, those in which the systems do not interchange, 
though the generators of either or of both systems may interchange among 
themselves. It is then convenient to have coördinates that distinguish between 
the systems of generators. This i is done by the following equations: 


x! [wot =y [? = Vil ys and y'/d mg [w — mes, | 


“which represent two pairs of planes intersecting respectively on F} in lines 
which intersect and thus belong to different systems. Then 2, x, and y,, ys 
may be regarded as coórdinates of the two systems. 


A cubic in both sets 2/25, ¥;/%, viz., 
Os (21/22; Yılya) = 0, 


will then determine three generators of one system for any particular generator | 
of the other, and therefore define a sextic curve whose trisecants are generators 
of the hyperboloid. 


Such a sextic, if projected * from a point on 1 the curve, goes into a plane 


^ quintie with two distinct nodes; from a point on F, but not on the curve, a 


sextic with two triple points; from a point not on F,, a sextic with six nodes 
lying on a conic, unless the center of projection be taken at the vertex of a 
cubic cone on which 4, lies, in su case the plane curve is manifestly a 
cubic counted twice. | 


*Clebsch: Vorlesungen über Geometrie II, 8. 414. 
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If the center of projection be taken at the vertex.D or (0, 0, 0, 1) of the 
reference tetraedron, the substitutions are 
| e y, Z, u or s ey Yis 2) 
cy, y, ys, ve y, v, y, 27? 
where the variables in the lower row are to replace those in the upper. 
Collineations of the first kind wherein the generator systems interchange 
may be written | 
12, 


( Ty Yis Ya ) 
ay, + bys, cy, + dys, ety + fos ; gx, + hig 


which, if generators through two invariant points, say a, — y, —0 and c, = y,—0, 
be taken as edges of the reference tetraedron, may be reduced to the form 


Ty Uy, Ny E 
bu, bs, Aykı, Ay) ` 

Collineations of the second kind may leave the generators of one system 
severally invariant while interchanging those of the other system, or they may 
interchange generators of both systems among themselves. Such are 

Tis , 29, Yis E and Tis Ue, Yis n J, 
aTa, OL, Vi, Ys dg, 6%, CYa, dy, l 

The product of two collineations of the first kind is evidently either identity 
or one of the second kind. When therefore an equation ig invariant under an 
operation 7 of the first kind, it is likewise invariant under 7?, which.is an 
operation of the second kind if the period of 7 exceeds two. Thus the group 
which contains operations interchanging the systems of generators contains as 
many which leave the systems invariant. When the systems do not interchange, 
the groups of collineations are simply isomorphic with the well-known binary 
linear groups. Hence there are no new simple groups. 

2. If the S, can be transformed into itself by a collineation of period 2, 
there are two cases arising according as the transformation is of the first or of 
the second kind. First suppose that the curve belongs to a group G, of order 2 
under which the generator systems interchange. The collineation may be written 


24; T3; ji A) 
Yis Ye, X, %/ ’ 


or, in space coördinates, 
i (3 y', zZ, s? 
g, y, v, wy? 
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which, when projected from the vertex (0, 0, 0, 1), becomes, for the plane, 
d, y, 2 
G y, 2) 


Hereafter accents will be omitted from the space coórdinates. 


It is evident that the space collineation is a central perspective whose center 3 


r+2—=y—w=0 is the pole as to F, of the plane of perspective s—2=0. 
The reference tetraedron can be so chosen that two vertices D or q =y; = 0 
and B or 2, — y, — 0 are on the curve. Then a= d; — 0 in the equation 


yet, i] Ye) 
8 8 a 8 
= 2 guy ys + vie; bu ys + mus È Cat “Yt + x X duy "Ys = . (D 


In order that this equation be invariant under the above transformation, 
the following conditions must be fulfilled: 


d, = by, a4 — 09, a4 dy, b, 0,, bj dh, = ds. 
Then (I) reduces to. 
alas + o9) + (asi + bris) (iy + T 
+ (aset + bees Ya + essa) (ufa + ai) + exte tal oia + Gy) = 0, 
or, in space coördinates, 


E + (aay + Bye) (at +2) + (ayy? + digen + egeo) + yu (ag eq) =0 
This cubic surface and F, intersect in the sextic curve. It projects from D into 
the plane quintic 


agf (2 + 2) + dd + bye)? +) + (ayy! + Py + og) + ) 
+ aye by? + oe) = 0. 
The first two of these coefficients can be reduced to unity by change of scale. 
The quintic is then written 


“PEL A) y? + aes? + 2) + B + oye + A) . 
| + ayaley’ + fyz) — 0, (1) ^ 
= E A 2) 


which transformation is unaltered by the above change of scale. 

3. As was observed before, the space collineation for (1) is a central 
involution with center V at (1, 0, —1,0). The center is not on the hyperboloid 
and every line through it cuts the hyperboloid twice. Then all lines to points 


with the transformation 
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of S, from V are bisecants, generators of a cubic cone K. The cone is clearly 
of order 3, for any plane through V meets S, in six points which must lie in 
pairs on three bisecants. The points P, (i= 1, 2,...., 6) in the plane of per- 
spective 2— z = 0 go into themselves by the transformation of period 2, hence 
the bisecants VP, are tangent to S, at P,. Two of the points P, are at the 
vertices (0, 1, 0, 0) and (0, 0, 0, 1) of the reference tetraedron). The cubic cone 
has nine sone generators which lie by threes in twelve planes. An in- 
flexional tangent plane to A, contains but two distinct points of Sj. These are 
interchanged by the transformation of period 2. Hence such a plane is a double- 
osculating plane. When VP, is an inflexional generator, the corresponding 
inflexional tangent plane is:a sextactic plane. In any case an osculating plane 
at P, contains at least four consecutive points of &. For the osculating plane 
contains three consecutive points of $,, hence two consecutive bisecants, on 
each of which there is & pair of consecutive points. Such a plane i is therefore 
stationary. l 

The quintic is derived from the sextic by projection from the vertex D of 
the reference tetraedron ABOD. Let lines from D to A, B, C, V pierce the plane 
of projection in J, O, J, D' respectively. Then D’, the image of D, is on the quintic 
and is the center of the plane homology H. A tangent at D' must have either 
three- or five-point contact. The five lines from D’ to the points in which C; 
intersects the axis of homology are tangent to the curve at those points. The 
nodes at J and J are interchanged by H and are both of the same kind, crunodes, 
acnodes or cusps according as a*— 4d. is positive, negative or zero. Unless they 
are cusps, the class of the curve is 16. | So the five ordinary tangents from D’ 
and the inflexional tangent at D' leave in general four double tangents from D. 
In the case when the tangent at D’ has contact of the fourth order, there will be 
but three double tangents. The double tangents are the images of the planes 
tangent to X, which intersect K; sin the generator VD. There will be four such 
planes except when VD is an inflexional generator. If, however, one of them 
is tangent also to F}, the plane curve is bicuspidal and the bitangents Hom D' 
are images of the other three tangent planes. 

The nine inflexional tangent planes to ‘K, give as images nine.adjoint conics 
each having double three-point contact with Cs. The images of the eighteen 
points of intersection of F, with the nine inflexional generators of K, lie by sixes 
on twelve adjoint conics, because the cross-sections of K, are non-singular cubics 
whose points of inflexion lie by threes on twelve lines, and a plane containing 


\ 
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two inflexional generators must therefore contain a third. So an adjoint conic 
containing four of the eighteen three-point contact points must contain six. 
Moreover, since the osculating planes of S, at the six points in the plane of 


perspective have four-point contact, their images, adjoint conics, will have four- . 


point contact with (;. The image, however, of the osculating plane at.D breaks 
up into the y-axis and a [ine through D' tangent to the curve. As the y-axis 
intersects O; in D', the tangent at D’ must have. three-point contact. This is 


another proof for the inflexion at D'. When the osculating plane at D has six- 


point contact, its image, a line through D!, will of course have five-point contact. 

Only four bitangents and one inflexional tangent are in general accounted 
for. The rest, — and thirty-two respectively, meet in pairs on the axis 
xv — 2-0. 

Any plane TES V meets S, in six points collinear in pairs with V. 
Such a plane section of F, goes into an adjoint conic $, which cuts out a point- 
. group, Gs, the points of which lie in pairs on three lines through D'. 

If the projection had been made from A or C instead of D, a gextic would 
have been obtained remaining invariant under a quadratic inversion. _ 

4. "The collineation of period 2 of the second kind may be put in the form 


Ti, %, Yis di E I d 
Ti, —993, —Y1) ys T, ha 2, —w 


which projects from D into the homology 


rE(2 0 


Beginning as before with equation (I), it is clear that in all terms the 
sum of the exponents of x, and y, must be odd or even in order that the above 
transformation may leave the equation unaltered. Thus either 

=, = b, = b = = GS d = =) 
or 

ay == == b = b 0, = G — d, — d, = 0. | 
Either set of conditions gives essentially = same quintic. LL the former 
get, the equation is 


` de yis + agis + boriti + bean + eyeaiyiys + exeo 
deny + digi = 0, 
or, in space | coordinates, 


de? + a ao + Be) alba + df) eat + ot) = 0 


_ 
` 
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By change of scale of z, y and z the coefficients b, d, and d, can be absorbed 
and the equation be written 


Bp aas + ba) + of du? + ey) + aly? + wf) =, 
which gives, for the plane quintic, 


ay? + 2) + yelas + bz) + A(oy? + dc) + fc + ez) = 0. (2) 

The collineation in space is an axial involution. That is, under it y =w = 0 
and «==z=.0 are not only invariant as a whole but all their points are invariant, 
because any plane through either line goes into itself. Hence a line joining two 
corresponding points of the S, must intersect these two axes and S, lies on a 
ruled surface with the two invariant lines as directrices. The directrix y=w=0 
does not intersect &,, but any plane through it cuts S, in six points which lie on 
three bisecants through the point P, where the second directrix æ =g — 0 cuts 
the above plane. Thus =z=0 is a triple directrix. Similarly y = w = 0 
is a double directrix, for z =z = 0 contains two points of &, leaving four points 
in any plane Uronen it to lie in pairs on two bisecants which meet in a point on 
y=w=0. So the curve lies on an A, the order 5 being the sum of the 
multiplicities of the straight line directrices. From a point on a bisecant there 
are five other bisecants, which generate a ruled surface on which the given 
bisecant is of order 5. Any plane containing a bisecant cuts Sj in four points 
besides the two on the bisecant. These four points are joined by six bisecants. 
Therefore the complete plane section of the surface is these six lines and the 
given bisecant which counts as five. The order of the ruled surface is thus 11. 
As Ru has a factor Ry, there is also an Fs. 

It is important to bear in mind that the curve belonging to a G, of the first 
kind lies on a cubic cone, while the one whose group G, is of the second kind 
is on a particular ruled a of order 6. Under special conditions the ruled 
surface of order 6 may break up, as will presently appear. The curve lies on a 
A, when it has a central involution, on an A, when the involution is axial. 

6. The quintic (2) in the form obtained has at least one acnode.. The 
center of the plane perspective is at O or (0, 1, 0), which point is an inflexion. 
The inflexional tangent is z ez — 0. This has contact of the fourth order 
when a®+c=e+ be. The quintic cuts the y-axis in a point D', the image 
of D on &, and the tangent to G at D' is c + dz —0. The curve has six 
double tangents from O, which, with the tangent at D’ and the inflexional tangent 
at O, make up the number 16, the class of the curve. 
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When d=e, in equation (2), the curve 
PHP) + aalas + be) + Mo + da?) + y (de +e) =0 ° (8) 


possesses, in addition to the linear transformation T, the quadric transformation 


—({% Y, 2 
Qm 2 


and thus QT, which is also quadric. The two quadric transformations correspond 
to two central collineations in space; and 7, the product of the two quadric 
transformations, corresponds, as we have seen, to an axial involution. The 
central collineations project into quadric transformations because the center 
of projection is not an invariant point of either collineation. 

If the center of projection were taken at A, the result instead of the quintic 
(2) would have been the sextic 


yd + ystolayro +52) + of 4 idu? + ey?) + yul +w)=0 (my 


whose transformation 
p! = Y, ey = 
y, —?, wW 
" corresponds to the above T, and to the axial space collineation. Moreover, 
when d =e the sextic (3’) is obtained with collineations Q' and Q7" or | 


y, 2, i 
U. ES, : 
which correspond to the central space collineations. ! 

The. sextic (2) has six bitangents from A’, the point on JJ which is the 
image of A, and the sextic (3 has in addition to the six from A’, nine 
bitangents from O. 

The condition d =e for (3) might have been obtained in two ways: either 
by working for the S, which allows interchange of the systems of generators as 


em € - 
i 


well as the collineation for (2), or by finding the condition that the Rẹ for the 


space sextic of equation (2) breaks up into two A,. The latter method is as 
follows: the plane BOD or «= 0 of the reference tetraedron contains two 
trisecants BO and CD which are cut by & in (0, 1, 0, 0), (0, Ve, hive, 0) 
and (0, 0, 0, 1), (0, 0, +i d, Wc) respectively. Likewise g = 0 contains the 
points (1, 0, 0, +4) and (11,0, 0). If the two sides of the quadrilateral 
. formed by bisecants in the x-plane which meet on x =z= 0 are met at the same 





* In this section, the plane sextics are given accented numbers, and corresponding quinties unaccented. 


` Algebraic Curves of Genus Four.. ' 221 


point by those of the quadrilateral in the z-plane, A, breaks up. The condition 
that a bisecant in the x-plane meets a corresponding one in the zplane is that 
certain four of the above points lie in the same plane, which condition is satisfied 
only if Ä | 
1, 4% 0, 0 
1 è 
0, 0, wd, We 
0, Ve, ive, 0 
that is, if /c(/d— /é)=0. When c=0, four points in the plane z — 0 
coincide at C and there would be no determinant. When, however, d =e, there 
are two central involutions in addition to the axial involution of (2), and &, is 
on two K, into which `R, has broken up. When e=0, it is observed that 
although there is no new transformation the curve has a stationary plane at C. 
The centers Vi, Va, or (0, 1, 0, +1), are on the line z =g=0 and they 
project from D into O of the reference triangle OJJ. The plane x+ dz — 0 
is a double osculating plane at (0, 0, 0, 1) and (0, 1, 0, 0) and is an inflexional 
tangent plane to both cones. Its image is a double tangent with contact of the 
second order.at O and ordinary contact ou the z-axis. This inflexional double 
tangent and the six ordinary double tangents make up the number 16, the class 
of thé curve. The eight other inflexional tangent planes to the two cones 
have as images Bram) conics, each having double contact of the second order 
with G. 
6. A four-group can also be obtained whose operations are all of the second 
kind or axial. Besides the collineation belonging to (2) there may be two.others 
of the form | | 


we 
e 
© 


= 0; 


Viy | ds y Yis JL E w 
p s E ys, Yı a; ku, ‘ +y? 
or, for the plane, | 
oE + ag, Der 2 
Beginning with the form for (2) before the coefficients were absorbed by 
change of scale, and obtaining the condition that these last transformations will 
leave the equation invariant, the result is 
a? + 2? Hana + 2) + bu + zw?) + (aw + y?z) = 0, 
which gives the plane quintic 


V2? + 2) + aye + 2) + y (ba: + ez) + PP (be + ox) = 0. (4) 
29 


222 Van BxwsoHOTEN: The Birational Transformations of 


The lines z + 2 = 0 and the adjoint conics az + y? — 0 are invariant under. 
all the plane transformations of the group. They are the projections of sections _ 
of F, made by invariant planes y + w==0 and x +z=0. Each of the invariant 
conics intersects O; in six points collinear in pairs with O. The conics 
| my 2==0 and yz + =0 are each invariant under the corresponding quadric 
transformations of the group. They are the projections of the intersections 
of F, with the cones æy -E 2 —0 and yz+2?=0. The cone zy+27=0 is 


transformed by (DP (9,59 iu into zw --a*-—0. If from the last equation and 


that of MR, w be eliminstód: the result is zy 4- 2 — 0. The cone zy + 7# —0 
has the line y =z — 0 in common with the hyperboloid, and it goes into 
.g$ =w= 0 by the above transformation. The cone and the hyperboloid have 


` also a cubic curve in common which remains invariant under the above trans- 


formation and is projected from D into the conic invariant under the corre- 
sponding plane transformation. 

The quadric transformations for C, may be er as the products of 
inversions by harmonic homologies. Thus: 


(% $ *j-(* B BYE Au (% BH tym, ote 

\Y2, q2, LY vy, 82, y2/ N8, y, T Bh, Ye, LY/ Ny, €, Z 

The quintic (4) has an inflexion at O, but the tangent from O to the point 
` of intersection of © with the y-axis is not, as in (3), the inflexional tangent at O, 
but is transformed into it by the quadric transformations. The former tangent 
is cx + 52 — 0, while its image, the inflexional tangent, is bx + cz = 0. 

7. There are then two non-cyclic groups of order 4. The question arises 
whether there can be a cyclic G,. In a collineation of period 4 the systems of. 
generators must interchange, for otherwise there would be fixed generators on 
which the points of 8, would have to change cyclically, which could only be 
when the period is 3; or else the twelve pointa on the edges of the reference 
tetraedron must be situated in groups at the vertices, which latter case occurs, 
as will be seen, presently in the collineation of period 5. 

A collineation of period 4 can be written 


(65 a, Yis )= Ls y, 2, w ) 
Wis ys, 91, E Z, t, ©, —w i 


or, in the plane, 
l T, Y, r) . 
Zy Vy, X 
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As the square of this collineation is the G, of the second equation, it is well to 
begin with the form for that equation before the coefficients were absorbed. 
With the conditions that the above transformation imposes, it is found that 


CYS ey + oos s (rs + 29/1) + (boni + eos) (9s — 39/1) = 0, 


which possesses not dnly the above transformation a also 


24; U, - Yı; )= ee y; 
Met, M —bz,, VW cy, va sA a/ —bc pem ew, N —bc Er by)? 
which becomes, in the plane, | 


Y, 
Lo fni A/ car, V—b ta) 


From the above equation is derived the plane quintic 


Nr + 2) + (byt + ex?z) (s — w) = 0, (5) 
and the transformations form a diedral G,, which contains a four-group of each 
kind as well as the cyclic G,. 

The quintic has the geometrical properties of equation (3). The inflexional 
“tangent «— g = 0 has also ordinary contact at (1,0, 1). From O there are six 
bitangents, and one of the points Jor J is an acnode. 

These six groups, composed of two G,, three @,, and one G, are the only 
ones’ without higher prime periods; so we pass now to the consideration of the 
transformations of period 3. 

8. Acyclic G; can not interchange the — of generators; for evidently, 
in interchange of systems, the period of the transformation must be even. There 
are then two kinds of @, to be considered: one which leaves neither system 
invariant, and one which leaves one nyerem invariant. The first kind may be 


written 
l (o Tzs h, 9) = = 9; 2, Ww 
Ti, OX, o, Ye T, o'y, Z, QW 
t. Y, ) 
v, Qy, g/"' 
The substitution is made in (I) as before, and the conditions for invariance 


obtained. There are three resulting equations, but two are discarded because 
they are of lower genus. The third is ` 


aly + aly + alayi + adf) + belts + a = 0, 


and, in the plane, 


where o? — 1. 
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or, in space coórdinates, 
oP AL aly + wh) Hana + d) = 0. 
This projects into the sextic 
Pa? + 28) + aly! + a) + ey) = 0. c (8) 
It is evident, on account of the symmetry of the equation, that the systems | 
of generators can also interchange, and the equation possesses the following 
transformations of period 2: 


Ti y le y yi; 3 ) = E y, 2, W 
Js, Yı, 995, ("dy k OW, 2, oy 


Sab 
Ray OTE ye 
The centers for these space collineations are (0, 1, 0, — o), and the planes 


of perspective are y — ow = 0. | 
Equation (6) belongs therefore to a diedral G,. The planes æ + kz = 0 


or, in the plane, 


are invariant under all transformations of the group. The centers of the three 


cubic cones of perspective are on the line œ =z=0. By the transformations of 
period 3 the cones are interchanged. Therefore a plane æ + kg — 0 which is 
tangent to one cone is tangent to all three. "Through any point on the line 
connecting the vertices, there are six lines tangent to a section made by a plane 
which contains the point but not the line, for such a section is a non-singular 
cubic and is therefore of class 6. There are thus six planes through BD each 
tangent to one cubic cone and hence tangent to all. A plane through BD 
tangent to the cones touches the sextic in three points, one in each plane of 
perspective, and at each of the eighteen such points of tangency there is a 
stationary plane. The twenty-seven inflexional tangent planes must each touch 
S, in but two points. 

Corresponding to the above properties of &, the plane sextic has six 
tritangents from O, which accords with the class of the curve 18. - Hach of the 
points of tangency determines an adjoint conic with four-point contact. The 
points of tangency, like those in (1), lie by sixes on twelve adjoint conics. 
There are twenty-seven adjoint conics with double three-point contact. 

The last 8, does not pass through a vertex of the reference tetraedron, 
so that the projection from any vertex is a sextic with two triple points. 
A binodal quintic is obtained by inversion of the sextic, the triangle of inversion 
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being selected with all the vertices O, J, and J on the sextic, Zand J being at 
the triple points. This gives the quintic 


m 3a Sy'z + Say + ay? + (1 — Ay + bays + ey Ä 
— 8a Says — 92a 5ba? y? — a'*exyi? + 3ataz? + Bun = 0, (6) 


which is transformed into itself by 


. c, y, 2 n 
(ona + a*(1 — azt, yfory + a*(1—o*)e], ys) 
and by Zt | 


vom n 
(oy, F4 y? 
where v = ox + ay. , 

The same quintic may be obtained by transforming & to a new reference 
tetraedron A’BCD' whose vertex D is at (a*, 0, 0, — 1) on S, and whose 
reference planes are a! = € + a*w and y = y + aa, The projection into a 
‘quintic is then made from the new vertex D’. The transformations from the 
original tetraedron to the plane are 


Z, w 


| ( e, y; l 
none y!— a*ysz, yz, x2 


The planes x + kz — 0, which as before stated are invariant under all 
operations of the group, go into the pencil of conics ‘xy — a*az + kyz = 0 
through OJJ. So the six points cut out on C, by any conic of the pencil can 
only interchange among themselves. Six. conics of the pencil are triply tangent 
to C,, since six planes of the corresponding axial pencil are triply tangent to Sj. 
They correspond also to the six tritangents from O in the plane sextic. Through 
each of the eighteen points of tangency there are likewise adjoint conics which 
have four-point contact with o 

The above transformations of period 2 are clearly inversions, with v, y, z 
as sides of the triangle of inversion. There are three centers O,, O, and O, 
corresponding to the three values of o in the line v zz oz + a*y — 0. The co- 
ördinates of these centers referred to the OIJ triangle are (a*, — o, 0), corre- 
sponding to the coórdinates (a *, — o, 0, 1) of the vertices of the cubic cones - 
referred to the tetraedron A'BCD'. The three centers are points of intersection 
of z=0 with C,. They are not, however, inflexions; hence there are fourteen 
tangents to C; from each center besides the one at the center, 
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If S, be projected from A or C, the transformations will be all linear of the 
form ur 


2 2; ) and Ry w 
oY, Ww - or, W 
and the plane sextic is ` 


Av! +P + acy! + wt) + geo(bgno + o) = 0. | (6%) 
9. Consider all groups whose operations do not interchange the systems of 
generators, which contain the above G, as an invariant subgroup. Such a group 
could not be a cyclic G,, for there are not six points of 8, to permute cyclically 
on an invariant generator. It can not be an octaedron group, for that contains 
a cyclic G, which is excluded on the same ground as the Gs. It can not be a 
diedral G4, for that contains a cyclic G,. There remain only the Aigara Ge 
and the tetraedral group. | 
It is evident that the space TE (6'), when 5 — o, is invariant also under 


3 


2, dg, x Te (5 Js 2, W 
, 


Tas, 004, y, Yı Qo, €, OY 
Or 
LES y, 2 
Ye, OTB, LY 


for the plane sextic projected from D. 
The second sextic (6^), when b- c, has the quadric nalen 


y % wY 
Qa, YW, QYZ 


The above transformations, compounded with those for the previous diedral `. 


Ga, give transformations of periods 3 and 6, making up a diedral Gis, one-half 
of whose operations interchange the systems of generators, 
The quintic (6), when 5=c, becomes 


ay’ — day, z + Saye? + aby? + (1— APR + bey + bay’? 
day — Ja HO Ye — aba? + Bat + abed — 0; (7). 


and it has in addition to the transformations of the diedral G, the following: 


o $ | y, 2 
(ylo% + a*(y — a*2)] , xia" + a*(y—a*z)}, z(y — a) ) 


and 


vy : Y, 2 
(ely + atata), (oy + ax)(y — a), aly — a) 
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10. Assuming that the subgroup which does not change the generating 
systems is a tetraedron group, since this group contains an invariant axial four- 
group, it is convenient to start with the equation of the S, for (4) and find what 
further conditions exist among the coefficients to admit the collineation 


( : Tiy (X3, Yis : Js J : 
+ t (a, Em), (mE m). (Y1 F yes F (yi Ya) 
These conditions are a — 38 and b= — oe, and the resulting equation is 
(Ya + ay)” + D(L Y — LY) LY + sys) (si — 99s) = 0, 
(a + 2)° + b(y — w)(y + 1w)(z— z) = 0, 
from which is obtained : | 
Pe t zF + by —ax re) —)=0. - (8) 
These equations are invariant not only under all the substitutions of the 


tetraedron group, but &lso under the remaining substitutions of the octaedron 
group, so that in addition to the substitutions for (4) the quintic has 


or 


S, y; a 
(= az + ay + y? — n, (£ i) Fe + ay = y? — y), F az + ay F y! + yz) 
and | 4 x 
x 


y, E 2 
(oF iy + ie), Mes X + io), Go ily Fe): 
where e — 1, 2. 

Under all operations of the octaedron group, the. plane «+ 2=0 and its 
pole P or (1,0, 1, 0) with respect to F, are invariant. Hence the set of six 
bisecants from P is invariant. There are but six bisecants from P, for if there 
were an infinite number, there would be a central involution 

($ y, 9, W J | 
Cy —10, 24, —Y 


and this substitution does not leave (8) invariant. The tangents to S, at the 
points in the invariant plane are invariant as a whole under the transformations ` 
ofthe group. Hence they must either lie in the invariant plane or pass through 
the invariant point. They can not lie in the invariant plane, for in that case 
S, would have twelve points in the plane; so they must pass through P. More- 
over, the six points on /S; in the invariant plane are in six-fold involution. 

11. The octaedron group G, has six central and three axial involutions, 
and the vertices of the six cubic cones on which the space sextio lies are in the 
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invariant plane. They are the vertices of a complete quadrilateral whose 
diagonal triangle, together with the point P, determines the tetraedron whose 
three pairs of edges are axes of the axial involutions. The planes of perspective 
pass through P and cut the plane w -+ z= 0 in six lines, which are the sides of 
a complete quadrangle whose diagonal triangle is the same as that for the 
complete quadrilateral, The diagonal triangle cuts F, in the six points on &. 
The set of planes and lines from P to the lines and points just described in the. 
invariant plane, is invariant as a whole under the operations of the group. 

Since the six planes of perspective and three axes of. involution all go 
through P, it is evident that if P be taken as center* for the projection of $, 
a plane sextic will be obtained all of whose transformations of period 2 are linear. 
Moreover, as the other operations of Gy are generated by those of period 2, all 
‚the transformations in the group must be linear. Choose the invariant plane 
as plane.of projection and the diagonal triangle as reference ER Then the 
equation of the F, section may be written 


a) 4a 4- 2 — 0, 


and the points of S, in the plane are at (0, +8, 1), (1, 0, ++) and (+1, 1, 0). 
At these points C, has cusps. 
The above conic is invariant under six central homologies; viz., 


Q2. C22. GED: 
“as 4 p Zl —j, & M E E 9 


and also under the following homologies, which are the projection of axial 
involutions in space: 


LER ( s “yo Gu bAi 


It is evident that a sextic invariant under the above transformations is 
symmetric in the variables and contains no odd powers. It has the form 


a(z* + y^ + 2°) + b(z*y? + ty! + af + ah + y? + yah) + cay’? = 0. 





* The preceding equations (1-7) can likewise be projected from the invariant point P, and each is thus 
transformed into a sextic with six cusps lying on a conic. : 


Algebraic Curves of Genus Four. | 229 


By transferring the origin to one of the points at which there is a cusp, it is 
found that b = 3a for genus 4.* So the equation can be written 


(ay + E = 0. (8^) 


This form shows that the axes are bicuspidal tangents. 

The six-cuspidal sextic is of class 12, with 27 bitangents and 24 inflexions. 
From each center of the first six homologies there can be but six ordinary 
tangents to the points where. the corresponding axes a, cut C,. Hence, from 
each center there are three double tangents, which means eighteen besides the 
cuspidal double tangents, each of which should be counted.as three. This 
accounts for the entire number. The inflexional tangents meet in pairs on each 
of the six axes. 

- The binodal quintic (8) has, like (4), a point of inflexion at O, from which 
there are six bitangents.. The sniexionsl tangent is z— z= 0, and it is also 
tangent to Os at the point of intersection with y — 0. The projection of P from 
D, or (1,0, 1), and the line «+ z= 0 are invariant under all operations of the 
group. The six vertices of the complete quadrilateral project into points on 
y+w=0. They are centers of quadric transformations of the group. 

12. The @, already considered left neither system of generators invariant. 
Assume next that one system, say the y-system, is unchanged. Then G, can 


be written 
$e. Ue, Yis EIC Y, 2, oF 
(2, Tay Yis Yz T, OY, 02, W 


This substitution in the general form (I) gives three equations, two of genus less 
than 4 and the other of the following form : 


AJY, Ya) + PY Yo) = 0, 


an equation containing eight constants. Of these eight, two can be absorbed 
in x, and x, respectively, and by a linear transformation 


Yı = ayı + bys, Ya = cyi + dyi 
the roots of /, can be prescribed. This leaves three moduli. 


* For certain values of the remaining modulus more double points may appear. Thus, for & ee p -0. 
It is projectively equivalent to the astrold or four-cusp hypocycloid. 


30 
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Instead, however, of reducing the number of arbitrary constants, the sym- 
metry will be better preserved by writing the equation in the following form: 


oda + eara) + Pure) (a + rye) + os + ayo) (Ys + bs) + CY) = 0, 


or, in space coördinates, 


(y + a2) (y + by) (y + ex) + (x + aw) (æ + byw) (x + ida =0. 
Projected from D, the result is the plane sextic 


yy + mally + bely + a2) + ey + asy + bey + cz) = 0; (9) 


with the transformations 
xy 2) 
QL, y, 2 


into itself. The.sextic has triple points at xz = y = 0 and y =z = 0. The 
center of homology is at the latter point, and the axis œ = 0 crosses the curve 
in three points of inflexion whose tangents pass through the center. Tangents 
at the center can have no residual points; hence they must be inflexional. 
Three inflexional tangents at the triple point, together with the three from the 
triple point to the points on the axis, make up 18, the class of the curve. 
There remain thirty inflexional tangents which meet by threes on the z-axis, 
the thirty points of inflexion lying by threes on ten lines through the center. 

Since Sj does not pass through a vertex of the reference tetraedron, it is 
convenient in order to determine the quintic (9) to select a new tetraedron ` 
whose vertex J! is at (1, 0, 0, —a,). If for x and y the variables z/— aw and 
y! — ax be substituted, the equation referred to the tetraedron .A BC! D! is 


iy + (8 — aget iy! + (bi — age (gf + (m — age 
ck da! + (B — ago iz! + (cq — a) 0} = 
Projected from the vertex D’, this gives the quintic 


iy + (m — ahy + haty + adet 
t tiy + (ba —a)ej iy + (aa) = 0, (9) 
which i is transformed into itself by the same transformation as the last sextic. 

- This quintic has a double point at J, a cusp at J, and does not pass through O. 

The axis y =0 is the cuspidal tangent. The axis 2 = 0 intersects the quintic in 
three points of inflexion. The tangents at these points pass through J, the center - 
of the collineation. The cuspidal tangent and three inflexional tangents from 
the node count as seven, leaving eight to be accounted for by the tangents at 
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the node. In this case the inflexional tangents at points on the z-axis can not 
be again tangent at the node. It is therefore necessary that the nodal tangents 
have four-point contact. 

No two of the constants can be equal, for if a, is equal to b, or c, the quintic 
breaks up. If a, is equal to a,, b, or c,, there isa triple point which reduces 
the genus. By symmetry it is evident that no two of the coefficients can be equal. 

There are twenty-four inflexional tangents and fifty-four bitangents meeting 
in sets of threes on the z-axis. The points of inflexion lie by threes on eight 
lines through the center. 

13. In order that the last 5$, may go into itself by any operation which 
changes the y, and y;, the functions f; and $4 must either go into themselves or 
interchange. In the latter case x, and x, interchange. In the first case the 
Hessians H, and H, must go into themselves. Assume. that the Hessians are 
different. Each defines a pair of points. One pair may be the basis points of 
a G, which interchanges the other pair, or both pairs may be interchanged by 
the G,, in which ease the basis points are given by the functional determinant 
of H, and H,. Neither of these cases is possible, for in order that the three | 
points of f, — 0 and those of $; — 0 be put into themselves by a @,, one of each 
must be invariant and form basis points. So to obtain groups of higher orders 
with G, as subgroup, Ja and d, must be interchangeable, and the six factors of 
jaz can be arranged so as to be cyclically permuted in one or more cycles. 
Denoting the six factors by a,, a5, ag, Oi, bz, ds, it is evident, since an a, goes 
into 5,, that there is a possibility of a cycle of six elements or of three cycles of 
two. When, moreover, fs goes into $$, H, goes into H,. The latter can be done 
only by collineations of period 4 or 2. - Hence the collineation is of period 2, 

If then the collineation is Medi to be of the form 


| Tis tay Yi; #)= (s y, 4; 


Hey Zis Yi; y, ©, —W, —2 


the equation of the last space sextic in its first factored form is invariant when 
d,—=—a,, b = —b,, ¢,—=-—e,. The equation, after change of scale, becomes 


(y + 2)(y + az)(y + bz) +(x — w)(@ — aw)(a — bw) = 0. 
This projects from D into the sextic - 
yy + z)(y + a2)(y + bz) + Hy —2)(y—az)(y—bz)=0, (10) 
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which belongs to the diedral @, whose transformations of period 3 are the same 
as those of the preceding equation, and one of period 2 is 


dy y, RB. ). 
y, TY, —«z 
This sextic has of course the geometrical properties of (9'). 
To obtain the plane quintie, transfer the above Sj to a new tetraedron of 


reference whose vertex D is | at (1,0, 0, 1), with a = z— w and y = y — z. 
Then 


iy^ 22] y! + (aie! + (b—1)2} + a fa! — (a—1)w] fa’ — (b —1)o = 
gives the quintic | | 
yy + ahy + (a—1)e) {y+ Net + 2%}y—(a—1)2} y—(B—1)a} = 0. (10) 
The transformations of this quintic in addition to those for the last are 


where D = 2x — 4. l 


The curve has the same general form as (9). There are fifteen tangents 
from J, since the class is 15. The cuspidal tangent counts for three, leaving 


twelve ordinary, six inflexional, or three inflexional and three ordinary tangents 
from J. | 


It is unnecessary to consider the forms where f and @, are identical, 
because the genus is lower in that case. . 


14. Since the four points of the Hessians can be paired in two ways, 
fa and $4 are each invariant under a transformation other than identity which 
is the product of two others. Such is true of 


ilash + i) + cto + ayi) = 0. 
Or, putting x, for Yı and y, for %, 


aq d + af) + not + aad) = 0, 
which projects Bon D into the quae 


xy? (ay? + =) + ay" + ac) = 0. | Q1) 
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The collineation group of the S, is the diedral G4, which is generated by 


2; | Zos Yis )= E Y, 2, 
—9, X9, Yis aa x —Y, 02, — QW, 
and 


Ti, Wey y a) = E Z, wW 
%, EU, -EQys, Yı 0%, inne v, y 


The corresponding transformations in the plane are 


a, Y, 2 z- 
E —y, a) © Ene (s J n O 
The curve passes through O, at which point z — 0 is an inflexional tangent. 


The lines z? + ay? = 0 are also inflexional tangents, 


15. Consider next the case where H, and H, are identical. The equation 
can then be put into the form 


ays + cji + ody} + ay) —0, or a&? + + 2+ w= 0. 
This projects into the sextic | 
ala?! + of + a + aid = 0, mE (127) 


with triple points at T and J, or «= y —0 and y —2-—0, and with three points 
of inflexion on the z-axis, tangents at which pass through the triple point 
as before. 


The curves belong toa Gs generated by the following ilbtidlind. 


a m opo y) 7 (as, ap a wo)? © K y, az) 


for the plane curve; and 


$1, Tas Yis ye) = (0 Ys 4; vo)? O 2 y J 
Ti, 05, yi, Yz Qw, y, 2, QU Or, y, 2 
The combination of these two groups of order 3 gives a G,, invariant in the 


entire group. Moreover x, and x, y; and y, can also interchange by the 
collineation ` i 


(aan m mla, n) 7 Calas w, ac, y)? (yaja, 28, aay 


- 
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. This, taken with the G,,. forms a G simply isomorphic with the transformation | 
group of the general plane cubic into itself. This i is a subgroup of the G4 in 
which the systems interchange by 


Ti, 93, Ji, %)= iC : Ys 4, w), o Abe Jis 
Ya, Yis Te, Wi Ty W, 2, Y TY, A y? 
The lines z—2—0 and y=w=0 are invariant in this group. The vertices 
of six cubic cones of perspective lie three on each of the invariant lines. 
The lines are interchanged by the substitution 
Ti, Tey” y E = T, Y, % W ( 3 
Hy — Tzs Jo, Yı NC, 2, y, —m/7"* az, a y 
This belongs to the curve when a? = — 1; that is, 


„++ —43 0, 
(g^ b gh + af) — ay — 0. (13) 


This curve has thirty-six more collineations, and belongs therefore to a G^. 

The Gi. is a permutation group of six things arranged in pairs of triads, 
the pairs being interchangeable. The G possesses three invariant sub-groups Gy. 

The last S, lies on six Fs, in addition to the nine A, on which the preceding 
S, lies. 

To obtain the quintic for the sionals undis a change of coórdinates 
is made as before. The new vertex D’ can be taken at any one of the three 
points (0, 0, 1, — £) on the line DO, where t? — 1. Here ¢ is used instead of o 
to distinguish between the transformations. By putting z = z 4- tw and 
y! = y + tx, we obtain the equation . 


(a® — 1)a? + y? — Stay? + 3P35y! + of? — 3t w + 3Pz ww — 0, 
which projects into the quintic 

(a? — 1) a°y? + y^ — Sf + + y)? — Say + 383975 = 0. (12) 
The transformation group Gss for the quintic (12) is generated by the following : 


or, for the plane, 


(S gs on)? (oy, toy + ei aat, stay + e(1—o)a})> 


( o T Y, dy ) 
: z(y — ix), (ax + ty — Px), ay(axz + ty —8x)/^ ` 
an | 


$e yle + ty), sgn tli iod 
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As in the case of the last two quinties, there is a lis which is the center 
of collineation of period 3, and the axis crosses the curve in points of inflexion, 
tangents at which pass through the center. There is likewise a cusp whose 
tangent passes through the node. 

The G4 has also the following transformation for the quintic: 


$e y 2 ) 
xz, z(2tz — y), y( ata — y) | 

16. It remains to consider the. case in which the curve will be invariant 
under a G4. By collineations of odd periods the systems of generators are never 
interchanged. On the four fixed generators three points can not be permuted 
cyclically in fives. The three points on each generator must be at the vertices, 


the curve touching one generator and intersecting the other at each vertex. 
The five collineations can be put ia the form 


Ti, Ta; Yrs Ee & y, 5 = 
0x,, 055,, Fy, Pye x, Py, Pz, Ow]? 
where @ = 1. The curve has the equation 
Ly ++ aayy — 0, or ay + 2+ zw -aeu = 0. 


It has, in addition to the above, the five collineations 


( V, U, yis es ? ph 
Pas, a, Oys, yıla Ox a, be, ath, y/a 
The equation belongs therefore to the diedral Gy. 

The corresporiding quintic is 


gy? + yt + nyt + alt? = 0, (14) 


and its transformations are 


Po, y y, 7, and a (aha af aff ss, aay) 


From the equation it is seen that z= 0 is tangent to the quintic at (0, 1, 0) 
and likewise at (1, 0, 0), which latter point is also a cusp. The other node is at 
(0, 0, 1), at which point z--0 is an inflexional tangent. 

All transformations of the group leave the conics a2? + yz — 0 invariant. 
Hach ‘quadric transformation leaves invariant the four corresponding conics 
Past: y= 0 and a*0*xy + —0.: This makes six conics invariant under 
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each quadric transformation. They are projections of the partial intersections 
of F, with certain quadric cones. The straight line intersections, as in (4), 
are not invariant under the transformations. 

From O there are either ten ordinary or five double tangents besides OJ 
and OJ, while from Zand J there are ten ordinary or five inflexional tangents. 

It appears that there can be no cyclic group of higher order than 5. The 
Gio is a subgroup of the generalized icosaedron group or the symmetric Gs 
which remains to be discussed. 

There are five cyclic G, whose generating operations may be written 


21, 9 > Vis JL. = 2, WwW 
Oyi, Pya, Pr, m — bo, =. Fy, He 
which becomes, for the plane, 


Un x TY, —e) 


which transformations will belong to (14) when a5 = — 1. The new quintic 
is then 


2 oy? + y'a + alt — aye? — 0, (15) 


which is one form of the Bring* Curve. It possesses the linear transformations ` 
into itself whose types as given by Gordant for the G4 are 


$1, %, Yis Ys) = & 2, 
— 1, By —Yss Yı — 2, E — T, j 


» Pa, by. Py) = (5 e Py, Pr ie, ), 


and 
C+ ma + RHO P), {ay - esie -n 
(+ Pn 1/0 — 0), {yr (94-09) /(0—6)) 
= (2.4 #4 My 32 (9-0, (P+ Pey T 0+ He +a, 


! 4. 95 M 
ot (O+ My + 2— (P+ Fw, — (+) 4- y — (P+ a) 


* Klein: « Vorlesungen über das Ikosaeder," 
t Gordan: «Ueber die Aufibsung der Gleichungen vorn fünften Grade," Math. Ann., Vol. XIII. 
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These collineations, taken with 
| Q1, Tzs y »)= (C 2, 
ay 774i) 915 Tg —V E wW, —3- 
generate the Gim. The collineations for the plane quintic are 
(e: m, ne ba, éy, 2 l ; n 
| " | | » 
(+ Pet y HO + My + 21, da (P+ y FL Hy + al, 
. l l Z 
a — (P + Py} iy — (0 + 0e} ) 
($9 *» | 
y ; J^, —x2 


17. The space sextic for "a can be expressed in pensum coórdinates 
as the intersection of 


and 


6 i 5 6 
REZ, KE, Az: 
t= i=] i=] 


in space of four dimensions. Since, however, the last equation is linear, the 
curve lies in three-dimensional space, and.one of the coórdinates can be eliminated 
by means of the linear equation. There are then five reference planes 


000, 8 £20, Wy 0, ey ag mm — (ay + oy e+ mu) = 0.. 


The pentaedron of reference is thus a tetraedron: plus a fifth plane which does 
not pass through a vertex of the tetraedron. Any plane is cut by the.four others 
in a complete quadrilateral. Through each of the ten vertices of the pentaedron 
three planes pass, and on each of the ten edges there are three vertices. It is 
clear that the curve belongs to the symmetric G5. 

The collineations which permute two of the coördinate axes are central 


involutions. Thus E | 
Uy €, Ug, U, % 
yy Hg, Wg, Wey X, 


has the center at (0, 0, 0, 1) of the reference tetraedron a and the plane 


of perspective 
mo Ag,.— 0. 
31 
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The plane of perspective cuts c, — O0 in the invariant line y + + a = 0 
on which lie the three invariant vertices (1, — 1, 0, 0), (1, 0, —1, 0) and 
(0, 1, —1, 0). The other six vertices of the pentaedron lie in pairs on lines 
through the center and are interchanged by the above collineation. There are 
ten central perspectivities, corresponding to the ten vertices of the pentaedron. 
Hence the curve lies on ten cubic cones. The equation of any one of these cubic 
cones is obtained by eliminating one coórdinate from F, and F; by means of F; 
and combining the results to eliminate a second codrdinate. The result is the 
square of a cubic in the remaining three coördinates. | 

Now the symmetric Gig or generalized icosaedron group has five octaedron 
subgroups, each obtained by permuting all.the variables but one. Let a,x, 
be the set of variables. Then the quadrilateral in the z,-plane is invariant as a 
whole, but its sides and vertices are interchanged by the collineations. The 
sides are 

| = 0, 3=0, =O, + HH w= 0. | 

The equation of the plane sextic (8 invariant under the symmetric Gy, or 

octaedron group was found to be of the form | 


(xi + a + x) + krig = O. 


The question naturally arose as to what value of & would give.a sextic invariant 
not only under the @,, but also under the Gy). The plane sextic (8") was referred. 
to the diagonal triangle of the invariant quadrilateral. This suggested that the 
equations of S, be referred to the tetraedron whose base is the diagonal triangle 


t+ y= 0, B+ m=O, w+ =, 
and whose vertex is the pole (1, 1,1, — 4) of z,— 0 with respect to F;. 
Denoting the new coórdinates by x, y, z, w, the transformation of toördinates 
may be written | | | 
TI a, Y, 2, 2) 
2 + 2z.-d-x,, 2a +28 4%, 2 +2, om, MS’ 
or 


T=( v, v. Vg; Ti 
—\—-z+y+2:—- w, $—9--2—w, x+y—zs— w, 4w’ 


The equations of S become 
BeSeA+Pf4+274+57=0, _ 
F; = bu? — w(z? + y + 7) — 2zyz = 0. 
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The last equation combines with the preceding and reduces to bw!— zyz = 0. 
Hliminating w, we obtain a sextic 
(P+ of + B + boty = 0, (15) 
which may be regarded as a sextic cone containing &, or as the plane projection 
of S, from a vertex of the new reference tetraedron upon its opposite face. 
18. One of the collineations of period 5 may be written 
Rz=[" Vas W, W, ym l $i. | Tas Wp, "17 
Ws, Ty, Wo, Ve, U —(% + Xo + dem), Ti, To, % 
This operation transformed through 7 gives 
- - 2 w 
HITURTI nae pole aii —8e-+y—2—5w, EN i 
To project this operation upon the plane w — 0 from the opposite vertex of 
the reference tetraedron, we may substitute the value of w in terms of z, y, z 
obtained from’ Fy and Fi that is, w = — xyz] (a? + yi +2). Then R' for 
the plane is 


x, y; 
(«+ y + 32)(x? + of? + 2) — Bayz, (x — 3y — 2) + y 9) — Bayz, 
2 


(— 3s + y — Jr + y+ 2) — son)" 

The basis points of the transformation are at (0, 1, + i), (1, 0, +4), (1, +4, 0), 
which points are cusps on the sextic. To the point of intersection of two lines 
will correspond three points of intersection of the two corresponding cubics. 
Hence the transformation is birational for the curve and.not for the whole plane. 
We have thus an-example of a periodic Riemann transformation. 

Others can be obtained of periods 2, 3, 4 and 5 by the same method. The 
following one is of period 2: 


f 


CMT, "e PS 
(— ay + 3823 +) , 


which comes from 
7, %, %, Ti; D 
Li, Ley Lgs Vs, TZ 


The other nine of period 2 are linear. "Thus 


Ti, Toys Vg, X4, = corresponds to 0G ,, 2 ) 
Lis Ley €, U, % y, €, —2/ 


" 
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_ Twenty-three operations of the G4 are linear, and the remaining ninety-six 
are Riemann transformations differing from those given above only in the signe; 
and the position of the coefficient 3. 
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19. "When the space sextic lies upon a cone de of. the ee | order, the 
projection from a point A on the surface will be either a tacnodal quintic or a 
sextic with three branches which have a common tangent, according as A lies 
upon or without the curve. 

Let the tetraedron of reference be ABCD, with DA and DB generators of 
Ky, and DAB the polar plane of DC with respect to $. Then_ the ng 


of Ay 18 
.*y—2$-0. 


When K, is projected from A, the transformation may be written 


( qg, y, 2, W ) 

er, y, ay, y'a! l 

The plane section : 
| ax + by + ez + dw = 0 


18 thus transformed iuto the conie 
az. by? + cx De 


which is tangent to y =0 at a= 0. The — À OIJ of the euo Unos idee 
are at the intersections of AB, AD, and AC, with the plane of projection. For 
simplicity in writing, the accents will be dropped from the plane coördinates. _ 

The pencil of planes through AD defines the system of generators of Ky. 
They project into a-pencil of lines æ = ky, each line of. which cuts the curve in 
three points besides those. at Z, thus defining a point-group series ji 

All other sections: of K, through A have as images lines which do ot 
contain. ‘When. A is not on 54, these lines cut the plane curve C, in six 
variable points, and define a gj. When A is on $,, its image 'is at A’, the 
intersection of the tangent at A with the line IJ. 

The space sextic S, is defined by the quadric cone K, and à pubis surface ef. 
The equation of the cubic surface may be written : 


Lr J v yr 2) + sofa (2, y; 2). + fala, y, 4) = 0. 
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This is easily transformed .to a cubic in which there is no second term. It is 
therefore written 


wide wage? + ayez + as F aye + agt agey) + byt? + Data +. bat 
+ dab + bay + bugs + by? + baty + bay? + bays = 0. 


By combining the above with the equation y=, four terms, viz., agxyw, 
by, bgey* and bxyz, can be united' with other terms. The SAAL is thus 
reduced to the form — | 


Fw + wag + ais ag + age + aq) + bat + bate + bar 
| ERWEITERN 
which, taken with K,, defines S,. 


The above projects into 


my) + pÈ aay + Z dat 5 = 0, 


an equation of a plane sextic with TRUM en tangent to the y-axis at I or 
(0,0,1). When, however, b, = 0, the factor y can be removed and the quintic 
will have a tacriode at J, tangent likewise to the y-axis. uc 

The problem now is to find All collineations which leave K, and Ps invariant’ 
and to derive the corresponding plane transformations. ü 


30. The following central involutions leave K, invariant: 


Bs y, ?, D w= y, 2, S) Ges (n y, % w 


v, Zy W — g, 2; wW T, y, —2, w 


T. a fourth, , | 
Su 
v, y, z, —w 


The. last i is s discarded, because it can not leave Fy invariant, except when flay) 
vanishes identically, which. happens only when the genus is less than four. 
These transformations project from A into E 


5 M" 


` an I MET E . 2 5s NE. 
| G T vs 2. C e E ph 
a, , yz TY, i yz A y, BF TONS 


respectively. , 
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. Three axial involutions are generated by the four central involutions, viz., 
ipas—/ v, Jy 2, y, z L, Y, Z, ww 
= —g, <y, 5 2, s o) Fez y, 2, &, 2, A Eris -( 2, —2, wj? 


viii project into ` 


Hu EUM ar ER 2 |)? Er. = P 


The reason for using the exponent 2 with E, F,and G will appear later. 
The cubic surface F; also is invariant under @* when 


4, = 4g = b = b; = by = 0, 
and the equation is 
w® + w (agi? + as + ag) + bye? + ba? + Bye? + bg = 0, (1) 
or, in the plane, 
y + yal ange t a H ayt) + byt + bat + bayt + dy? —0. (1) 
. The. coefficients b and 5, can be absorbed by change of scale. | 
From the center O or (0,0,1,0) there are six tangents to (1), and their 
points of contact are on the œ- and y-generators in the invariant plane z= 0. 
These project into tangents from J to the plane sextic (1^) at J and at the three 
other points in which the curve intersects the «x-axis. There are also Bix 


bitangents from J, which make up 18, the class of the curve. 
When, in 75, a, = as = by = b, = b, = 54 = 0, the equation is 


a bw (age? + a + ag) + baz + dy? + by = 0, (2) 


an equation invariant under the axial homology E? F?. It projects into the quintic 
y + 2 (a Hay? + auf) + bah + Beh? + bey = (2^) 


The plane quintic (2) has an inflexional tangent at O, an ordinary tangent 
from O to the point of intersection with the y-axis, and six bitangents from O. 

31. To obtain a four-group of the first kind, with two central and one axial 
involution, one may find the condition that H* shall leave either (1) or (2) 
invariant. The former yields & sextic; so the latter is an as being the 
simpler. The equation then is 


9 elu +H) Fa ha e) eio ^08) 
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The plane curve 18 
y? chal + y) + af + bo jf) Dem (9) 


Hither b, or 6, can be divided out and absorbed in w. 

The vertices V; and V, of the two cubic cones of perspective for (8) are on 
AB and project into O. The curve (3" passes through O, and the tangent 
ag + b= 0 is an inflexional tangent at O and an ordinary tangent on the 
` y-axis. This tangent is the image of a double osculating plane aw + bz = 0, 
which is an inflexional tangent plane to both cubic cones. 

An equation invariant under a four-group of the second kind may be 
obtained from (2) by finding the conditions that it be invariant under F*@*. 
The "nn thus reduces to 


wu + wlat y’) + ag] + belo? — yo?) — 0. © (9 
PE + 2 |ay(a* + yt) Hay} + bya (at — y^) = 0. (4) 


The last coefficient reduces to unity. 


This gives 


This quintic has an inflexional tangent agz— bx = 0 which is not tangent 
a second time to the curve. 

From (2) is also obtained an equation invariant under a diedral group of 
order 8. The generating operations of a cyclic G, which leaves A, invariant 


may = written 
= a y, idi io): 


(e hoe), 
x, wy, —z 
Equation (2), if invariant under EF, reduces to 


wig ao + (ba + by)=0, > (B) 


which projects into 


which is manifestly invariant also under E? and P". This projects into the 


quintic ) VM 
y^? + aea + alba + by) = 0. (5’) 
The last two coefficiente can be changed to unity. | 
. To each of the five preceding groups there is-+a corresponding group in $1. 
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92. There is also a cyclic group of order 4, whose collineation of- period 2 
is the central involution G?. Its generating operation is - 


G = ( Cy, Se E 
aS = Y, 32, W 


z, y, : 

tt, y, 2 ) | 

This differs essentially: from the last group, which contains an axial involution. 
The equations belonging to this group are 


P E rag) tg i (6) 
yA + a (agr + ay!) + baty t= (9) 


The doelen a] and a, can be absorbed. There i is no corresponding equation 
in’§1. | 

The center of the Ter is at T The TURN az + by = 0 has contact 
of the fourth order. This counts as five tangents and JI counts as two. There 
are, moreover, from J, three tangents to points on the T-AXİB, each with contact 
of the third order. . ae | cm A pu 

93. The transformations | 

A,= zi y, 2, v 


arn, ay, % w 


which projects into . 


and — 


where a? = 1, form a cyclic G,. Here every point of the polar line Ly = 0 
is invariant. The plane transformations are of the form 


(2 y, EN 
E QU, 2 z). 
The subscript y distinguishes this transformation from one following, where the 
axis of homology is the x-axis. The equations are 


w + agw t b E by theato c0 7 07 0577 7 (0) 


ddiin abioi NM - (7) 
‚The three central involutions. ^ ^ De: m 


and 


| i -— f I y, 2 wv 
2 = C aber, bebe, at) : 
respectively Ä A 


$, ` Y a y; m 
IE x Par (ast ey, et, bebtyz/? ... 
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leave the curves invariant. Hence they belong to a diedral G;. The three 
centers of perspective Vi, Vz, V, lie om AB and project into O. By a change 
of scale the coefficients of a? and y? can be reduced to unity. This simplifies 
the last transformations. The planes of perspective then become z— oy = 0, 
which project into the lines 2 — o7? = 0. 

This curve haà six tritangents from O, as there are six planes through AB 
tangent to all three cones of perspective. The sextic (6), §1, corresponds to 
this one. 

When, in (7), 5, — 0, the central involution G? leaves the curve invariant 
and the group is a diedral group of order 12. The equations are 


w+ arw + 2? 4- 3? — 0 (8) 
ye + aty tH x 4-0 | (8/) 


24. There is also a cyclic G, which leaves invariant all points of the 
x-generator. Its transformations are 


HE (A, x oo) 


oar OY, ?, QW 
S, y, : 
(a, y 2)" 
u? aw (aye + ag) + br! + dey? + by? = 0 (9) 


PEA fala? + ay?) + bg? + by? + by = 0. (9) 


The coefficients b and b, can be absorbed by change of scale. 

Attention has been called to differences in the space transformations H, 
and H,. The corresponding plane homologies differ merely in respect to the 
curve; the one has a secant through the singular point as axis of homology, 
while the other has the tangent at that point as axis. 

If, in equation (9^, the function /,(z, y) be the sextic covariant of /, (x, y), 
the equations, after absorbing coefficients, may be written | 


u? + awlas + 3?) + à? + 202 — 83? = 0 | (10) 
PE + ayes (a? + y?) + a^ + 2025) — 84^ — 0. . (107) 


and 


which project into 


The equations are 


and 


and 


32 
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The space and plane sextics are left invariant by the four-group whose 
respective transformations are the following: 


( x, : y, 2, © W ) 
x + 4y—4e, x +H yt, —x+ 2g +2, — 3w 


and | ! 
( i NE y. ; 2 ) 
i: (—2x + 2yYs + y), (+ yy, —3yz/" 
( Ly y, . 2, w ) 
NOx + 4y — 4o2, ox + a®y + 22, —x + 20y + 0%, — 80*w 
and LS | | 
( T, Y, 2 ) 
(—ow + 2y)(o'c + y), (ot + ay)’, — 3o'ys/" 
( T, Y, By led ) 
ow + 4y — 4c?2, x + oy + 292, —o*x + 2ay + 2, — dot 
and 


( . 2, y, g ). 
(2y -—e'z)(ay--z), (ey -F xy, — 3a*yz 


. The group is therefore the tetraedron group generated by the above four- 
group and the preceding group of order 8. —— 
A cyclic @, can be ohtameg from the transformations H, and GR. Their | 


product gives 
(a, oY, 4 o) O (4, 0 y, * pl 


and the equations are 


w? + agw + by? + bay? = 0 (u) 
y^ + aga e bya? 0, . (11) 


where b, and b, can be absorbed. All points of the x-generator are invariant. 
A cyclic Gy is obtained whose transformations may.be represented by 


B a 2, 
G mr 4, = Lez y, WZ, Ec d es A — iy, iz i 
The equations for this group are | 
v? + agro + bg? — 0 | | (12) 


Para; ~~ .  . (19) 
and both coefficients can be absorbed by change of:scale. 


and 


and 
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| 25. For the cyclic Gs we may have 
g, y, % w z,.9, 2 
(nn) 
where 0-1; and the equations are 
w + agw + bys + by — 0 ^ (13) 


The coefficient 5, can be dropped. 
This is a subgroup of the cyclic Gio whose operations are 


ies (s, " bs, u) oF C — z 2 


with the equations | 
w + ago + bèz = 0,. (14) 
yg + agyz + ba? — 0. (14') 


Here both coefficients can be changed to unity. 
26. In the following cases f, (x, y) vanishes identically. There will dwa 
be a central collinestion of period 3, viz., 


$, Y, 2, T, y, ? 
Ha ahy Gee ow) *' (oY a 
The equations are 
id tod DEE a are ny ey Se aen | (15) 
ye + Ebay = 0. (15/) 


and 


and 


The following equations, with their transformations, arise from special values 
of the coefficients 5,: 
w + bu? + bu? + dye? + baf = 0, (16) 
PER + bya? + Dua? + bayt + by? = 0, (16') 
whose transformations are @ respectively G/?, which with H, respectively H, 
form acyclic G,. The accents as before. are used to denote the plane trans- 
formations. The coefficients b, and 6, can be absorbed. 


The curve - 
| w? + baa + bg? + bays = 0 (17) 

has the axial involution E*F?, It projects into | = 
y + ba t bay + bayt = 0. (17) 
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Now as b, and 6, can be absorbed, the transformation Æ°. belongs to the group. 
The group is of order 12, with a four-group and three cyclic groups of order 6 
as subgroups. | | 

If, in (16), bs =b, and b= ba, we have | 


w” + a? +o? 4 bee + y) — 0, (16a) 


with the transformations Æ, Gand K. This sextic belongs to a Gy, of the same 
. kind as that for (17). It projects into a sextic. 
There is also 


w + box? + by? + by? = 0, BEN (18) 
with the transformations H,, H, and H,. It projects into | | 
Vo + box + bay? + by’ = 0. (18!) 


Since b and b, are reducible to unity, there is also the central perspectivity E. 
Thus & group of order 18 is generated. 
When 5, = 0, the equation 


u + bl + y) —0 | (19) 


is invariant under the perspectivity G^. It projects into 
ya + b(a? + 49) — 0. (19) | 


The group is a Gis, with the above G4, a8 invariant subgroup. We can absorb 2. 
wen, in (17), 5, —0, we have: | 
w? +. a(@ + y) =O, | (20) 
| takt), X (20) 
with the transformations EF, respectively E'F'. These equations belong to a 
Gg with the Gig as invariant subgroup. 2 
Last of all there are the equations " 
ur + bare + by’ = 0, | (21) 
yy + bye? + ba = 0, . (21!) 
where 5, and b can be omitted. These curves belong to à eyelic G generated 
by H,, Land H,, I/ respectively. 
27. We have seen that space sextics of genus 4 may be projected into 


_ plane sextics with six distinct double points if the center of projection be selected 
without the hyperboloid or cone. The double points moreover will lie on a 
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conic.* Thus if three of the double points are collinear, the remaining three 
must be either collinear or coincident. 

Any Q with six distinct double points can be SE by aid of adjoint 
cubies into a quintic with two nodes either distinct or coincident; thence, by 
projecting from the corresponding space sextic, into a C, whose six double points 
lie on a conic. 

The plane sextic with two distinct triple points may be inverted into a 
binodal quintic if the triangle of inversion be chosen with center O at an 
ordinary point of the curve and the vertices Jand J at the triple points. The 
equation of the quintic then is | 


c xy, 2) sb ey, z) T xyfely, 2) + y PalY, z) zx: 0, 
with nodes at (1, 0, 0) and (0, 0, 1)., 

" This may be transformed to a new reference triangle with vertex O' at a 
node, and J’ and J’ ordinary points of the quintic collinear with the second node. 
By inversion a sextic is obtained with two double points and a triple point 
having two of its branches tangent. The triple point thus counts as four double 
points. The transformation from the original sextic is of order 3. 

The binodal quintic may likewise be inverted into a sextic with a triple 
point and three non-collinear double points by selecting the triangle of reference 
with O' at a node and J’ and J’ at ordinary points on the quintic not collinear 
with a node. Two of these double points unite in a tacnode when one of the 
vertices 7! or J’ is at the point where the quintic intersects the line which 
joins the nodes, 

The plane sextic with two éoineident triple points may be transformed into 
a quintic with a tacnode by using the quadric transformation with OJJ coin- 
cident: at the tacnode and a base conic tangent to the tacnodal tangent. The 
arbitrary constant of the quadric transformation is so chosen that the transformed 
curve will be a quintic. 

Finally, if the triangle of inversion be selected with O at the tacnode and 
I and J ordinary points.of the curve, such that neither OI nor OJ will be the 


tacnodal tangent, the inverted curve is the sextic} with a triple point at O and 
three double points on LV. 


` * Halphen: Mémoire sur la Classification des Courbes gauches algébriques, Journal de i' École Polytechnique, 
cahier LII (1883), pp. 1-200. 
4 L. Kraus: Note über sussergendhnlich Specia grana auf algebraischen Ourven, Math, Ann., Vol. XVI 
(1870). 
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A sextic with a quadruple point possesses a g}, is eperetore hy perelliptic 
and — to the wi gection. 


83. The Hyperelliptic Curves. 

. As was noted at the beginning of this paper, the hyperelliptic C, (4) 
can = 7 transformed to a Cs. For when C, is hyperelliptic, m S: p + 2, or, 
in this case, m $6. Reducing the equation to the canonical form y= DS 
gives y* = Ful) or, in — coördinates, 


ye = 2 m (1) 
which admits the transformation > —— "TN 
= T, y; 2 
| pee u TY, J l 
If the coefficients of the odd powers of æ all vanish, the equation 
pea ae: ae an hee ele . (2) 


belongs to the four-group whose operations are 


Le y, 2 Jj 


When a, = a, a, =a, and a, = a, the curve | 
zy = ay (a? + 2!) + as (af + af) + a (PA pat) (8) 


‘ possesses, in addition to the above four-group, the transformation 


= (#3 yt 2) 


an operation of the second order commutative with the other operations, and 
the equation belongs therefore to a diedral G. 
When, in (3), ag = a, = 0, the equation 
y^ = ay (a?! + 2) (4) 


possesses, in addition to the above transformation of Gh, a cyclic G4, whose 
operations are | | 
—f*y,9 
Sl, y, ;) , 


"where 0! — 1, and the group of the equation is of order 40. For consider the 
generating operations R, © and 7. There are ten operations of the form SH, 
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including R itself. There are nine more of the form RS, but they are the same 
as those of the form SRT and must not be counted twice. There are ten of the 
form 8, including identity. These twenty operations, combined with 7, form 
the G4. 


Returning to equation (1), it may be that 4s = = yon for n= 1, 2, | , 10. 
The equation is then of the form 


y^? = g(a + 21) + ayez (a? + 2) + aga (a* + 2°) + let + fr 
| + at (a? +- 27) + a, (5) 


which is found to possess the transformations 7 and E. of the above group, but 
not ©. This equation, like (2), belongs to a four-group, and it reduces to (3) 
with the diedral G, when a, = a, = 0. 


If a, = a, = a4 = a, in equation (5), we have 
ya? = ax + 2) ta, | - (6) 
which possesses the subgroup, a cyclic @, with generating operations | 
= (à Oar, ^ B : 
where 0 —1. ‚This equation has therefore five transformations Q,E, including 
R itself, five of form Q, and combining with T a group Gy is found, a subgroup 


of the Gu in equation (4). While B and 1g are not commutative, it is clear 
that Q, E = EQ. 


If the equation had the form of (6), except that the coefficients of x? and 210 
are unequal, then 
ye ag + auk tag 7) 


has the transformations Q and T, but not E. Hence the group is a cyclic Gio- 
If the curve be reduced to the form 


Pny] or y'g = a? AA, | (8) 
the curve has | i 


v, y à 
mx, +y, g/? 


m - vo x " -- "a aur 
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When the equation is of the form | 
y? — c (a? +1)or y! = z(a? +), (9) 
it has the transformation R, and also 
LICEAT 
where n—1. The operation V is of period 16. The operations V and R are 
not commutative, but any product E V is one of the products VR, and the square 


of either is 
j 
ud n5, = d 
which is identity or 7, according to which one of the sixteenth roots of Funds n 
is. The operations are V* and E V*, where ¿= 0, 1, , 15. The group isa 


Ga, neither diedral nor cyclic. 

In closing, let me state that in certain cases details have been given which 
might have been omitted had Wiman’s paper been more easily accessible to the 
reader. 


CORNELL UNIVERSITY. 


On Some Loci Associated with Plane Curves. 
By Dr. C. H. SISAM. 


1. Let there be given two algebraic curves C and.C,, lying in the same 
plane. Let ¢ (Fig. 1) be a tangent to C,. At the points of intersection of t 
and C construct the tangents to C. Then as ¢ describes tbe system of tangents 
to ©, the points of intersection of the tangents to C describe a locus, some of 
the properties of which will now be determined. This locus will be referred to 
as the locus Cj. The given curves C and C, will be supposed to have only the ` 
ordinary point and line singularities and to lie in general position with respect 
to each other. 





Fig. 1. 


2. To determine the order of C], consider first the particular case in which 
C/ reduces to the pencil of lines through a point P. The locus so obtained is a 
direct generalization, to curves of order higher than the second, of the polar of 
a point with respect to a conie, according to a frequent definition of that locus. 
‚Let it be referred to as the locus C7. 

3. The equation of Cp involves not only the current coordinates (a, y, z) 
of a point on the locus, but also the coordinates (X, y', 7) of P. Its order in 

33 
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(x, y’, z) is* 4n(n—1), since it is the equation of the cords of contact of the 
tangents from (a, y, 2) to C. To determine its order in (a, y, z), let a! = pz, 
y=py, ?=pz. We then obtain the equation of the locus of the points each of 
which lies upon its own 0, loeus. To this locus belongs each double and 
inflectional tangent of C. Every other point of the locus must lie upon C. 
But € is an (n —1)-fold component of the locus, for, if P lies upon C, the tangent 
at P is an (n—1)-fold component of Cp. Hence 


$n (n —1) -- mp =T + m(n — 1). 
Solving for mp and simplifying by means of Plucker's equations, we obtain: f 
| | mp = (m — 1) (n — 1) — p. | 
This expression is unchanged by duality. If, in fact, we denote by C; the dual 


of CL, it follows immediately from the definition that mp nj. 
4, Returning now to the locus Cj (paragraph 1), we have: 


m = n, [(m — 1)(n — 1) — p]. 
For, each intersection of C; with an arbitrary line / is determined by means of 


a tangent to O, which touches the locus C; corresponding to ?, and conversely. 
The number of intersections of Cj and / is, therefore, 


m; = my = = n, [(m —1) (n — 1) — p]. 

5. The locus Cj passes through the point of tangency to C of each tangent 
common to C and G; and at each of the remaining intersections with C of these 
common tangents, Cj has a point of inflection, the inflectional tangent coinciding 
_with the line tangent to C at the point of intersection. 

6. ‘For, let 2=0 be the common tangent, (0, 0) the point of tangency 
to C, and (0, 1) the point of tangency to O,, the coordinates being non-homo- 
geneous. Let the equation of the tangent to C, in the neighborhood of c — 0 be: 


z--iy—t--at? 4-810... 0. 


* The following notation will be used: Let m be the order of O; n, its class; d, the number of its double 
pointe; x, of its cusps; r, of its double tangents; ; of its inflections; and p, its genus. To distinguish the 
corresponding numbers for another curve, as Cp, subscripts and indices will be affixed; e. g., mp is the 
order of Og. 

+ The locus Of was mentioned by Steiner (Gesamelte Werke, Vol. II, p. 509, No. 5). He points out that its 
order equals the class of the dual: locus, and states, without proof, that the class of the dual locus is 
mm —1)(2m — 8) (ib., id., p. 589). This result is correct, provided that C has no multiple points. Bporer, 
in an article in tho Mathematisch-Naturwissenschaftliche Mitteilungen von Dr. O. Bokien, VoL III, pp. 56—58, 1890, 
attempted to prove Steiner’s formula. His proof, however, is incorrect. For example, his proof is based 
largely on &n.auxiiary locus of class m! which is affirmed to have m (m — 1) double tangents, all passing 
through one fixed point. 
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Let the — of € in the neighborhood of the origin be: 

v = s y =a8s 4 bs? + ca? +H. 
where a0. The equation of the tangent to C at the a whose — T 
8:018, Auen: oys =w (a + 2b8....) aP — ost... 


In order that the point of C whose parameter is s lie on the tangent to G 
mane parameter is 4, we must have: 


8? + tlas + ba....)—tpat?.... =0. 
The relation between s and ¢ in the neighborhodd of s= t= 0 is, therefore: 
a a? — 4b — 4a 
md", get MESE IDEE i esas 


To the values + t! corresponds the same value of t, but different values of s. 
They therefore determine two points of O lying on the same tangent to C. 
Substituting the two values of s so obtained in the equation of the tangent 
to C and determining the intersection, we obtain: 


= —14+ (+t +b +a) tt, 


feinen 





y —-— 


This is the equation of a branch of C/ passing through the origin. It should 
also be noticed, for the proof of a later theorem (see paragraphs 10 and 15), 
that, since the coeficiente of the first power of ¢ do not vanish, the origin is not 
a cusp of C. 

7. In order to show that, at each of the remaining intersections of C with 
x = 0, Cy has an inflection, let (0, a), where 1 ta’ +0; be another intersection 
of 0 with x=0. Let the equations of C in the neighborhood of (0, a’) be: 


gr, y — a! - Ur er? ON 
From the condition that the point whose parameter is r lie upon the tangent 
to C, whose parameter is ¿= (/*, we obtain: 
r = (1— a!) t? + (a b! — 9 —a)t'* ..... 
Substituting in the equation of the tangent, and solving as simultaneous with 
the equation of the — M whose parameter is 8, we obtain: 
2 a! an [44 a; f is 
pem aaa Pe. — O — b) — a! — 1 d TERTE 


=a Eyre | te aia | gj... 
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The ‘tangent to this branch of Cj at (0, a is y — a! + b/a, which. coincides 
with the tangent to C at that point. If, in this equation of the tangent, we 
substitute the above expressions for x and y, the coefficients of the powers of t', 
of degree less than three, vanish. Hence, y =a' 4b x is an inflectional tangent 
to Ci. Since a generic line through (0, a’) meets the curve in only one point, 
(0, ai isnot a cusp (see paragraph 10). 

8. The tangents to C, in the neighborhood of a tangent passing through a 
node determine, by their intersections with C, a branch of Cj having a cusp at 
the node of C. Hence, at each node of C, C! has n, cusps. For, let (0, 0) be 
(8 node of C and w= 0 be a tangent to Cj. Let the equations of C in the 
neighborhood of (0, 0) be: 

z —8, y=as+bs’+os°....; 
=T, y =d r+ br 4er’... 
The tangents to the two branches being distinct, a +a’. Let the equation of 
the tangent to €, be as in paragraph 6. Imposing the condition that the points 
s and r lie on the tangent ¢, we obtain for the locus of the points of intersection 
of corresponding tangents to €: 


z= = bE ia. loa Nowe) u b/)+(6— a 


dba 


* 


Hence C/ has a cusp at the origin. 

9. Through each cusp of C pass n, simple branches each touching the 
cuspidal tangent. For, let the equations of C in the. neighborhood of.the 
origin be: ; 35 

P c = 8?, y=zas®+bet+...., | 
the equation of the tangent to C, in the neighborhood of x = 0 being as in 
paragraph 6. Then the locus of the points of intersection of the aa to C 


at the points un lie on the same tangent to C, is found to be: 
jee a 


These are the equations ‘of a branch of C/ having the origin for a simple point 
and touching the cuspidal tangent, y = 0, at that point. _ 
10. We have already determined (paragraph 8) ôn, of the cusps of Cj. 
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The total number of cusps of C; will now be determined. For this purpose, 
it will be convenient to distinguish several cases, a number of which have been 
discussed i in the four paragraphs immediately preceding. 

11. Consider next, therefore, the form of Cf in the neighborhood of the 
point of intersection of a cuspidal tangent to C and the tangent at another 
intersection with O of a tangent to O, through the cusp. In addition to the 
data of paragraph 9, let z — O0 meet C at (0, a’) and let the form of C in the 
RM: of (0, a!) be: | E | 

ta | ser yoa + Ort dr? cen | 
We may suppose, it being projectively no restriction, that b +0. The equations 
of C/ are then of the form: 


a 8 aa! 
e = — 7y ap 6t 
] P 
y T 


Hence g? does not have a cusp at the point of intersection of the cuspidal 
tangent with the tangent at (0, a’). 
12. Consider, next, two branches of C = equations are: 


q — 8, y=zatbs+tcs’+....; 
| sr, EEE E 
where a = q' and bb, the equation of the M to 6 being as in para- 
graph 6. It. will now be determined under what conditions the tangents at 
(0, a) and (0, a’) determine a cusp of C. 
13. The locus of the point of intersection of corresponding tangents is: 


Zytel- a) ppp t 
—ab = 
y we 2 [9 (1—a)— b0 (1— ay] le j»' Tees 
If this branch of C? has a-cusp at ¿= 0, the coefficients of the first power of t 
must vanish. But ata’ and 640’ "onn the conditions for a cusp reduce to 
c (14 — a) — 0, e (1— a!) — 0. 
But c= 0 or c = 0 is the.condition that one of the two branches of O have a 
point of inflection on x= 0, and a=1 or a'—1 is the condition that one of the 
two branches pass through the point of tangency (0, 1) of z—0 to G. Since 
C and C, are in general position with respect to each other, the above two 
equations can not be satisfied simultaneously. 
l 
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14. There still remains to be considered the case in which «=0 is an 
inflectional tangent to C,. Let the equation of the tangent to C}, in the 
neighborhood of the inflectional tangent cg = 0, be: 


z-4-0Uy—15 8105 --....— 0. 
Let the equations.of C, in the neighborhood of two of its intersections with 


en ee e=8 . y-—a-r-eos&4-....; 
esr, yzr+cr’+...., | 
where 0 a-l.. Then the locus of the point of intersection of corresponding 
tangents is: | 
z-:a-d-2a(c-Fc—ac)t—28a(e—c)t* ...., 
y =a + 2ac(1—a)t* —208act* ..... 


Hence, Cj has a cusp at the point of intersection (a, a) of the tangents to O 
at (0, 0) and (0, a). Hence, each point of intersection of the tangents to C at 
- the m intersections with C of each inflectional tangent to C, is a cusp of Ci. 

15. Hence, in general, the number of cusps of C/ is: 

x; = nó +4m(m—1)u. 

16. The genus, p/, of C! will next be determined. For this purpose, the 
following auxiliary locus will be used: Let g be an arbitrary line in the plane, 
and Q an arbitrary point on it. Draw the n, tangents from Q to C,. These 
n, tangents to C, determine à à; m (m — 1) points of C/. Draw the lines joining 
these 4n,m(m —1) points to Q. Then the auxiliary locus in question.is the 
locus of these joining lines as Q describes g. This line locus is in (1, 1) corre- 
spondence with Cj. Hence its genus is equal to that of CJ. 

17.' The line g is an m/-fold line of this locus. For, each intersection of 
Cy with g determines a line of the locus coincident with g. Through an arbitrary 
point of q pass 4n,m(m—1) other lines of the locus. Hence the class of the 
envelope of this system of lines is mj + 4n, m (m — 1). | 

18. At each intersection, Q, other than the points of tangency, of q with 
the envelope of these lines or with an inflectional tangent of the envelope, two 
of the 4 n, m (m — 1) lines through Q' become consecutive, and conversely. But 
if-two of these lines are consecutive, the corresponding points of C/ must be 
consecutive. This may happen in either of two ways. First, points determined 
by different tangents to C, from Q may become consecutive. The two tangents 
to C, which determine them must then be consecutive. There are m, +4 
points Q at which two of the tangents to C, become consécutive. At each of 


EL ee ee ne an a = 
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‚The tangent at the point whose parameter is ¢ meets C again in the neighbö 


hood of the cusp and also in the neighborhood of (0, a^. The locus of the po: 
of intersection of the tangents at these two points is a branch of €! who! 
equations are: 


eui 3a 9a! (E — b) a l , " 
g nU t sate, 


y= ad — 2% ye + re 


Hence C' touches C at (0, a’). It should also be Je noticed that this point is n 
a cusp of C. | 

27. At each intersection with C, distinct from the inflection, of eat 
inflectional tangent, O' has a ramphoid cusp. For, let the form of C in tl 
a of the point of inflection be: 

WEL, y=zat+bi?tet+...., 
and in the neighborhood of (0, a’), be: 
C8, =a + 8? + 

The tangent at the point whose parameter is ¢ PB by its intersectio 
with O in the neighborhood of (0, 0) and (0, a^) a branch of C' who 


equations are: 


125a! — 16a? 
amy rp ee 


icons 


Hence the DEE form of Ci in the neighborhood of (0, a’) is 
y — a — Mr? zz Na, 


‘where M and N are constants. Hence C’ has a ramphoid cusp at (0, a’), t 


cuspidal tangent being the tangent y= a! to C at that point. 
28. We have, therefore, in general, for the number of cusps of C’, t] 


expression x! = $(n— 4) + 3. (m — 2) (m — 3). 


29. The genus of C’ may be determined in a manner analogous to that I 


which C/ was obtained (paragraph 16). On an arbitrary line q take a point | 


Draw the n tangents from Q to C, thus determining 4n (m — 2) (m — 3) poin 
of C'. Join these points to Q.. As Q describes q, these joining lines enveloj 
a curve of class m/-- 4n(m— 2) (m —3). The sum of the order and of tl 
number of inflections-of the envelope is | 
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Hence the genus of this envelope, that is, the genus of O’, 


pl =4(m+ ı — 2n) (n — 2) (m —3) +4[2¢ prea — +1 

30. With the assistance of the locus C' or of its dual, it is possil 
determine the number of tangents ¢ to an arbitrary algebraic curve C such 
the tangents to C at two of thé intersections of't with O meet at a po 
which lies on C.* Every such point T is evidently a point of intersection 


N 
CN X 
& z T T (! ~ 





' Fio. 2. 


and C', and every such line? is tangent both to O and the dual of C'. 
number of points of intersection of C and C' is: 


m in[(m —1)(n—1)—p] —4r— 3: — m (2n — 3)}. 


From this number should be subtracted the number of intersections due 1 


singularities of C (paragraphs 25- P The resulting number of points 7 
tangents ¢ is: 


mn [(m —1) (n — 1) — Pl m (2 n—3)—8mv—Tmi- 
—4n8- 165 —3nx-F 16x - 14g —2mx 4-12 
31. The nner in question’ can also be obtained by subtracting fror 


total number of common tangents. to Cand the dual of € the number of cot 
tangents due to the singularities of C. We are thus led to the expression : 


: mn [(m —1)(n —1) — —pj—42?(2m—3)—8ón—"nx © — 


Ame + 167 —3 mit 16i4- 149— 2ni4 12x 
This expression is equivalent to the preceding one. 


* On certain algebraic curves, every point ‘has the property in question. In this case C itself is 


ponent of C’ and of its dual. Weil has shown, in the Nouvelles Annales de Mathématiques, Ber. 8, V 


pp. 98-95, that, in the case of the curves y* = 2P, if any tangent, t, to the curve be drawn and, at the 


' of intersection of £ with the curve, the tangents to the curve be u then all the points of inte: 


ot these tangents lie on the given pupae: 
i 


: Plane Sections of a Weddle Surface. 


By F. Morey AND J. R. CONNER. 


——— 


$1. An Equation of the Sur face. 


The Jacobian of all quadries on six given points of space is a Weddle 
quartic surface W; that isto say, W is the locus of points x, y apolar to all 
quadrics on the 6 points. 
= We use the symbol :: for “is i are apolar to." The 6. points determine 
a norm-curve N, which may be given by " | 

t= 1, v = — t, c, — f£, t= — Ë. (1) 
The points are then defined by a sextic equation 

= (at) = 0. 
The quadrics on the 6 points are a 3-fold system, built on- three containing the 
points of N, namely, | 
gn = Oh, agn = my, ma ad, 
and one other not containing the points of N. That other is chosen which : : all 
quadrics on the planes of N. We speak of this as a quadric (of points) orthtc 
to N.‘ It is uniquely defined when the sextic q is given and may be written 
(am) | 

The quadries which :: all quadrics ‘on the 6 points are then quadrics (of 
planes) which are orthic. fo N and also :: (az). — 

Now if we have a quadric of points (ax)? and a quadric of planes (a£*, both 
orthie to .N, then it is to be shown that the binary sextic defining the points 
common to a and N :: the sextic defining the planes common to a and N. This 
we shall prove anal yuen If (a£y* be orthic, then 


do = Gu, dep = du, yg = das (2) 
The binary sextics are 


(as? + 3a,f + Sat + as, (as — at + as — — 
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Bearing (2) in mind, the apolarity-condition of these sextics is 


ate + Baar + lol + 20) + Zay(05 + ae) 
+ aalas + 2055) + 205555 + atas = 0, 


or . 
(aso + Aya + aaa + aga)? = 0. 


That is, the sextics are apolar if the quadrics are, and conversely.* 

We have now a convenient definition of a Weddle surface, when the sextic 
is given on N. It is the locus of points æ, y representing binary cubics 
(xt), (yt)®, subject to the conditions, first, that they are an orthic quadric of N, 
t. e., that 

CY + zo = Wh, 
Sus + Vay = Ya F Lay, ; (3) 
tY + u = = 29s, 


each cubic being now the Jacobian of the other ;. second, that (art) (yt): : (at)’, 
4. e, that | 
jax Jay |^ = 0. (4) 
This equation (4) we regard as the equation of W. If from (3) and (4) we 
eliminate y, we have the usual form for W (Baker: — Periodic Functions, 
p. 65). 
§ 2. Con figurations on the Section. 
Written out, (4) is ! 
ATY — Sai + 2399) + 15042591 — 1082Y + Tyo) 
+ 16052, — Sa; (a9s + Lya) + oras = 0. 
No ow if in particular the 6 points coincide by twos, (a£) may be taken as 
EDEN 0, 
and (4) becomes Ä 
Mayo — alfa — Tayo + aj) = 0, 
. and this special Weddle surface breaks up into the pime Ly = Te which j joins the 
3 points, and the cubic surface into which this plane is transformed by (3).t 


* It is only required that one of the quadrics be orthic, The theorem seems to be a case of Btudy’s general 
theory, Math. Annalen, Vol. XL. 

+ We write here the coordinates of a -— z BE Lisos Zosis IL 93117 

1 The enbic will be briefly characterized later (8 6). - 
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Since (4) is linear in the coefficients a, a pencil of sextics gives a pencil of 
WY PARLE surfaces, and thus in particular the pencil of sextics 


(at + AË + 1p = 0 
gives a pencil of surfaces W, having a common plane section Q. 


The 6 original points, 1,...., 6, are nodes of W,; their joins, 12,...., are 
lines of Wo; and the 10 lines 123] 456 are also lines of W,.. 
' These lines meet the section Q in. 16 points 12, 13,.. ., lying by threes on 


20 lines 123,...., and in 10 points 123] 456, the whole imis & configuration, 
let us say T'.* | 

The curve Q contains then a configuration T', but being common to all the 
surfaces W, it contains infinitely many such configurations. This is the quod 
erat. demonstrandum ; namely, that the plane section of a Weddle surface contains 
infinitely many configurations Y. We speak of these as a pencil of configurations. ' 


83, The Invariant Condition. 


The existence of a configuration on a curve is apt to imply that an invariant 
of the curve vanishes. In the present case, the equation of Q, referred to the 
points e, where it meets N as a reference triangle, can be written at once. The 
curve is on the reference points; it cuts each reference line again in points 
apolar with the other reference lines, because the Weddle surface is invariant 
under the transformation (3); and also the tangents at the reference points are 
on a point, from the known fact that N is an asymptotic curve on W. Thus, 
using Salmon’s notation for quartic curves and their invariants, Q is 


Q = ay + age + Dye + bye + oa + ey + Sxys(lo + my + nz) = 0, 


Hare abge, + Ab = 0. 


Hence the invariants A and B are 
A = — 12lmn + 12(t,c, + moa; + nah), 


l as a, |° 
B=—|b m 5i |; 


G Gq n 
and therefore the invariant which vanishes is 
A? + 144B. 





* The presumption ls that a quartic curve on the 15 point of T is unique and must therefore contain also 
the 10 &djolned pointe. This, however, has not been proved. 


\ 
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The vanishing of this vam. is characteristic for the plane section of a 
Weddle surface. | 


84. The Locus of Lines of the Configurations. 


_ We shall give a second proof of the existence of configurations on the curve, 
and thereby establish the locus of:the lines of a pencil of configurations. _, 

Quadries on the 6 points meet any plane 5 in conics apolar to a range, d. 
Quadrics on 5 of the points, say 1,.2, 3, 4, 5, meet x in conics apolar to a definite 
conie C, — the conic defining the polarity of the Desargues configuration deter- 
mined on x by 1,2,3,4, 5. The six conics C, are in the range ®.* N carries 
a double infinity of quadrics on the 6 points, and hence the three points p,q, r 
where N meets 7t, carry a double uU of conies apolar to ®; pqr is then tlie 
diagonal 3-point of ®. 

À. quadric of the system on the 6 points may be made to touch st at any 
given point. The two lines, £,z, cut out of this quadrie by n::®. In particular 
the two generators cut by n out of a quadrie cone with vertex on n::®. . There 
is one further condition on this pair of lines: it is that they touch a conic of the 
range, say ®', on any four lines of T like 123, 124, 134, 234. For the cone 
determines a tetrahedral complex with 1234 as fundamental tetrahedron, and 
the six lines touch the complex ¢ conic on zt. 

We state this as a 

Lemma: If a tedrahedron is inscribed in a quadric cone, any nes on the 
vertex meets the cone and the planes of the tetrahedron in 6 lines on a conic. | 

The ranges ® and @ are not independent; a conic of & touches the diagonal 
lines gr, TP, Pg of d. For N is projected from p by a quadric cone on 1234 
with vertex p, and by the lemma pq and pr touch a conic of d». Similarly, 
rp and rg touch a conic of ®, necessarily the same conic. 

Conversely, two ranges, and d», connected in this way, determine uniquely 
a configuration I. For choose any tetrahedron with faces on the base lines of d». 
It easily follows from the lemma that the four vertices of this tetrahedron are on 
a norm-eurve N with p, q, v. The point 56, into which the conic of d touching 
gr, rp, pq is transformed by the line-transformation £x ::€, carries a unique line 
bisecant to N, thus determining the points 5.and 6 on N, and thereby a con- 
figuration [ with the associated range db. 


* Carver, Trans, Am. Math. Soc., Vol. VI, No. 4, p. 548. . 


i 
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We now find the locus of pairs of lines touching conics of ®’ and apolar to d. 


Choose, as the range 9, 

mag + ma + mg = 0, 

M+ m + m,=—0; 
pgr is then the reference triangle, and lines £, ~-apolar to db are connected by 
the relations 
| = 1/m (i = 0,1, 2). | 

If dy is (af)? + A(GEY = 0, the equation of our locus is at once 
(«£P (BEY 
^ = (a/Ey (8/8) 
where (a/&) = ao/& + o4/ £i + 04/£,. Using i En, ¢ for convenience 
of writing, and supposing ® to be | 


Mant + bE + cën) + 12+ m? + ni? fei + git Jr AEn — 0, (5) 


we have 
x cab (PU — E) + bmLE — nt) + nbi? — D) 
+ [a(m —n) + bh — eg En — v) 
+ [O(n —1) + of — ake —2) 
| [e -m)+g- bf Efn — p) = 0. (6) 
We shall show that if & is given in the form ` z | 
BE And —E)- BEEE — n) + CERO — £) - 
| T Fr Er) + REN: 9-0, (7) 
the pencil d» is not unique, but may be chosen in c! ways. We first. find the 
equation of the section of W which is the locus of joins of corresponding lines 
of X. Let (a,ß,y) bea line of X. The join of this line and its d is 
moy) y=Bi—y), =y ad). 
Biberin a, B, y in (7) and dividing by aßy, we have . i 


rn y Por 89 ER y*) 
+ Rey B) + GB — y!) + Hy(B9 — o) = 0. (8) 


ey Zen PO pe-p i S*ogE—y t 
coc E i y Z 


+= = 0, 








Now 


Hence (8) Tem | 
Q= Aye — 2) + Beat — at) + Ony(2— +e et Gy + He)=0. (9) 
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Given an equation of the forńi (7), we have six equations to determine 
a, b, e, l Mm, n f, g, h 


al = pA, bm = pB, en — pC, B (10a) 
a(m— n) + bh— og = pF, | | 
b(n — 1) + of — ah = 0G, | (10b) 


| e(l — m) + ag— bf = pH. | | 
Multiply the first of equations (10b). by a, the second by b, the third by c, and 
add; then substitute the values of J, m, n from (10a). We have 

Abc(b? — c?) + Bea(c? — a?) + Cab(a? — 0) + abe Fa + Gb + He) = 0. . 
This shows that the conic anf + BEE + cën — 0 must be the transform by & of © 
a point of Q. If a, b,c are chosen to satisfy (9), we may choose arbitrarily any 
one of the quantities f, g, A, and the other two are determined in such a manner 
as to satisfy all the equations (10). The arbitrariness in the choice of f,g, may 
be accounted for by the fact that (6) is unaltered if we put. ` | 

J=f tra, gg tA, Be AO, 
which means merely that (5) is any ER of q». 

= may then be generated in co! ways; a point (a, B, "Y of Q determines - 
uniquely a range ®, and ae a configuration T circumscribed to = and 
inscribed to Q. \ 

The form of equation (7) shows that not only are the reference lines double 
lines of X, but the reference points are double points, the tangents at the 
double point being the two reference lines. 
| It is worthy of note that the range ® is the same for all configurations of 
the pencil. 

From the form of equation (9) we infer that any triangle inscribed in N 
' meets W in the six vertices of a 4-line. In other words, the join of points of W 
on two sides of the triangle meets W on the third side. Given W, a configuration 
- inscribed in Q may be determined as follows: | 

Choose any point 1 of N. From 1 N is projected by a quadric cone which 
meets Q in p,g,T, and in five other points, determining on N five points 
3, 3, 4, 6, 6, and on Q five points 12, 13, 14, 15, 16. It follows from the 
abas ae that the configuration determined by the points 1, 2, 3, 4, 5,6 
is inscribed in Q. Ä 

To construct W, when a configuration DI is given, we may take any line” 
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on 19, and on it any two points, as 1 and 2. The points 3, 4, 5,6 are then 
determined: and thereby W.. For a given T there are then »* W’s; and there- 
fore for a given Q there are, as there should be, « 5 Ws. 


8 5. The Number of Pencils of Configurations. 


There will be, on the quartic curve Q, not one but several pencils of con- 
figurations. The mabe of pencils has not been found, nor has the preliminary 
question, in how many ways a quartic can be written in the form (9), that is, 
without even powers, been answered. ‘But it is worth while to establish a 
special case, that for the Clebsch quartic, where B = 0, the latter number is 8. 
For when the equation of a quartic is thrown into the form (9), B becomes a 
perfect square, say — A*. The bordered catalecticant is 


0 0 0 p 

0.0.0 A o " 

0 0 0 | 7 
"x 0 n m ng |, 

A n 0 .l (E 

[ 0 En 


m 
P P D nt E d ol 

and when developed, every term except the even ones has A asa factor. Hence, 
when A=0, the Ons consists of even terms. But the C,, is then the square 
of the apolar conic. 

` Hence, for a Clebsch quartic each such triangle is apolar to the conic, ana 
each such reference line is on the reciprocal of the quartic as to the conic. But 
the lines already touch a C, ,,,, the locus of lines eut harmonically. There are 
then 24 such lines or 8 such triangles. Any two give 6 points on a conic; we 
have then 28 conics which. ahould be connected with the double lines of the 
curve. 

If our curve Q have B = 0, that is, if both A and B are 0, it follows that, 
when it is referred to any one of the 8 triangles, | 


| abso, + abies = 0. 

The quartic can then be reduced in 8 ways to the form (9), and for each 
such form there is a definite curve X and a pencil of configurations ($4). Thus, 
for a curve Q with B=0 there are 8 pencils of configurations T. This is 
probably true when P 0. 

36 
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8 6. The Weddle Cubic. 


. The degenerate case when W is a plane and a cubic is of interest. The 
cubic is the transform of a plane by the transformation (3). 

Now this transformation sends a line into a norm-curve N'; . But if the line 
is on a point p of N, the line p of N is part of the transform, and if the line is 
also on the plane p of N, the line p counts twice,* and the rest of the transform 
‚is a line. Since (3) is involutory, this line is also on a point and corresponding 
plane of N. Let us call such a line, which transforms into a line without being 
a fixed line, a permanent line. 

A plane 7t passes into a cubic surface Q with nodes at the points pon 
and N. 

In the plane z is a curve E' of class 3, order 4, the section of the develop- 
able of N. Curves of order 3 on x, on the cusps of R and also on the cusp- 
tangents, touch the planes p, of Vat the 3 cusps, and therefore their transforms 
are also plane cubics, sections of ©. In this case, then, the usual mapping of a 
plane on a cubic surface by a 3-fold system of cubies is merely the: transforma- 
tion (3). The cusp-lines, being permanent lines, in the plane zt and therefore 
on its null-point p, are transformed into permanent lines also on a plane 7’ and 
its null-point p’, p' being the transform of p. These are lines of Q. 

Thus Q is a cubic surface with 3 nodes, and 3 lines in a pencil. 

Any cubic surface with a norm-curve as asymptotic curve is of this kind. 
For the developable occurs twice in its transform, leaving a plane. | 

“We may notice that the transforms of sections of Q by. tangent dier at 
points of N are osculanis ‘of the Rt, for, by a theorem of Mr. Thonisen, these 
osculants have their nodes on the Rt. 

The condition that a cubic surface have 3 lines in a pencil is thevanishing of 
Salmon’s invariant J. For if 3 lines are in a pencil, the polar quadric of the 
vertex p is two planes, so that p is a double point.of the Hessian. . But if the 
point c, == x, = z, is on the surface (xa?) = 0, then x, = xg; that is, Zu = 0. | 


BALTIMORE, January, 1909. 


- *8choute, Niew Archiaf, 1899, p. 97. i 
+ The general mapping by plane cubics on 6 points is effected by the BEADELOLDRNOR zy :: net of qusdrics. 
Conner, Johns Hopkins ironiari; July, 1908, p. 95. ' 
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The Diferential Equations Satisfied by Abelian Theta 
Functions of Genus Three. 


By J. Epwunp Wauiaur. 


In several papers* and in his book ‘Multiply Periodic Functions,” T 
Baker has given the differential equations satisfied by hyperelliptic theta 
functions. His method is most satisfactory in its final outcome, because the 
constants that occur in the equations are expressed in terms of the associated 
Riemann Surface, with definitely known cross-cuts, but owing to this complete 
determination of the equations the process involves long and complicated algebraic 
manipulation. Its application to any but the hyperelliptic functions would seem 
almost impossible. Now if we start from the general definition of a theta function 
as a uniform integral function of several variables, that possesses certain period 
properties, we can discover enough about its nature to enable us to give the 
general forms of the differential equations it satisfies, and then it appears that 
conditions of coexistence of these equations are sufficient to make them precise. 

For example, the general nature of the theta functions of genus 2 leads us 
to the conclusion that it must satisfy five differential equations of the fourth 
order, of à certain particular form. These equations involve twenty constants, 
but conditions to be satisfied in order that they may coexist reduces this number, 
so that finally the equations depend on only three essential constants, and there- 
fore we conclude that the general solution of the final differential equations ` 
must be such a theta function. It is possible that, the equations once obtained, 
they may be integrated directly, and thus the -—— may be made complete 
from this point of view. T 

The purpose óf this paper is to determine the differential equations whose 
general solution is a general theta function of genus 3. As a first illustration, 


* Proc. Camb. Phil, Soc., Vol. IX (1898), p. 517; ibid., Vol. XII (1908), p. 219; Acta Math., t. XXVII (1908), 
p. 185. 
|» Tf Cambridge University Press (1907). 
t Cf. «Multiply Periodio Functions," p. 44 sqq. 
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we propose to apply the method outlined to the case of p = 2 to obtain 
Baker’s results. 

The case of p = 3 leads to a division of the types of equation into two 
classes. The first of these turns out to be the hyperelliptic case. By adding 
a suitable exponential factor to the theta function the equations are- given by 
means of covariants of” certain ternary forms; these forms are: 1) a quadratic 
whose coefficients are the second derivatives of the logarithm of the theta 
function; 2) a cubic whose coefficients are the third derivatives; 3) a quartic 
whose coefficients are the fourth derivatives, and similarly for higher derivatives, 
and 4) certain fixed forms. For the hyperelliptic case the fixed forms are a 
conie and a quartic. These two curves determine a binary octavic, namely that 
cut out on the conic by the quartic, and this case is thus associated with the 
invariant and covariant properties of a binary octavic. In the non- hyperelliptic 
case there-is only one fixed form; a general quartic. It thus appears that this 
case is closely connected with the geometrical properties of a general quartic. 
This is interesting in view of the fact that a non-hyperelliptic curve of genus 
three can always be birationally transformed into a non-singular quartic, whereas’ 
this is not true of a hyperelliptic curve of genus three, for which une reduced 
curve of lowest order is a quintie with a triple point, 


|. $L 

In the subsequent work we need some general definitions and theorems, 
which we quote from Baker’s “Abelian Functions.” * 

Suppose that we have four matrices o, o, 7, z/, each of p rows and columns, 
which satisfy the conditions: 1) that the determinant of o is not zero; 2) that 
the matrix aa! (= T) is symmetrical; 3) that for real values of ni, mg, ....,m, 
the quadratic form o7!o'n? has its imaginary part positive; 4) that the matrix 
no is symmetrical; 5) that »/ = now! — nio. We put 

a = $no, ; h= nto, b= niota, l 

so that ; _ 
| | n = 2a0, y = 2ad' — h, horn, = 
and we write 
| : Am(u) = Hali + 30.) —nimm', 
where Ä | 
H,, = Anm + 2nm', Qn = 20m + 2o'm'. 

= * Hereafter quoted as A. F. 


— 
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Also let Q, Q@ denote two assigned rows of p rational quantities, and 
suppose II(u) to be an integral function of en p arguments W, %, -..-,%, that 
satisfies the equation 

Illu + Q,,) = D Hime- yu) - 


for all integral values of m, m’. Then the function II(u) is called a ihota 
function of order r, with the associated constants 2a, 20’, 25, 27’, and the 
characteristic (Q, Q^). [A. F. 447, 448.] 

It may be proved that the function II (u) exists, and further that if the 
associated constants and the characteristic are given, there are not more than 7? 
stich functions linearly independent of one another. [A. F. 448-452.] 

We notice that the essential character of Il(w) is unchanged if a linear 
transformation be made on the variables u, or if it is multiplied by an ex- 
ponential factor of the type e?^, where a is a symmetrical matrix. 

The limit to the number of linearly independent functions of order r may 
be reduced if II(w) is an even function or an odd function of its arguments 
taken together. In this case it is not difficult to prove that the constants Q, Q' 
must be half integers [A. F. 462], and the results are: | 

If TI(—u) = cI (u), where e — +1, and v is even, whilst (Q, Q^) consists 
of integers, the number of linearly independent functions I (w) is 

| Sgr? + Pte. 


When r is odd, or when r is even and the characteristic (Q, Q") does not 
consist wholly of integers, then the number of linearly independent functions is 


«42? + 41 1rJeettee. [A.F.463.] -— i 


Now suppose @ to be a function of the first order, with half-integer charac- 
teristic (q, q'). Then from the properties of such functions we have the result 
that ett — e, [A. F. 251] 

If I1(u) is 6", it is clear that II is of the r-th order, with characteristic 
(rg, rg). Hence, for functions with the same defining properties as 0" the above 
numbers become r? + 2?! if r is even, and $(r? +1) if r is odd. 

In particular we note that if r= 2, 0(u + v)0(u — v) has the same defining 
properties as 0°, and hence there must be a linear relation, with coefficients 
independent of u, connecting 2P + 1 of these functions for 2? 4+ 1 different 
values of the arguments v. There is a similar result for functions of the type 
0 (u — v) 0 (u — w) 0 (u + v + w) when r = 3, and so on for higher values of r. 
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. Now if F(u) i$ a function multiply periodic in a, ol, i. e., one such that 
F(u + Qn) = F (0), 


forall values of the integers m, mand if it is made integral by being multiplied 
by some power, s, of 6, it is clear that if r>a, 0'F(u) has the same defining 
properties as 0", and hence there. is a linear relation among either $7? + 271 
or 4 (7? +1) such functions, according as 7 is even or odd, provided F(u) 
18 even. : e 

The second derivativés of log 0 are such — periòdic functions. 


BAKER, Borza and others use the notation p,(u) = E (log 0). [See, e.g., 


A. F. 292, etc.] We shall find it convenient to use (ij) for this function, and 
similarly, in general, Ä 


E Qi (log 91 is written (rst. . er 


and (rst....) isa multiply. periodic function, wa i8 | made integral on multi- 
plication by 0*. | ; 

We shall assume in the remainder of this paper that there is no polynomial 
relation of either the first or second order connecting the derivatives (37). Such 
a relation would in fact be a limitation on the generality of the constants in a, a’. 
For example, if p — 2, we could reduce a linear relation among (11), (12), (22) 
. to the form (12) —:0, and 0 would reduce to the product of two elliptic theta 
functions. The particular cases for which such a relation exists are of some 
interest when p — 3. We propose to consider them in & later paper. 


| 7..88. 

We consider first the case p — 2. In this case there are four linearly 
independent functions of the second order with the same period properties as 0°. 
They are 0°, 0*(11), 6°(12), 0°(22). It is easy to verify that [(11)(22) —(12)"] 6° 
-is integral, and dedos the five funetions with the same period Ba as 0° are 


oF} [(11)(22) — (1373, (11), (12), (22), 1}. 


| To save repetition we shall say that a function f (u) is of the r-th order when 
f(u) is even, multiply periodic, and 0*/(u) is integral. "It is clear that a function 
of the r-th order is also a function of the s-th order if r is less than a. | 


- 
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The functions of the fourth order, ten in number, are 


1, (11), (12), (22), and all products of the type ( pg)(re). 


Of the sixth-order functions twenty are linearly independent. Now they 
include I) [(11)(22) — (12)]*, IT) all products ( pg)(rs)(tu), ILT) the functions of 
the fourth order. 

These are in number 21, and therefore they must be connected by a linear 
relation. We thus see'a priori that there.is a quartic relation among the three 
second derivatives (11), (12)? (22). This turns out to be Kummer's Quartic 
Surface. | 

Again (pgr) is of the third order, except that it is an odd function, and 
hence any product ( pqr)(stu), being of the sixth order, must be expressible as a 
cubic polynomial in (11), (12), (22). These considerations are useful as showing 
the kind of relations we are to expect. To obtain them we make use of the 
fact that 

0 (u — v)8(u + v) 

(u) | | 
is a function of the second order for all values of the variables e, and hence if it 
is expanded in powers of the v’s, all its coefficients i are such functions. We write 
0—e67; then 


teet es Ls [rre Dire] 


If the right-hand side be expanded, the coefficients of products of the fourth 
and sixth orders of v are readily obtained, and we have 


(pars) — 2[ (pq) (rs) + (pr)(qo) + (ps)(ar)], 

(pgrstu) — 2X (pg)(retu) + AE (pg)(r8)(tu), . 
for these coefficients, where the summations extend to all possible combinations 
of the six letters p, g, r, s, t, v. These expressions are therefore both of them 
functions of the second order. 


Hence we must have (pgrs): a 9[(pg)(re) + (pr)(gs) + (ps\(¢gr)] = a TR 
function of 1, (11), (12), (22), = = X bye (hk) + Org, 8&Y, where the b’s are 


constants, and the summation extends once to each pair of values of A, &. 
Now, by giving p, q, 7, ¢ the values 1, 2 we obtain five such equations. These 
are differential equations of the fourth order for a single function f, and their 
coexistence by no means follows for general values of the constants b. 
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In fact, if we differentiate the five equations once, and eliminate fifth 
derivatives, we obtain four equations among third and second derivatives; these 
are homogeneous and linear in the third derivatives, which may therefore be 
eliminated. We thus have an equation among second derivatives only. We 
might use this equation to obtain by differentiation other homogeneous linear 
equations in third derivatives, and then by elimination other equations connecting 
the second derivatives. It is simpler, however, to differentiate the five funda- 
mental differential equations twice and then to eliminate from them the sixth 
derivatives that occur. We thus get eight equations involving second derivatives 
and certain functions of third derivatives of the type ( pgr)(Aks) — (pgs)(hkr). 
There are only three of these latter functions, and thus by elimination we get 
five equations which turn out to be of the form 


A; [(11)(22) — (12)*] + B, (11) + 6,(12) + D,(22)+H,=0 (#=1,2,...., 5), 


where A, B, C, D, E are constants. As we have assumed that no such relation 
exists, A, B, C, D, E must all be zero. | 

If we denote the right-hand side of the typical fundamental equation by 
Boers, and additional suffixes denote. differentiations, and if Byo., sa — 6(s8) B,,., 
after fourth derivatives have been replaced. by their values in terms of second 
derivatives, is written [ pqro, s], it is not difficult to see that a typical one of 
the equations just mentioned is 


[ pgro, s8] + Epgas, 8] + [ pars, g8] + [agrs, p8] 
= [pgrß, sa} + [pgße, ra] + [ Pre, ga] + [8gre, pa]. 


The five equations are therefore 


[1111,12] = [1112, 11], [1112, 22] = [1222, 11], 
[1111, 22] + 2[1112, 12] = 3 [1122, 11], 


t 


and two similar equations obtained by interchanging 1 and 2. We take the ` 
second-degree terms in these equations first. [1111, 12] = [1112, 11] becomes, 
on expansion, 
u (269% + 46%) [(11)(22) — (12)*] + linear terms = 0. 


Thus we have bin + 2003 = 0. 
| Similarly, from the second equation we have 5D = 6, and from the 
third db — 643 = 3612. : 
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We thus have five relations among the constants b. If these are satisfied, 
it appears that the remaining relations obtained from the above five equations 
determine the values of the constants bo, uniquely, and otherwise lead to no 
new relations. 

Now, the multiplication of 6 by an exponential factor e does not alter its 
essential nature, and is equivalent to giving arbitrary additive constants to the 
derivatives (11), (12), (22). If we thus modify our — we may make 

292 +bR=0, WB+bQ=o, DU HM, 
and then the fundamental equations take nds the form given by Baker, 
‘Multiply Periodic Functions," p. 49. 

"We can now verify without trouble that the equations are compatible, 
obtain the Kummer and Weddle Surfaces, and obtain the relations for products 
of third derivatives, exactly as in Baker. We are, however, using this case as 
an illustration of the method for p — 3, and hence shall indicate in outline 
another method for getting ( pgr)(stu) and the Kummer Surface. 


We use Baker’s notation for the coefficients of the differential equations for 
fourth derivatives, so that 


— kB = aa, — 40,03 + Baz + a (11) — 2a,(12) + a4(22), 

— + Bu = $ (ats — 3a,2, + 22505) + as (11) — 2a,(12) + a,(22), 
— $B = $ (ads — 9052, + 8a$) + a, (11) — 2a4(12) + a,(22), 
— $B = $(a,a — 320,0, + 20504) + as(11) — 20,(12) + a,(22), 
— Bowe = Aag — 42,25 + Bay + a4(11) — 2as(12) + a,(22). 

It is interesting. to notice the covariantive form of the equations. If we 
take du, and du, as variables x, and a, then any linear transformation on the 
ws is equivalent to the same linear transformation on the a’s; it is clear that 
dtp and d*p, | 

—(11)e$--2(12)mm, + (22), SSS... 
are invariant under such a transformation. Also 
(Gq). Ag, +++ +, VRR E az = DE. 
is an associated sextic, and our fundamental equations are given by 
d*g — 6(d’p)? = — 3(aa)’at — $(aB) az 8, = B, say. 


From the coefficient, already given, of v’ in the original expansion we have 
d'p — 30d?pd*p + 60(d*p)? = a homogeneous sextic in du, dw, of which the 
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coefficients are functions of the second order. If we put this equal to X, 

X must have its coefficients linear functions of the second derivatives. Now 

d*g — 6(d?pJ = B, and hence on differentiation d*p —12d*pd*g — 12(d*g)* — d*B. 
If we eliminate d'p and d*p from these equations, we have 


121 (dp)? — 4(d®p)*} + dB — 18Bd*p = X. 


Now we have already indiested the method of obtaining expressions 
(pgr)(hks) — (pqs)(hkr), and therefore we can obtain the various products 
(pgr)(hkse) by equating cofficients of powers and products of du,, dw, in the 
above equation, as soon as we know the coefficients of X. For example, ' 


(111)? — 4(11) + 3[a(11) — 2a,(12) + a. (22)](11) 
+ a [(11)(22) — (12)*] = 2(11) + w(12) + »(22) + p, 


where A, u, v, p are constants to be determined. 

There are two methods for determining the unknown constants. In the 
first method we differentiate twice and eliminate fourth and fifth derivatives 
by means of the fundamental fourth-order equations. We also substitute for 
the various squares and products of third derivatives that occur. We then 
remain with an equation which turns out to be in some cases of the second 
degree, in others of the fourth degree in second derivatives. Now those of the 
second degree must vanish identically, and by equating their coefficients to zero 
we have enough equations to determine the unknown constants. If these are 
substituted in the fourth-degree equations obtained, they all reduce to one and 
the same equation, which is that of Kummer’s Quartic Surface. 

' In the second method we differentiate the fundamental equations, and by 
subtraction eliminate fifth derivatives. We thus remain with an equation linear , 
in third derivatives. Such an equation, for example, is 


6(12)(111) — 6(11)(112) = 3a,(111) — 9a,(112) + 9a,(122) — 3a,(222). 


We multiply these equations by the various third derivatives, and substitute for 
the squares and products of third derivatives their expressions in terms of second 
derivatives. As before, we get equations either of the second or of the fourth 
degree in second derivatives, and again we can determine the unknown constants, 
and obtain Kummer’s Quartic. In either case the work may be somewhat 
simplified, if we notice that d*B— 6 Bd? = 4o$[(11)(22) — (12)?] + a quantity 
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linear in second derivatives, by incorporating this linear quantity into X. 
The final result in symbolic form is 


(dep) — Ad = — Kab)at — (aa) at B — aa pP 
+ $(aa)(Ba)ab 82 + S (aB Y (By Y (ya)Pad 6272. 


The Kummer Quartic is an invariant of a$ and a2. Its symbolic expression is 


4(ab)*(od)* — 16(aa) (ab (oc + 6(aa) (Bb) (a8) + (ab) (a8) 
| + 9 (aa) («BY (ay) (By — (By (ya) («8 (a5) (85 (y5Y = 0. 
If we write dp, = (111)o] +...., zm pbmmqhzrbzz...., we have for the 
symbolic equation of the Weddle Surface 


—. (hp)?(Ag)(pq)(qr’ = 0 [where Az = (ap)'az]. 

In the above work we have assumed that there exists no quadratic relation 
among (11), (12), (22); it is interesting to note that the assumption of the 
existence of such a relation leads to a linear relation among these quantities. 
By a proper choice of variables such a linear relation could be reduced either 
to (11) = 0, or to (12) = 0. 

The latter shows that 0 must be the product of two elliptic 0 functions, 
whilst the former implies that 6 is the product of an elliptic 0 and an ex- 
ponential, e^**2, where 4 and B are constants. 


| | § 3. 

We now consider the case of p — 3. We shall find it convenient to use A 

to denote the determinant 
| (11), (12), (13) 


(21), (22), (23) 
(31), (32), (33) 


and A,, to denote the cofactor of (re) in A. 

It may be verified without difficulty that A, though — of the sixth, 
is really of the fourth order, whilst A,, is of the third order. 

In this case there are eight functions of the second order. Of these we have 
seven, the quantities 1, (11), (12), (13), (22), (23), (33). There must be one 
linearly independent of these, and this one we call Y. It is to be noticed that 
for simplifying our equations we may modify Y by adding to it any linear 
function of the known second order functions ( pg) and 1. 

37 
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The number of linearly independent third-order functions is 4(3°+1),=14. 
We have the eight already given, and the six functions A,,. ı We see at once 
that there are two cases according as these are or are not linearly independent. 
As we are assuming that no quadratic relation exists among the quantities (79), 


we see that if these 14 third-order functions are not independent, there is a 
relation 


Y = Z apg Ap + 2 Poa pa) +o, 


where the a’ B, bs and o are constants. This turns out to be the hyperelliptio 
case, 

There are 44° +4 = 36 finalon of the fourth order. Now we have 
already eight of these, namely the second-order functions. In addition we 
must have all products ( pg)(rs), ( pg) Y, Y?, and A. These are in all 37, and 
hence they must be connected by at least one linear relation. In the hyper- 
elliptic ease this relation is the one given above. In the other we shall show 
later that it may be reduced-to the form | 


Y? + 24 = a quadratic in the second derivatives ( pq). 


The number of sixth-order functions is 46° + 4=112. We have 


I) 21 products | Ass 
I) 6 “ (pg)(re)(tu), 
HD 21 “ Y ( pq)(re), 
IV) 6 « Y*(pg), 
V) 21 “ ( pg)(re), 
v 6 “ Y (pq), 


VIT) the 11 functions (29), TA. Y. Y?, Xd ° 


that is to say, 142 such functions. . These must therefore be connected by 30 - 
linear relations. | 


In the hyperelliptie case we may neglect 6 of IIT) which reduce to com- 
binations of I), II) and V); and if we limit ourselves to functions of the fourth 
or less degree in the derivatives we may neglect IV), YA, Y*. Also we may ~ 
neglect VI), Y?, Y. We thus have 120 functions of.degrée not greater than 
four in the second derivatives. They must therefore be connected by at least 
eight linear relations. In fact it will appear later that there are fifteen such 
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linearly independent relations. (These relations must of course be connected. 
In fact, if we use the second derivatives as coordinates in space of six dimensions, 
we bave eight five-folds which pass through a common three-fold. This three- 
fold is of the eighth order.) ° 

In the non-hyperelliptic case we may neglect IV), which may be expressed 
in terms of I), II), etc., by the fourth-order relation, and similarly we may 
neglect Y? and Y*, We thus have 134 functions, and they are at most linear 
in Y. There must thus be 22 relations of the type YQ, + 4A = K,, where Q; 
is quadratic, K, quartic in the second derivatives and A, is a constant. By 
consideration of the functions of the fifth order we can show that six of these 
relations must be of the form YQ,=0,, where C, is a cubic, and the quadratic 
Q, is linear in the quantities A,,, ( pq). 

Again, it may easily be shown that AR, = Y,,— 6( pq) Y, is of ihe third 
order, and therefore, if the case is not hyperelliptic, Rp = a linear function of 
Ay; (P9). l | 

In the hyperelliptic case it appears that this is not true; in fact E, 
= a linear function of Ap, (pq), J; where J is a certain fekon cubic in the 
derivatives, and J occurs in at least one of the expressions. 

We now determine the equations in detail. In the first place 


(pare) — 2[(pa)(rs) + (pr)(q8) + (p2)(qr)] 


is of the second order, and is therefore a linear function of 1, (pg), Y. We thus 
have fifteen equations of the type | 


(pars) — 2[(p9q)(rs) + (pr)(ge) + (per = = Boars + apgr Y, 
| p, q,7,8 = 1,2, 3], (1) 


where B,,, = X D E, (47) + Bars , the summation being taken once for each pair 
of values 2, 7, and the a’s d Vs are constants. 

Tf this be differentiated with respect to the variables with suffixes ¢ and v, 
we obtain 


(pgratu) — 2 ((ptu)(rs) + (PPR) + (prtu)(ge) + (petu)(gr) 
+ Greta) + eye) + rat roo) + (eet) + (pri gm) 
+ (pru)(get) + ( pst)(gru) + (psu)(grt)} = Boars, tu + Gps Yin 
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If s, t are interchanged we obtain another such equation. From. these two 
the sixth derivative may be eliminated by subtraction. The result is 


24 (pq, ree + (pru, q)a + (gru, Pje + (pg, MH) + (PT, gu) + (qr, pu)a] 
— Baars. tu — part, su + ors Yin — SEE ER 
where 
(pqu, T) = ( pqus)(rt) — (pqut)(rs), 
(pq; ru)a = (pgs)(rut) — (pat)(rus). . 


If we permute the suffixes p, q, r, u, we obtain four such equations. They 
involve the three third-derivative expressions (pg, ru), and certain fourth and 
second derivatives. By adding we eliminate the third derivatives, and then by 
means of (1) we may express fourth derivatives in terms of second derivatives 
and Y. We thus obtain the equation 


[ pare, ut] — [ part, us] + yore Rut: — port Rus + three similar expressions 
obtained by interchanging u with p and with g and with r — 0, (2) 


where [9pqrs, ut] = Bos ut — 8 (ut) Boys, in which the fourth derivatives have 
been replaced by their values from (1). 

In addition the four equations mentioned above serve to determine the 
quantities (gr, pu). We have in fact 


4 (gr, pu), + 41[(ug)(sp) + (us)( pa)] (rt) + [(ur)(sp) + (us)(rp)] (92) 
— [(ug)(tp) + (ut)( pq) (v8) — [(ur) (tp) + (ut)(rp)](ge) E + 4Y 1(rt) agas. 
— (78) pq, + (GE) aprou — (98) prin — - grau F (8) qr, — (Ut) apars 
+ (Usa + 44 (7!) Bog — (78) Bog + (qt) Borsu — (98) Bprtu 
— ( pt) Bars, + ( ps) Boa — — (ut) Boos + (ue) Borit 
= Apara Fiu — Apert Hey F Gar Flip — Gara Rep 
+ [pgrs, tu] — [pgrt, su] + [oro tp] — [artu sp]. — (3) 


It is worthy of remark that the above equations (2), (8) are -of the same 
general form for any number of variables, for any value of p, the only difference 
being that if p is greater than three there is more than one function Y. 

The equations (2) are linear in the quantities R.s, As, (aß), Y. If we 
' regard #,, and Y as unknowns, there are different cases according as they can 
be solved for some or all of these variables or not. Suppose first that they can 
be solved for Y; then they give Y as a linear function of A,,, (pg). By making 
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-— 


a convenient linear transformation on the fundamental variables ihis may be 
modified into one of the forms 


Y = Ay + As + As, Y= An, Y = Ay. 


In this paper we neglect the second two forms, which lead to less general 
cases than the first, and assume that | 


Y= Ay + Ag + Ag. 


. If we calculate E,, directly from this value of Y, and then use (1), (3) to 
eliminate third and fourth derivatives, we obtain equations which show that Figs 
can not be a linear function of the quantities A,,, (re), and from them we deduce 
without difficulty that 


App — 9, App = 1, App = 9; Appr = 0, (pF qr. 


If we multiply the 15 equations (1) by duf, etc, and add, we obtain the 
equation 
| d'p — 6(d*py = B --3C*TY, 


where B is a homogeneous quartic in the differentials du, with coefficients linear 
in the second derivatives (pq), and C is du] + dui + du. 

When the particular values given above for the a’s are substituted in the 
equations (2), it appears that they may, be solved for the five magnitudes 


Ey — Ra, Ry — Eg, Ra, Ry, Eg. 


Accordingly each of these five must be expressible as a linear function of 
the quantities A,,, (pq). We therefore assume linear functions of this type, 
with unknown coefficients, for these magnitudes and substitute their values and 
that of Y in the equations (2). These equations are now quadratics in second 
derivatives only, and hence they must vanish identically. Hence by equating 
their coefficients to zero we obtain equations, which are in fact all that exist 
among the undetermined constants. 

Now the complete determination of the coefficients would be somewhat long 
if we introduced. no further restriction on our choice of variables w,, t, t. 
We.notice, however, that Y is an algebraic invariant of the ternary forms d*p 
end O. In fact, if d*p za Db —....,and C= A= B=G=...., where 

x is du, we have the relation ipud Cy = (Aaby. 
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There is thus a certain amount of freedom at our disposal which may be 
used to get the equations in canonical form. We may, for example, perform 
any linear transformation on the variables th, %, t, that leaves the quadric C 
invariant. Also we may add constants to the second derivatives (pq), provided 
we subtract an appropriate linear function of the second derivatives from Y. | 
Further, it is suggested that the equations can be modified so as to be covariants 
' of certain ternary forms. It appears that the constants to be added to (pq) are 
uniquely determinate if the equations are to be covariant, and hence that the 
covariant canonical form is perfectly definite. 

The details of the process I adopted are as follows: I first wrote out the 
general equations among the constants, and then proved that by a certain trans- 
formation on the ws the coefficients of type 5{% and certain constants in the Es 

could all be made zero. When this simplification was introduced, the constants 
were all readily calculated in terms of six left arbitrary, and the equations were 
then in à canonical, though not covariant shape. It was clear, however, that 
by'slight modification they might be made covariantive if a certain fixed quartic 
were associated, and the proper modification was given without much trouble by 
comparing terms in B that involved second derivatives with possible covariants. 

The fixed forms entering into the covariant equation are the conic C and a 
certain quartic. The quartic is trinodal, and its nodes are at the vertices of a 
self-conjugate triangle of the conic. It is clear that by taking C in the form 
24%, — xê, introducing a parametric pair 4, 4, and writing e, = 41, a= th, 
xt}, we may make use of binariants involving a single octavic, that cut out 
on the conic by the quartic. This leads to a set of equations equivalent to the 
one given by Baker in the papers already.quoted, and serves to identify our 
equations with the hyperelliptic case, for which a binary octavic is fundamental. 
I prefer, however, to keep C in the form zj--«$- x$, so as to preserve 
symmetry, and to work with orthogonal invariants of a quartic. The quartic 
is taken to be 

6Sh + 122m = a; Em zQmyim.... 


It involves only five constants, € the ratios of the six quantities 
hy, hey hi, pi, Pes Ps» This was to be expected, since the hyperelliptic functions 

for p =3-possess only five class-moduli. In the non-hyperelliptic case we expect 
“six essential constants. EE 
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| The values of the coefficients of B for the canonical form are the following: 


By = 6(hy + Aj)(11) + 62,(22) + 62,(33) — 12p,(23) + bui, 
Bims = 3p[(11) + (22)] — 6p,(23) + bine, 
Byg = (ha + i —Fig)[(11) + (22)] — 4,(33) + 2p,(28) + 2p4(18) + Pass, 
Bans = — pıl2(11) + 3(22) + 3(33) ] — 2(hy + hg —A,)(23) 
| -+ 2p,(12) + 2p,(13) + bus, 


where | 
b = 8(L + M) — 651, 
bins = Spy + hg — hy) — 3P: Pz, 
ba =, (L — M) — (h + 2hyh, — hi — M) — 2p3, 
: bass = — 2pi(2À, + he + hg) + pops, 
an 
AL = Gk. + Tigh, + Tah) MH, 0 | 
M= Pi + m t P, (7 


and the remainder of the B's are obtained by interchanging the sulcis 1,2,3. 

We can identify the equations with an appropriate symbolic expression by 
making use of the fact that orthogonal invariants consist of sums of products of 
symbolic expressions of the types - l 


. (af + a + a8), (abı + abs + aas), az) (aBy), 


and then introducing the fundamental conic to obtain the regular any three- 
rowed determinants. We thus obtain the result 
d'p — 6(d?p)? = 6(.Aaa)*o? B2 + AAPA ADA) — 3(ABa fas + 3 YA? B? +Q, 
where 
Q = — b Aap) (Ba) O2 s Da + 2(AaP)*(Bapß)(B ag) 0, Dia, — 1(A4BB)(CDByaz 
— A(4BaJ (CDBy az Ba — $(A Ba) (4 BB(CDa)(CDB) as Ba 
+ 3 (ABB (ODaY CD8)a8 B, 
In the course of determining the above equations we also determine the 
values of Ry, Ra, Re, Ry — Ræ, Ru — Re. By direct differentiation of Y 
we can calculate, for example, Ej, and thus we have expressions for the 
quantities Ry, = = Y,,— 6(pg)Y in terms of second derivatives. Now Ry, for 
example, involves the as yet undetermined third-order function J. Let 
I= } (daa)? (Baby, = Xh(11) + (hi + hy + A)x(11)(22) 
— 22p,(23) [(22) + (83) ] + 42p,(12)(18), 


then. . 
J — 2Y [(11) + (22) + (83)] — A +Z, 
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and | 
Ry — 4J — A(h, + fg + Ag) (As + Ag) — 85 Ay + 855 Ag + 8p, Ars 
+ [27i + 898 + 8p — 14L + 3(A1 + 2A,h,— hg — hg) ](11) 
+ [851 + 4p$ + 14pi — 8L + (hg + 2A, — ha — M)](22) 
+ [853 + 14pj + 4p$ — 8L + (h + 2/45, — A} — Ag)] (33) 
— [229993 — 4pi( 4 — hy — hg) }(23) — [ 1 4papi + 2po( 77, — hy + A5) (31) 
— [14pi ps + 2p + rh) ] (12) — (s - A — ha) (Ag+ Ah — ha) (A. +h) 
+ 2pi( T + 2hg+ 25) + 2p (2h; + Tha + 2e) + Bp al 2h, + 2h, + Tha) 
—16p,psps. 
Also 
Ry = 4ps (As + As) — 8p, Ars — 8p, Arg — 8h; Ars 
+ [pfi — 5h — hg) — 2p ps] (11) + [pf — Bhs — he) — 2p, p. (22) 
+ [65s 4; — 6p, p4](33) + [4( + 2A, + hg) pa — 2pi ps] (23) 
+ [4(255 + he + Že) pı — 2psps (31) 
 [8(L + M) — pl — 40h + Wild — a — 1102) 


These expressions must of course be coefficients of covariants. The deter- 
mination of the appropriate symbolic expressions involves rather long calculation 
for the lower-degree terms in second derivatives. We have however the result that 


}(ABO}[@¥—6 Y (2*g)] = C|—4J + (aad)(aAB)— (aAB)(aCD)Y} 
| | + 2(Aab)(Bab)(ACa)(BCa)a + H+ KC, 


where H is a quadratic covariant linear in the quantities (pg), and’ Æ is an 
invariant with constant coefficients. | E | 

We next need the expressions, which we know a priori to exist, for products 
of third derivatives as cubic functions of second derivatives. It seems difficult 
to find these by direct integration, as may be done for p —2, because the compli- 
cation introduced by the function Y makes the algebra heavy. In the case of 
p= 2 the cubics are minors of a four-rowed determinant. The corresponding 
determinantal expressions in our case are not af all obvious, for instead of a four- 
rowed determinant we now have an array with ten rows and twenty-four 
columns, all of whose ten-rowed determinants must vanish. The third. deriva- 
tivés are proportional to first minors of these determinants, but it would seem 
impossible to readily factor the nine-rowed determinants, since there are many 
quartic relations among their elements. 
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We therefore use the method indicated for p —2. We have, as before, 
the equation 
d'p = 30d*pd*p +60 (Up? = 12.X, 
where X is a covariant of the sixth order, with coefficients of the first degree 
in (pg), Y. Also 
dtp — 6(d?pY = B+ 3YC*. 
Hence, by differentiation 
d'p — 12 (d*p)(d'p) — 12(d*pf = d3B — 30d? Y, 
and therefore, by elimination of d'p, d*p, we have the equation 
(d*gy — 4(d*pf — (B + 3YC*) d*g + A [d?B — 6 B(d?g)] 
| -iC?[d:Y — 6 Y (d'p) =X. (4) 


The terms of the second degree in d*B — 6.B(d?g) may be readily obtained 
from the symbolic expression for B. They are all linear functions of the 
quantities A,,, (pg), and hence are only of the third order. Also the quantities 
d*Y —6 Y (d*p) are known, so that the coefficients of the left-hand side of (4) are 
easily obtained. We can therefore express such functions as (111), (111)(112), 
2(111)(122) + 3(112)*, etc., by means of quantities of the third degree in second 
derivatives, and all the coefficients except those arising from .X are known. 
Again, (3) gives, for example, (111)(122) — (112) as a third-degree expression, 
and hence we can find (111)(122) and (112)*. Similarly we can find expressions 
for all the remaining products of third derivatives, though the coefficients arising 
from X are as yet undetermined. Now Y= Ay + Ag+ Ag and therefore 


AD) E e FED FE) FEN] 

— 2(123)(23) — 2(113)(13) — 2(112)(12). 
We multiply this equation by any third derivative, and substitute the expressions 
already obtained for products of third derivatives. We'thus obtain the values 
of such products as (pgr)Y, in terms of second derivatives, and in these ex- 
pressions all the coeflicients are known except those of the second and lower 
degrees and those associated with such functions as ( pq) Y. 

We now obtain, by differentiation and subtraction of the fundamental 
equations (1), 24 equations linear in second derivatives, linear in third deriva- 
tives, and possibly containing a term that is a first derivative of Y. 

For example, we have 


2(111)(12) — 2(112)(11) = 2(hy + (112) + 24,(222) + "T 
— 4p,(223) — ps [ (111) + (122) ] + 2,(123) + X,. 


f 


38 
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We multiply these equations by one of the third derivatives, substitute for 
products of third derivatives, and obtain finally an equation which is either of 
the fourth or of the second degree in second derivatives. The fact that the 
equations of the second degree must vanish identically enables us to determine 
the unknown constants, and then the remaining equations give the relations of 
the fourth degree.among the second derivatives. 

The work indicated above is very long, both on account of the hilos of 
functions to be calculated, and on account of the magnitude of the final results. 
We content ourselves therefore, for the present, with giving the terms of highest 
degree for the various functions mentioned. The typical products of third 
derivatives are given by the equations 


(111 — 4(119 — J— 3(11) Y — ...., 

(111)(112) — 4(11)(12)— (12) Y = ...., 

(111)(122) — 2(11)*(22) — 2(11)(12) + J— [(11) + 2(22)] Y = ...., 
(112)? — 4(11)12)* + Y (32) — J= ...., 


(111)(123) — 2(11)(12)(18) — 2(11)(23) — 2Y (23) = .... 
(112)(113) — 4(11)(12)(18) + Y (23) = | 


EE 


(111)(222) + 2(12)® — 6(11)(22)(12) + 3Y (12) = ...., 

(112)(122) — 2(11)(22)(12) — 2(12)®— Y (12) = | 
(111)(223) — 4(11)(12)(23) — 2(11)(13)(22) + x12) (13) + Y(3)— ...., 
(112)(123) — 2(11)(12)(23) — 2(12y (183) = ...., 

(113)(122) — 2(11)(13)(22) — 2(12y(13) — Y (13) — ...., 

(123)? — 4(23)(31)(12) + A — Y [(11) + (22) + (33)] = ...., 

(112)(233) — 2(11)(23)* — 2(83)(12)* — A+ Y(22)- ...., 


where the terms omitted are i the second or lower degree in the second 
derivatives. 
' Those for the products ( pqr) Y, are 


(111) Y; = Y[4(11P + 44n + 2A + 24a] + ...., 
(222) Y, = Y[4(22)(12)— 2A4] + ...., 
(112) Y; = Y [4(11)(12) + 24y] + . 

(122) Y, = 2Y [(11)(22) + (12)* + As] de. 
(123) Y; = 4Y (12)(13) + . 

(228) Y, = 2Y [(18)(22) + (12)(23)] + - 


where the omitted terms are of the third or lower degree. 
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Finally, the quartics are 


(1)J + YAg 4 .... =0, 

(12)J + Y Aj 4- .... —0, 

(Au + Ass)? + [(11) + (22P Y + .... —0, 
Az, + [(11) + (22)][(11) + (33)]] Y + .... — 0, 
Ag As — (12)[(11) + (22)] Y +.-.- = 0, 

As (An + As) + (23) [(11) + (22)] Y + .... — 0, 


where the terms omitted are of the third or lower degree. 

These quartics may obviously be expressed as the coefficients of two 
covariants, one of the fourth, the other of the second order. It may be proved 
that of the 21 quartics indicated, 15 are linearly independent. There are thus 
15 linearly independent relations of the fourth degree among the second derivatives of 
the logarithm of a hyperelliptic theta function of genus three. 

Now these relations can not be functionally independent; it is in fact clear 
that since the second derivatives are functions of three independent variables, 
the quartics, regarded as five-fold spreads in space of six dimensions, must all 
pass through a common three-fold. It is easy to see, by consideration of the 
highest-degree terms, that the surface at infinity for this three-fold is given by 
the vanishing of all the first minors of A. These six quantities all vanish if any 
three of them are zero, and it follows that the surface at infinity and therefore: 
the three-fold itself are of the eighth degree. . 
| Thus the generalization of the Kummer Quartic Surface is a certain three -fold 
spread of the eighth degree in space of six dimensions. 


§ 4. 

We next consider the non-hyperelliptic case. The function Y is not now a 
quadratic function of the second derivatives, and thus the third-order functions 
Ap (pg), Y, 1 are linearly independent. Hence there can be no others linearly 
independent of these, and therefore the quantities Ens must be linearly ex- 
pressible in terms of them. We write 


Rog — CCo Qi + E dp (Ak) + do + 65; Y, 


where the summation extends cc pair of velas of h, k, and substitute 
in the equation (2). This equation now becomes a linear function of the fourteen 
third-order functions, and hence it must vanish identically. 


} 


l by. 
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By equating its coefficients to zero there is obtaiy /d as before a set of 
relations among the various constants involved. It a/;p»ars that there are no 
limitations on the constants a,,,,. We may modify our j ieta function as before 
by multiplying by an exponential factor, and also we may! y/d any linear function 
of the second derivatives to Y. The only additional co’ stants that enter into 
the equation may be got rid of by these modificatio „and therefore the only 
essential constants are the a’s. We find that the modifications above mentioned 
can be made in only one way (with a trivial. exception), if the equations are to be 
covariantive. In this case there is one fixed form, which is the Bonon quartic 


F 





Ii 


t= M— — 
D, 47,8 7 


The equations, in symbolic form, are given by 


| d'p — 6 (d*p) = YF + (MP, (5 
= (By8)(78a)(8a8)(aBy) a. B. y. os; 


d? Y — 6 Yd’p = — 2 (abaa? + (abá) (aByY y2 
— ty (ay (ade)? (8By) (eB) bz Ez. (6) 


These covariant expressions are definite except in one particular. It is seen 
at once that Y behaves like an invariant of the third degree. Now A= $(agy) 
is a similar invariant, and hence we may, if we like, take instead of Y the 
function Y'= Y + AA, where A is an absolute constant. There is then a corre- 
sponding modification to be made to the second term on the right-hand side 
of (6).. For instance, if Y'= Y — +, A, the identity 


(ay P (Bya az = 2(a8a)(aya)(aBy) B. y. + 24a; 
shows that this second term becomes 4 (aßa)(aya)9,y;- 
These expressions were obtained by taking the quartic in the canonical form - 
Fatt aft af + 6B hahah + 122 pidas, 
and calculating the constants directly from the equations among the coefficients 
of the equations of type(2). It then appeared that the part of B (we recall that 
B is used to denote that part of the right-hand side of (5) that does not involve Y) 


involving first derivatives was quadratic in the constants of F.. The only 
available covariant was therefore (a8a)’a? 82, and it was found that by adding 


where 


and 
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suitable constants to the second derivatives, and incorporating a linear function 
of these second derivatives into Y, this part of B could be identified with this 
covariant. It is interesting to note that the.method followed leads to the explicit 
forms of the various covariants involved, and therefore is one for calculating 
certain covariants of the quartic. The constant terms are two such covariants 
for which we thus have explicit expressions. They are both given by Salmon* 
for the particular case in which p,, py, py are all zero. 


We proceed to give the explicit forms of the equations: 


By, = Hhaha — pl (11) + (22) + (33) — 4p,(23) + bun, 
Buy = (hg pg Se 2p1 pa) (11) + (22) xg 2( hh, — p1)(12) — 2ps( 23) + bus; 


Buss s hi — 4p?) (11) + (s + As — 4pi)(22) + (1 — 3A5)(38) 


+ 2h5p,(23) + 2h Pa( 31) + 855m» — 4hyp,) (12) + Duas; 
Bus = — 3(h pi + Pa ps)(11) — he p,(22) — hyp,(33) + HM + Pi — ^,)(23) 
+ $5 Ps + Pi Pa)(31) + F(a ps + psP1)(12) + us, 


where the coefficients of — are given by 


(18544; = — 24(hghg — pi) — 24pips pa + 24Às py + 24h ps , 


Also 


185,54 = 61 (haps — 2p; Pa) Pi — hats) + 25 ps — hi Pi Pe — he Pa}, 

185,195 = 4hshs — Ahh pi — 4hsħs ps — Ah; p + 165 pipa Pa — 12pi p3 
— 4h, pi — 4h, pi + Aha + Ahh — Ah — Api, 

185,5 = — 8s f p, — bhes p, ps + 8h, pi + 8A, pips + She pipi — 14pi Pa Pps 
+ 4upsps — hip, + W- 


Ry = — 4 Ay — An As — Ah, Ag — 8p1 Arg 
+ [2 highs — 2p; py ps + 4h, pi + 27 p3 + 2A, pj + BAG + A + Ag 4- 1](11) 
+ [4A (hs — pf) + Ahaha + ha + pi] (22) + (*)(33) 
E $[8pi(/4 — Agfa + pi) — 2p: Ps] (23) 
+ $[ 6p, pashs — 2p,(A,hs + 2p + 3h,)](31) + (X)(12) + ay, 
Rig = — 4Ps An — 8Ps Avg — 8p, Ags — Bhg Ars 
— $[5hyhg ps + 2h pi ps — hy pg](11) + (X )(22) 
+ 4[Th(As ps — 27 Pe) + Ps] (38) 
+ $[4p,(3hghs + pi + A] — 25, pi Pa] (23) + C )(31) 
EE $ [4A A, — 10p; ps ps + 8h, pi + 8^, pi + 12, pj + 4h ](12) + ds; 


* «Higher -Plane Curves," 8rd Ed, pp. 270, 278. 
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where 


9d, == 4A As + AT As pi — 8h, pi + 8p? ps ps + 28A hs p, Pa pa — 8h, Dips 
— 10/5, ps — 8h, pipi — 10h45 py — 6h) h his — 20h, pi py ps + Chip; 
+ 8AA,pi + 8h, pi + Spi pi — 253 pi — 203 pi t Ach, + 2A - 
+ 2h,pj + 2hg p; — 2h, + 2p, | 

9d, = — 8h hh py — 2A hs pi Pa — 6/5 pi ps Pa + Api paps + Wyhgpi ps 

— Ah pips + 2A hs pi ps — Ah, p, ps + 255 ps + BWhihg ps + 2555, ps 

+ 2h pipi + 253 pi p, + 2h$ py — 4h ps ps — 6h py ps — 0A. pi ps — 2pj 
+ Af py — 2hsps + 2pi ps. 


The expressions omitted are obtained by appropriate interchange of the . 
suffixes 1, 2, 3. 

We shall find it convenient to use the symbolic notation for most of the 
remainder of our work. We use p$ = gf =.... for the form whose coefficients - 
are third derivatives, and &, for fourth dint also Ly, M, ANS, .... are 
used to denote first, second, etc., derivatives of Y. | 

It is easy to differentiate a ee expression. For example, suppose we 
have a covariant linear in second derivatives, say (aaP)*a2 82. The first deriva- 
tive of this is (pa8)*p, o3 62; the second is 


Eob ERE = BER. 


We now use the polarized form of (5) and can substitute for £ at once. 
The differential coefficient of (aba)’az is 2(paa)’p,a2. Its second deriva- 
tive is | 
2( pga) p, qs a + 2 (Eaa) Ezan 
This may be expressed in terms of second derivatives and Y only, as soon as we 
know the expression for (pgu)’p,g,, that is to say, the expression for (3) 


in symbols. 
We now proceed to get some equations that we need in symbolic form. 
We first take (5) in completely polarized form, dd@d@d®p=...., and perform 


on it the operation d®. We then interchange d? and d® and subtract. We 
thus obtain an equation which is linear in second derivatives, linear in third 
derivatives, and linear in first derivatives of Y. This is the polarized form of 


— 6 (pau) pa, = (paf) (ppu) Bs + (Lau)al, ^ ^ — (T) 
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where u has been written for (2 di. In exactly the same way we derive 
from (7) the equation 
4 (pu) p. de = 2 (Eau? + + (EnB) (EBu)' a 
+ 4 (Eab)? (Eau) (EBu) as Ba + (Mauyai. (8) 

If in this. we replace fourth derivatives by their values in terms of second 
derivatives, and substitute from (6) for second derivatives of Y, we have 
equation (3) given in symbolic form. 

We shall need in later work the value of the second derivative of (abu)(abv). 
This may be obtained by polarizing from (abu)’, and so we give d’(abu)”. 

Now S | 

d? (abu = 2(pgu) Pega + 2 (bau) E, 
and therefore from (8) 
2 d* (abu? = 6 (au) E; + $ (£aB) (£u) oz 
+ # (Ga) (Eau) (Bu) as B. + (Mau)? az. 


8.5. 
Exactly as in previous cases we have an equation 
d'p — 30d’ pd‘p + 60(d*pf = X + AY, 
where X consists of two parts, one linear in second derivatives, and the other 
constant, whilst A is constant, both X and A being sextic covariants. As before, 
we eliminate fourth and sixth derivatives 2 means of (5) and thus obtain 
an equation 


12 [(d*p* — 4 (d*p)* — (a%~)(B + FY)] + K= A+ AY, (9) 
‘where | Ä | 
K = d?B— 6Bd*p + F'(d* Y — 6Yd’p). 
Now 
B= (aa) a? 93 + const., 
therefore 


d*B = (£a o2 8: E: 
= 2 (aal) a$ B5 0; + 4 (aap) (ba) a baaz Bz + X (ays) (ay) az B2 9: 
+ 8(ay9) (a8y) (a88) az Ba Ya Òe + (008) o2 az Bs + (ay az Fe ys Y 
and | b "M 
6 Bd*p = 6 (a08) a? 2 02052 + 60408; 
also 


d*Y — 6 Yd'p = — 2 (aba) a} + Haap} (ay yt +, 
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where 
0$ = — 10, 5 = the constant term in (6). 
Hence | | 
K = — 6(aba)’a} F + 4 (aba) (ab8) a3 B5 + [3 (ays)* (aby F a2 82:8 
+ 3 (ayd)? (aBy) (apò) o B2 y. 0s + 3 Saz + 4(aa8) (aby) yF] 
T-.[caB)* o2 a2 82 + EF] + Y (ay a2 8; y 
= P + Q, Bay, 
where 
P = — 6(aba)*o8 F + 4(aba) (abB) a! Bt + HY, 
an 


H = (ay az 8; ys: 

Thus when we know the quantities X and A, the equations (8), (9) serve 
to express products of third derivatives as cubic functions of second deriva- 
tives, and involving Y linearly. These equations, however, enable us'to get the 
expression for Y in terms of second derivatives. To obtain this relation we 
differentiate (9) twice, and substitute from (8) for the third derivatives that 
occur. We thus obtain a relation of the form 


(Y? + 2 A) F? = Xa, «(pg)(re) + EB (79) + y + OY, 
where the coefficients on the right side are constants. It is clear that F? must 
divide through the equation, and thus we have restrictions on X and Ah, which 
enable us to determine these quantities, with the exception of the constant 
term in X. | 
. When we differentiate (9) twice and substitute for fourth derivatives, we 
have the equation 

12(B + YFF + eK — 12 Kap = aX + Ad*Y. 

We can calculate d* in symbols. Also, .X being a covariant at most linear 
in the coefficients of a2, we see that d* X —6 Xd?p is an expression linear in the 
quantities Apg, (pg). When the above expression is written in expanded form, 
it appears that F? is a factor of all terms except those of the types ( pg)(rs), 
(pg)Y, (pq), 1. It must therefore also divide the terms of the types given. 
It follows at once that there are no terms of the type (pq) Y, and hence h is 
determined. A consideration of terms of the type (pq)(rs) determines the part 
of X involving the coefficients of a2. We obtain finally the result 


12 (dp)? — 4 (Pp? — (d’p)(B+ FY)] + K—-—£HY-c-Z 
— 6 (ay) (aBy az 8205 + 6 (ays)? (a8y)(a89) az Bs y» 9. — $ Sa 
+ X Ala, + $ F(ab} (aby)? ys — 4 (aa8)(ba8)(aBy) ay; - - - (10). 
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where 


H = (agy) az 85 ys, 


and Z is a sextic covariant of the quartic alone, of the sixth order in the 
coefficients. - 

This equation (10), in conjunction with (8), gives expressions for all squares 
and products of third derivatives as cubic functions of the second derivatives, 
and involving Y linearly. The constant terms, the coefficients of Z, are however 
as yet undetermined. 

The resulting equation in the above work, when F is divided out, is an 
expression for Y as a function of the second derivatives. This equation is 


Y* — 4 AY = — 244 Haap} ab) + A(aaB) (ay) (By? — t D, (11) 


where D is the six-rowed determinant, the invariant of the quartic of the sixth 
degree in the coefficients, given by Salmon, “Higher Plane un ” 8rd Ed., 
p. 265, and called by him B. 

This equation was in fact calculated as follows: All the terms except those 
linear in second derivatives and the constant were determined in the manner 
indicated above. The remaining corms, being invariant, were necessarily of 
the form 


n (aa (ary) (By8)* + h ns At 4 ny D, 


where nj, Nng, ng were merely numerical constants. n, was then shown to be zero 
by means of the particular quartic «4 + af +- a, and the remaining two constants 
were found by calculating out one of the equations for Salmon’s form of the 
quartic, Zt + 6 Eh xi. 

There yet remain to be determined the relations connecting second deriva- 
tives only. Now there are 70 functions of the fifth order involving second 
derivatives and Y. One relation is given by (11), and since there are only 
63 linearly independent fifth-order functions, it is clear that there must be six 
other such relations. Ä 

We proceed to obtain these relations, to show, in fact, that the coefficients 
of squares and products of the ws in Yi (abu)? may be linearly expressed by means 
of the other fifth-order functions. | 

Equation (6) in polarized form is 


M, M, — 6 Ya, ay = — 2 (aba) ar ay + Sener ne ee + 4,7, 
39 
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We differentiate this with respect to z, then interchange y and in me 
equation obtained and subtract; we thus get the equation 


— 6(Lau)a, = — 4(paa) (pau) a, + (pa) (aby? (pyu) ye +--+) (12) 
where u is written for (yz). 


We next differentiate (12) with respect to y, interchange x and y, subtract, 
and then write (zy) =u. We thus have the equation | 


6 (Mau) = 4(£aa) (Eau)? + 4( pga) ( pua)(qua) — (Ea) (ay) (ugy). 


In this equation we substitute for (Mau)? from (6), and for (pga)*(pua)(qua) - 
from (8), after writing in (8), a for u, and (ua) for x. We thus have the relation 


36 Y (abu? — 12 (aba) (cua)? + (auß)* (ay (buy)? + 6 (vau) 
= 6 (ala) (uka) + (EB) (EBy (aya) — à (EB (By (Eyuy — 
+ (Maß) (adu). 


This relation, after gubstitution for £ and M, becomes 


36 Y [(adu)? — $ (au (aßuf — (By) (a88)* (yàuY ] 
= 36 (aba) (cau)? + [12 (aaB) (5B (yauy — 6 (ay (daß)? (ayu) 
— 3 (aby Y (aby) (aBu) + 2A (abu)*] + [— 6(avwP + 6 (aca (uaa. 
+ (ade)? (daB)? (eBy)? (ayu — 4 (ade)? (daß)? (a8) (eyu} 
+ $ A (aa) (aw)? — + (ade)? (ade) (aBy (By uy] E 
+ [(ea8Y (By Y(ay uy —5(oa8)'(aBy '(ayu + (ya8) (aBuy] . . (13) 


Again, since Y is of the second order, we may write it t where $ is an 
integral function, and p is "hs 0. Hence | 
y— 290 | y. aa — 4,90 — oF! 
dY = — at 5 d’ Y — 6Y (d*g) = a bem 
Also 


dYd*g — 4Y (dp? = — 2 2 ut 


and therefore | 
d Y d*g — 4Y (d*pf — (d* Y — 6 Yap), 


though apparently of the sixth, is really of the fourth order. Hence 
| dYd*p — 4Y (d'p) + (aba)? od (dp) 
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is of the fourth order. The expression of this in terms of the fourth-order 
functions may now be computed, and we have the result 
dYd*p — 4 Y (dp) + (aba)? a (d*g) = 3 (aaB (By 
+ (aa? (ba8)(aBy) bs yh — $ AF — as (aap) (daß) F 
+43Y(aaß)?a} 8% -+ an expression of the third order. (14) 
Also, if in (7) we replace u by g, and multiply by g2, we have 


( paB ( pBq) o3 8, pz + (Lap) ap; = 0, 


(p98)? (paB) az 8.q. + (Lpa) pzas = 0. 
: From this last we readily deduce — 


(Lpu) pz = (pga)? (paw) qo. - . Q8) 

By means of (8), the right-hand side of (15) may be expressed in terms of 

functions of the second order, and then (14) and (15) enable us to express any 

product of a first derivative of Y and a third derivative of p as a cubic funotion 
of the functions of the second order. 

. We now obtain two equations from (8) in exactly the same way that (7) 
and (8) were determined from (5). These two equations are 


6 (Equ) E, = (nay (nBu (nau) a, + (Nau) az, (16) 
— 6 (E£'u)* = (Haß)? (bau) (68u + (Pau)*, (17) 


ni = d'p, &=—dp, PL = d*y. 
When (17) is expanded it becomes 


(abu) (edu)? + $Y (aau) (bau)? + $ (ca) (aau) (bu). + fr A (a Bu)! 
| — $ (abu)! (cap) (apu)? — $ (aba. (aBu) (Bu .... (18) 
where the terms on the right are at most quadratic in the second order functions. 
Now we showed originally that there were 92 relations among the functions 
of the sixth order that were rational functions of the second derivatives and at 
most linear in Y. The equation (18) gives 15 of these relations, by equating to 
zero the various coefficients of powers and products of the ws. There are six 
others given similarly by equation (13). Also if in (13) we replace v by c, we 
have a relation independent of those already enumerated, which expresses YA 
in terms of second derivatives. We have thus altogether 22. It is almost 
demonstrable that there are no others, and in fact that all other relations among 
second and third derivatives, involving Y and its first derivatives, may be derived 


or 


where 
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by algebraic processes from those given. In particular, there are relations among: 
the second derivatives only. There are apparently none of order so low as 4. 
They may be obtained by eliminating Y from the 22 relations mentioned. For 
example, we obtain 15 quintic relations among second derivatives only, .by 
elimination of Y from the equations derived from (13). Similarly we may 
obtain from (18) and (18) together 201 sextics, though these are not necessarily 
linearly independent. We notice, however, that the highest-degree terms of all 
these relations are homogeneous quadratics in the quantities A,,, with coefficients 
quadratic functions of second derivatives. It follows that if we take second 
derivatives as coordinates in space of six dimensions, all the five-folds mentioned 
pass doubly through the surface of the eighth order at infinity given by the 
vanishing of all the first minors of A. Now we know a priori that these 
relations must have a common three-fold, and it is clear therefore that this 
three-fold must be either of the eighth or of the sixteenth order; it seems highly: 
probable that it is of the sixteenth order, and the space at infinity is a trope. 
This three-fold is the generalization of the Kummer Quartic, which arises when 
p= 2, or of the non-singular cubic curve, for p= 1. We propose to consider 
it more in detail later. 


Barra Mawr ÜOLLNGH 


Differential Equations Admitting a Given Group. 


By J. Epuunp WRIGHT. 


— 


Let there be given a continuous r-parameter group in the m variables 
qj, 93, -+++, yy, Y, and let the a’s be functions of y. Suppose a system of 
n— 1 differential equations is given by /,—0, 4=0, ...., 1, 4-0, where 
the Ps are differential invariants of the group, of orders a, as, ...., &,. 
respectively. Then their complete solution involves .N arbitrary constants. 
But since the system is invariant under the given group, it follows that from . 
a solution involving N—r constants we can deduce the general solution, 
provided the particular solution is not invariant under any subgroup of the 
given group. l 

"The general solution consists of a set of curves, œ " in number, in space 
of n dimensions, and these curves are merely interchanged under the operations 
of the group, so that, e. g.; from a single curve we may derive by means of the 
transformations ‘of the group a set of ©” curves, provided that the single curve 
is not invariant under any transformation of the group. All of these are 
solutions of the differential equations. __ | | 

Now any curve may be expressed by. equations of the type = /, (4), 
where f is an appropriate function of ¢, and t is parametric. If the group be 
extended by adding the variable ¢, and assuming m, 25, ...., 2, ,, y to be 
functions of ¢, whilst ¢ ie an invariant, we get n—1 equations in n dependent 
variables, all of which are invariants of the group as thus modified. 

In cases that frequently arise, e. g., in differential geometry or in dynamics, 
the independent variable is an invariant of the group, and. may itself be taken 
as't. .In.other cases we change the independent variable as indicated, and we 
then need an equation. defining 4 This equation must be one among the 
n dependent variables and £, and if it is quite general it may involve derivatives 
of the dependent variables. Suppose it to be solved for ¢; then since ¢ is -an 


invariant of the group, if the new system is to remain an invarient system, we 
Í 
Wd 4 
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„must have a relation of the form’, = t, where J, is an invariant of the group. : 
For the rest we may choose J, arbitrarily except that it must be independent of 
Lh, 4; ----, 1. We have finally n equations for the n dependent variables 
as functions of t. Their solution depends on N’ constants, where N’ may be 
greater than N, but this gives not only the integral curves of the original system, 
but also the parametric representation of these integral curves in terme of a par- 
ticular parameter ¢. This accounts for the additional constants involved. 


Now if J be any invariant of the group, =f is also an invariant. If we 
regard = as depending on J, then,it may be proved that the group contains 


precisely n independent invariants in addition to £, We indicate the proof if 
r< n. Suppose that r— A of the operators of zero order are unconnected, 
r — h, of the operators of unit order unconnected and so on. Then A2A;2A,.... 
and, finally, for some value of A, A, is zero. We have n — rth invariants of 
zero order, 9n — r + hı of order $1, and so on. We thus have pn — r + h 
invariants of order <p and (p— 1)n-— r-+ À, , invariants of order < p— 1. 
Thus there are precisely n — (A, ,— A,) invariants of order p. Now there. are 
n— r+- invariants of zero-order, and therefore this number of invariants of 


unit order are of the form = . Thus the number of new first-order invariants is 


n—h+h,—(n—r+h)=r+h,— 2h. 
The number of new p-th order invariants is : 
| "ee (a — hy) — [n — (hy — 5h, .1)] = As + ^ — ha: 
Thus, finally, the total number of independent invariants is . 
(n — v + h) + (r + hy— 2h) + (A+ ha — 2h) + =n. 

Let these independent invariants be X,, X,, ...., X,; then the solution 
of the differential equations £, = F; (t) in the original variables will contain 
r arbitrary constants. Further, any system of equations of the type J=0 
E Te ..... Thus the | 
original system may be integrated in two steps. First we have a set of 
n equations in the n variables X, and i. If these are integrated they give 
solutions | p^ 


, 1" x, = Ft), m FQ), «+++, =), 





may be expressed in terms of t, Xj, ....,; Xn, ... 
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which involve N’ constants. Now, regarding the X’s as functions of ‘the 
278, y and their derivatives, we have to integrate a system of invariant equations 
of order r. But the solutions of this last system are the different curves derived 
from a single curve by the operations of the group. We therefore. need to 
know a single solution to determine the complete set, provided that the single 
solution is not invariant under any operation of the group. | 
For example, consider the group of rotations about the origin in space of 

three dimensions; the differential operators are 

Ó Q Q Ó ð ' OQ 

Vos "Oy? dE rm es vy — yx 

and if fis the independent variable the invariants of the group are 

Ex Xx", a ...., Dom, Sow, ova, 


x y 2 
Az|ia y Zi, ete. 
x y". f 


We may choose as our invariants A, Xs, Xi, 
ee Ken AnA; 
and then any system of equations invariant under the group will involve for their 
final solution the determination of a single solution of 
| Az fit), X, — A, X = fut). 


We now take z4/f(t) instead of æ, y ^/f(t) instead of y, and A 
instead of z, and introduce instead of ¢ a new variable ¢, defined by 


dt, m \ Ft) 
At) — IA IV 7^ 
With these changes our system of equations becomes 
2g el. Sei. GS. 
where we now drop the suffix from £4; and we shall assume that f is not zero. 
We see that Sa = 0, hence x, y, z, and a’, y', #, are the direction cosines of" 
two straight lines at right angles. Also 


Lae! — rm — 1. 
Thus ^ 
Ze" +)=0, Ex'(x! + x)= 0,- 


and therefore the line perpendicular to the two given lines must have its 
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direction cosines. proportional to x” + a, ete. It follows from the third equation 
. that these direction cosines are precisely (a! + z)/f(t), ete. From the known 
relations that exist among the direction cosines of three mutually perpencicttiar 
straight lines we have at once 


(Aet m o E) 


a differential equation of the second order for z. If this be differentiated, it 
gives the linear equation of tlie third order | | 


~ 


on a 4+ ei a= =: (2) 


(it may easily be seen that the apparent solution c" + «= 0 must be excluded). 

We determine any particular solution of (2) that satisfies (1), and then by 

elimination we get a first-order equation for y. If we can find any particular 

solution of the equation for y, z is determinate, and then the complete solution 
of the get of equations may be at once written down. 

As an illustration, suppose that «= kt is a particular solution of (1); then. 
f= kt/(1 — k — Ie}. Corresponding particular values of y and z are given by. 
JO — Ey = kt (cos u + kf sin u), 
fü — jz = kt (sin u— kf cos u), 

where sin ku = kt / (1 — A). 
If we call these particular values 2$, ys, %, the Cn solution of the 
equations is 
s=lutmytnr 29; 
y =l wt mM y v s, 
z=" tot m'y + n'a, 
where the constants 7, m, n, etc. are the direction cosines of ibus itali 
perpendicular straight lines. 


. Bars MA wi ConrnxEanB, November, 1908. 


On the Angles of the Regular Polytopes of 
Four-dimensional Space. 


By P. H. Scuours. 


"81. Notations. 
. We introduce general notations for the angles in question, indicating 


by a & plane angle between edges (of polygons), 
* b id ú “ faces (of polyhedra), 
4 d is * bounding bodies (of polytopes), 


these angles varying from naught to 360^— 27; o 


by a a solid angle between faces (of polyhedra), 
ims M “ round an edge (of polytopes), 


these angles varying from naught to 720°= 47; 
by A a four-dimensional angle (of polytopes), 
this angle varying from naught to .1440°= 87. 


82. Relations between a, b, c, a, B. 


By means of an isosceles spherical triangle, or one of its two rectangular 
halves, we can express 5 in a and c in b by using the cosine-formula, and a in b 
and 8 in c by using the expression for the spherical excess. But tothat end we 
ought to know the number 7, of faces concurring in a vertex for the bounding 
polyhedron and the number », of limiting polyhedra passing through an edge of 
the polytope itself. If we add the number p, of vertices (and sides) of the 


limiting polygons of the polytope, we have a = zt — x so by the relations we 


are going to deduce all the angles a,b,c,a,8 can be expressed in Ps, ps, Pi 


40 
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Relations (a, b) and (a, b).—The three edges of the trihedral angle corre- 
sponding to the spherical triangle in view are two. adjacent edges of thé regular 
polyhedron and the line joining their common point to the centre of gravity of 


the polyhedron. So the three angles of the spherical triangle are : E =, 
3 


whilst the side opposite to = isa. So the cosine-formula for the angles gives 


~ 





uU NR. T 
d 7 -+ sın z co8a, 
or 
^t » 
1 m i l 
sin 55 = 2 | (1) 
cos -7 


and from the spherical excess b + = — n taken Ps times we deduce 


"E a= pb— (m— 2m. | 0) 
| Relations (b, c) and (B, c).— Here the three edges of iis trihedral angle are 
the lines joining the midpoint of an edge to the centres of gravity of two 
adjacent faces through that - and to the centre of gravity of the polytope - 


27 
itself. So the three angles are — , —-; the side opposite to an is b; 80 
T Pi | DM 





. we find 
- l n 
sin 5o = —5, (3) 
cos -37 
.B=pe— (p Br |. (4) 


| 8, if the number of sides and vertices of the polygons of the polytope i is 
represented by p,, the formulae (1), (2), (3), (4) enable us indeed to on 
all the anglon a, 5, 0, a, B in ps, Pay Pr 


$3. The Angle A. 


For the first time the angle A was calculated for all the regular poly- ` 
topes by L.. Schläfli in 1852.* We will indicate here in what manner he derived 





. 8 See the posthumous work ‘t Theorie der vielfachen Kontinuität” published by Mr. J. H, Graf, p. 118. . 
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his results, though we must omit parts of the demonstration. His chief instru- 
ment is a differential formula. Let us consider the simplest case of an 
angle A formed by four lines 4, 4, 4j, 4 meeting in O and not lying together in 
the same three-dimensional space. Let us represent by a, the angle between 
l and h, by c the “adjacent” angle between the spaces (4, 4) & and (4, 4) L 
meeting in the plane 4, &. Then the differential formula under discussion is 


l y | | 
6A = 7 2296, | (I) 


the unit 180° of A being an eighth part of the whole four-dimensional space round 
O and the summation > extending over the six angles a,,,....,a,, and the 
“adjacent” angles c,2,.---, c44,. Now let us assume any point O' within the 
angle A and drop perpendiculars from O' to the four limiting spaces of A; then 
another four-dimensional angle A’ is formed, called the supplementary four- 
dimensional angle of A, the angles a! and c' of A’ being the supplements of the 
corresponding angles c and a of A. For this new figure (I) becomes 


248 22 
gA = PE — er — a) — «x Yn — c)da. | (II) 
Addition of (T) and (IT) gives 
9 6 ] 9 6 
(4 + A!) = t Xjaóc— (n — o)óaj — — 4-Xé|(n— c)a}, 
1 | 1 


which equation can be integrated. As A’ becomes 720° when A disappears we 
get l l 
9 6 
A + A! zz 720° — a T c)a. (III) 
ws 1 ; 


This formula enables us to find the value of A in the case of the regular 
polytopes Cs, Ca, Cim, the four-dimensional angles of which admit only four 
edges. But it must be extended in the case of the other regular polytopes to 
what may be called “regular four-dimensional angles" with more than four 
edges. A four-dimensional angle is “regular” if there exists a line through 
its vertex with the property that the space normal to that line in any point P 
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cuts the edges in the vertices of a regular polyhedron having P for centre. Now 
it can be shown that the ‘relation (III) holds for any regular four-dimensional 
angle and the supplementary regular one of the perpendiculars, if the summa- 
tion X be extended to all the equal angles a and the corresponding equal angles c, 
the number of terms under the sign X being therefore equal to the number of 
edges of the regular polyhedron mentioned above. But if A is a four-dimensional 
angle of any regular polytope, and the vertex O' of the supplementary angle A’ 
.is the centre of that polytope, the edges of A’ are the lines joining that centre O 
to the centres of gravity of the limiting bodies passing through the vertex O of A; 
go A! is the “central four-dimensional angle” of another regular polytope, viz., 
of the one polar-reciprocal to the original one. Now, if we designate—in accord- 
ance with my German text-book—by e, k, f, r the numbers of vertices, edges, 
faces, limiting bodies of the original regular polytope, these quantities taken in 
reversed order r, f, k, e represent at the same time the numbers of vertices, 
edges, faces, limiting bodies of the polar-reciprocal one. We find, therefore, 


1440? 
tp 
A= "EE 





Moreover, the number of terms under the sign X can be expressed in p, e, f. 
. For p, f represents how many times any vertex lies in any face, and therefore 


at the same time how many times any face passes through any vertex’; so 2 
represents the number of faces passing through the vertex of A, $. e., the number 
of edges of the regular polyhedron. So by introducing nn for a we find, 


after slight reductions, the general result, * 
1 : | 
A= + 1720-2) —3/(p — Ya 9). (5) 
$4. The General Results for Regular Polytopes. 


By applying the general formula to the six different regular. polytopes we 
get the following table of results, where e stands for 45. 





: 
* Probably this formula giving at once the angle A for ali the regular polytopes 1s new. 
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b 0 a B A 
7109 BI 44"! | 75^ 81' SIF | 819 BB 11 | 46984 gr |1405 247 
: —4e— år 
i i H H cos de = 
90° 009 90° 90° 90° 
0 0 0 0 0 
70° 81! 44"! | 120? 819 835 117’ i 12909 60° 
i -i it -i i 
109° 28/ 16/7 | 120° 77° BS 09" | 180° 180° 
44 -à o2 .)|-1 -1 
116° 337 b4/' | 144? 169° 41/ 48/7 | 252° 458° 24/ 
m 4 — $(¢ + 1) — E 4 (3 + 0) 
10? 317 44/7 | 164° 287 8977 | 81° 35! 117? | 2820237 15/7 | 897? 39° 
l = BA r — We 
4 — 4 (3e +1) # iq (81—156)| cos We = reer ts’: 


This table gives the angles in degrees and besides the cosine of every 
angle, with exception of the case Aw where the angle is mensurable and the 
cosine 1s not. i | | 


85. The Angle A Continued. Conclusion. 


We indicate here how the angle A of the less complicate cells, Cs, C,, Cy, 
Oy, can be found without aid of Schläfli’s differential formula. 

The Oase O;.—By a regular truncation of C, at the vertices half-way up the 
edges, i.e, such that the truncating spaces pass through the mid-points of 
the edges, we obtain* a polytope (10, 30, 30, 10) with ten vertices of the 
same kind limited by five octahedra and five tetrahedra. If we distinguish 
the four-dimensional angle of this new polytope from that angle A of C; as A’, 
the two equations 


24 + Al = 3(30 — m), A+A =m 


give A= 4c — aa by elimination of A’. So we have only to prove these two 


equations. 
The first of the two equations.is found by remarking that the portion of 
four-dimensional space round the midpoint of an’ edge of €, inclosed by the three 


*See Proceedings, Amsterdam, Vol. X, p. 499. 
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limiting spaces of C, passing through that edge is divided by the truncation into 
A! and the four-dimensional angles at that point of the two regular five-cells cut 
off at either side, and. that its ratio to 1440? is equal to that of its angle 8 to 

720°. So we find | | 


9A + Al = 28 = 2(8c — am). 


The second of the two equations has quite another origin. If we cut the 
. net of five-dimensional measure-polytopes by a four-dimensional space passing 
through a vertex normal to a diagonal, we obtain* a four-dimensional space- 
filling consisting of regular five- cells and of polytopes (10, 30, 30, 10) mentioned 
above. The 2° measure-polytopes round the chosen point project themselves on 
the diagonal i in groups of | 


(1, 5, 10, 10, 8,15; . 


of these the ten polytopes of the two groups of five are cut in five-cells, the 
twenty polytopes of the two’ groups of ten in polytopes (10, 30, 30, 10), whilst 
the two polytopes of the two extreme groups are left undivided. So we find 
that round the chosen point the four-dimensional space is filled by 10.4 and 
204’ or 


10A + a 1440°. 


_ The values found for cs, Bs, As furnish us limits for the numbers of cells 
C, that, can be arranged in four-dimensional space round. a face, round an edge, 
round a vertex successively ; these limits are evidently the integers contained in 


'ano. o o | u 2 
s . Tu : e , ù. e., 4, 15,102. But probably the limits 15, 102 are still 
‘Us 6 5 








too large. For instance, in rs analogos question about the tetrahedron in 


three-di 





us that we can only be sure of this, that 20 tetrahedra can concur in a common 
vertex, the central solid angle of the icosahedron being 36? 7» a, whilst it will 
probably be impossible to arrange the 20 icosahedra round a point in such a 
way as to leave place for a new one. 





*Ree Proceedings, Amsterdam, Vol. X, p. 688. 
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The Case C,.—From the selfevident ve by four-dimensional meas- 
ure-polytopes we deduce nor 


M = 14405, i. e., Å = 90°. 


Here we find that it is possible to arrange 4C, round a face, 8 C, round an 
edge, 16 C, round a point. | 

The Case C4,.— Osis generated by taking away from a C, rectangular five- 
cells by & regular truncation at the eight wertices of one of the two octuples of 
non-adjacent vertices extended so far as to remove all the original edges.* 
As four of the removed five-cells meet in any remaining vertex and each acute 
four-dimensional angle of these five-cells is an eighth part of Aj, the five-cell 
itself being a sixteenth part of C, we find 


1 


| 4 | 
An — A, — Aw v. Coy Ay LL 60?. 


This angle A is the smallest of the whole lot. 

The same result is deduced from the well-known four-dimensional space- 
filling by Cy. By transformation of the net (C) into a net (Ce) we find indeed 
that it is possible to arrange 36, round a face, 6 On round an edge, 24C,, round 
& point.  — 

The Case Oy.—A Oy is obtained by joining to a C, at each of the eight 
limiting cubes a regular four-dimensional pyramid, the base of which i is that cube, 
whilst the — is halt the edge of the cube: So we get 


Ay = A, + A, —180?, 


in aecordance with the well- known four-dimensional space- filling by cells On; 
from which we deduce. that it is possible to a 8G, round a face, 4G, round 
an edge, 80, round a point. 


*See my ‘‘ Mehrdimensionale Geometrie”, Volll, p. 242, and Proceedings, Amsterdam, Vol. X, p. 586-545. 


310 SCHOUTE: On the Angles of the Regular, Ete. 


If we indicate the numbers of cells round a face, round an edge, round a 


point by qs, qa, qo successively, we have the results laid down in the following: 
small table 


| Qs qi qo 

E 4 15? 102? 
G | 4 8 16 
“GO, | 9 6 24. 
Cu 3 4 8 
Ce 2 2 3 
Oo 9 2 3 


. The figures in heavy type correspond to the cases of space-filling. 
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The Asymptotic Representation of the Elliptic Cylinder 
Functions. 


Br WILLIAM MARSHALL. 


—À —À 


Introduction. 
We-are indebted to E. Heine* for the first serious treatment of the functions 
of the elliptic cylinder. Starting from the defining equation 


os + (p oos 2p + 42) E — 0, 


where b and z are constants, Heine shows that H(p) can be expressed in the 
form of the following infinite series: : 


| . E(q) = ka, + a, cos 26 + acos 4$ + ...., 


where the coefficients, functions of b and z, are subject to a certain recurrence 


formula, namely, d i 
an1 = b(n — 2), — à... 


But this series, as was pointed out by Heine, is not convergent for all values of 
6 and z, but only for certain particular values which he found as the roots of a 
certain function of b and z. This function, however, was not carefully defined 
by Heine, nor was his proof of the convergence of the series sufficiently rigorous 
to satisfy modern mathematical requirements, 

S. DannacherT cleared up the inaccuracies and supplied the deficiencies in 
Heine's presentation. He subjected the function whose roots determine the 
convergence of the series to a careful investigation, and showed how these roots 
might be calculated. He gaye also a satisfactory proof of the convergence of 


the series, 


* E. Heine, Kugelfunktionen, Bd. I, $104. 
+ Inaugural Dissertation, Zürich, 1900. 
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W. H. Butts* made a particular study of the roots of this so-called Amtting 
function, and calculated for different values of 5 a considerable number numerically. 
In the present paper, following an idea originally due to Stokes,t we obtain 
asymptotic or semi- convergent developments for the elliptic cylinder functions. 
These asymptotic expansions, which hold approximately for reasonably large . 
values of the argument, have two decided advantages. In the first place these 
series are extremely well adapted to the calculation of the numerical values of 
the function when the argument is large, or even reasonably large; and in the 
second place they indicate without serious calculation the behavior of the function 
for large values of the argument, and particularly for an infinite argument, and 
they afford the most satisfactory method of determining where the function 
vanishes. 


I. The Transformation of the Equation. 
The equation of the functions of the elliptic cylinder may be written in 
the form 
d*U 2 = 
gë t (4? cosh?u + 38) U — 0, (1) 


where k and 38 are constants. If we change the independent variable by 
putting e" = z,T since | 


06 -Le* 1] 1 
cosh u = =, (etz): 


the equation (1) goes over into 
d? | pg | | 
da l Ld "t +15 (143 zi 2) „|? = Ä (2) 


We can remove the term containing the first derivative by putting U, = Uz. 
Then (2) assumes the form 


utet Grm ario B " 


* Inangural Dissertation, Zürich, 1908. 

f Trans. Cambridge Phil. Boc., Vol. IX, Part I, or Math. and Phys. Papers of G. G. Stokes, Vol. II, p. 829. 

t As a result of this transformation, or, in general, e** = 2, the singular points of the resulting equation 
lie only at O ando. Of this family of transformations, a — 1 is the only one which reduces the equation to 
a form such that, for large values of z, it becomes approximately (0); and this form is desirable for our 
present purpose. | 


the Elliptic Cylinder Functtone. 313 


Finally, if we put =e (3) becomes 








d? U. I?» 1 1 k* 1 = 
++ titat aao A 
or, as we may write, | 
d? U. p = 
ag + rar) n=, " 


where the following relations exist between the quantities involved in (5) and 
in (1): | 


E 
177% (6) 

U, = Uet, 

ke" 

"V 2° 


II. The Solutions in the Neighborhood of the Singularities. 
The point x = 0. is an essential singular point of the equation (5), as is also 


the point <=». For if we put x = p (5) becomes 


PU, 2 ay (lip, 7a 
so that E=0 is an essential singularity of (7). 

Following the known method, we might now obtain an asymptotic solution 
of (5) in the neighborhood of «=0 by putting 


U, =F a*(ay + aye + ag? +--+) (8) 


and then determining a, A and. the coefficients do, a1, %,---- 80 that (b) is 
formally satisfied; it will, however, in this case, be somewhat simpler first to 
obtain a solution in the neighborhood of z=, and from this to obtain the 
solution which holds in the neighborhood of «= 0, 
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For large values of x, (5) becomes approximately 


d? 
ar T U, — 0, (9) 
of which the complete solution is | 
U, = 0, cos w + C, sin a. (10) 


Our solution of £ (8), then, which is to hold in the neighborhood of z = o T 
be such that for large values of x it assumes approximately the form (10), 
We assume, ihen, as an zen solution in the neighborhood of x =œ, 


D, — sina (4, +4 ++. .) + 0080 (B += E "id (11) 


where the A), 4, 4, os, Bas B, B,,.... are constants which must be 
determined so that the equation is formally satisfied. We have, then, from (11): 





ein... D) 4 cona (Ao +S TEETE 
| B, B 
+ (3... sine (BEO FA) 
Oy = sing (13/3. 2945 BE ..) + 20082 -3 A D 


— sin a (A, ++...) He 288: ++...) 


20 (5—2 —.. ...)—cos# (By + = Bo. a: 


ot 


When we now substitute this and the value of U, from (11) in snail (5) 
and arrange according to descending powers of x, we have for the left-hand side: 


ae LE ee tie i 
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1.28, 2.3B, , 3.4B,- 
qot 
2.14, 2 "M 2.94, ' 2-44. a T^ "MN 
CX dw — Te ow ^ 
B B, B, B, 
p 4 0B CER + 2 Pay BB en 


+ cos a e Yee 


B B B, > 
+ D i: m STERN. dies 


In order that this vanish, the coefficients of cos x and sin x must vanish 
separately. The necessary conditions for this are that the coefficients of the 
various powers of x, namely, 2 ?, x ?, x *, ...., should vanish separately. 
This gives us the following relations for determining the A’s and B's in terms 
of any two of them, say in terms of A, and B,: | 














A, =£ By= Byfi(p, 9) (say), 
PP 
_ Bp +2) . 
4— "$3 -— w3 o fs; 
E e g Pip + 2) = — B 
p(p Haase q |— 
= | +, 1=- of». 
= [Pr * TTE 1 0 (12) 


mm 00MM HM! 


- [ee tige em g(p + 12) pg | = 
= [212 


pt3 + 6)(p+ 12) g(p+12) . pq 


SSS M M —À 


2.4.2.3 FR 


A,— B pee T—Ü 20) (p +12) (p + 20) 
: 95 5! 2.4.9.8.2.5 


CHE P3]. 5. 
1.2.4.2.5 285 98 9 en 


€ & R à € 9 9? 9 9 9 9 ew » 9 9 « eee we ee esse & € Ra c. à * er E O 
a 
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Here A, Jas h, .... are simply abbreviations. We have, in general, 
— PBalptn(n—)], Frog 
m 2(n — 1) + 


Pes fiale tahi O Aast (13) 
: 2(n—1 2(n-—1) J` 


From these relations we may determine the constants A,, As, Ág, ...., 
B,, B,, Bs, .... as far as we choose, though, as might have been expected, 
it is not possible to give general formulas for A, and B, except in terms of the 
coefficients which immediately precede them. Substituting now in (11) the 
values of the coefficients as given by (12), we thus obtain ior the se pmpsotie 
solution of (5) for large values of x the following: 


U, = sina | 4, - A “of A a DUE = | 


A B A B | 
toss p AA 4 Safe 4 Sle]. (14) 


z 
This we may write in the form 











Fi cosa cosa Asinz 008% 
U; = Ay (sine — = GH rt.) 
+ By( cose + 2522 _ a e (15) 


If now we change the arbitrary constants by putting 


Asin z + By cos x = C cos (a — a), 
— (A, cos x — By, sin x) = C sin (a — 2), 


we may write (14) or (15) ia the form 
= ail teas 
U, — Ccos(a a)| 1 ees te. | 
+ C sin (a — a| 2- fs h -fee (17) 


(16)* 


23 1*5 


or we may write 
U, = C [P cos (a — x) + Q sin (a — x)], (18) 
* This amounts to putting 
O = J Ai + B, 
A 
= tan! 0, 
a n B, 
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where P and Q denote the following infinite series: 


| (19) 
gah Aa hy... 


[f we return to the original variables U and u, we may write (18) in the form 
see the relations (6)) 


C= = s[e cos (a — z) + Q sin en =) (20) 


where, in P and Q, x is replaced by T and p and g by their equivalents. 


| The series denoted by P and Q are at first, for reasonably large values of x, 
rapidly convergent; they are both, however, ultimately rapidly divergent, as 
may be seen from the relations (12). The point at which they begin to diverge 
depends on the relative magnitude of f, and x^. In fact if we stop after taking 
2n terms of the solution (14) (n terms containing sin x and n containing cos a), 
and set the result in (5), we obtain 


e+ (1454+ A |4sin (= Er 








th Gn 


and the right-hand side of this is small if $ d is also small. In using such | 





series in numerical computation, we need not take all the terms up to and 
including the smallest; the number taken will depend upon the closeness of the 
approximation desired. 

To obtain a solution of equation (5) which holds in the neighborhood of the 
other singularity x = 0, we proceed most conveniently as follows: in (5) we put 


¢ = = (5) becomes then 


EU, , 24, 
atta 





+ (a+ +) G=0 (22) 


We can get rid of the term containing the first derivative by putting U, = U,t |. 
Then (22) becomes l 


: | 
Uy + tr) (23) 
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Finally, if we api t= Eq 5, we obtain 


d? U, = | 

| ze + (1 +h +f) a= "NN (24) 
Equation (24) is, however, of exactly A same form as (5), so that we may use 
the former solution (14) or (15). The solution of (24) which is valid in the 


neighborhood of E = o is then 
U, = sin £ (ay + A Ia wo 





A. ps | 
Afi bofe , of 
Hatte er 
where the fi, Jas Js, ---- have exactly the same meaning as in (12). If now 


in (25) we restore the values of the variables U, and č, we have 


U, = 2 ain L (a eR Zah Pbofe 


q q’ 
+ z cos L (b — UA EA ED "—— (26) 


We may write (26) in the form 
d agr sin £(—-5 p+ fs ad Ee) 
E vun ga gns E ph 
+ buefein 2 (5 A het Th.) | 
| pout Gi Ze SaL) | (27) 


We may adopt then, as the two fundamental integrals of equation (5) which 
are valid asymptotically in the neighborhood of æ= 0 : | 


ak 
Un = a(A sin -£ — B cos L) p (28) 
U,, = 2 (B sin £ + A cos L) Eu u (29) 


where 


dix ee ah AAT | 
5 (30) 


RS ae CE S 
| 2$" gi? gi! 
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These integrals have no meaning wheng=0. This case, however, we need not 
consider, since for g = 0 (5) becomes | 


U'-(i-45)Uu-o | i (31) 
and this is a reduced Bessel equation with n? = 4— p* 


It remains to bring the integrals (18) and (28) or (29) into connection ; 
that is, to determine the constants C and a in (18) so that (18) shall be an 
approximation to the fundamental integrals which are denoted by U,, and U,, 
in (28) and (29). In general this is brought about by expressing the function, 
here U,, or U,,, in the form of a definite integral and then, from this, deter- 
mining the leading term in the function as the argument increases. But the 
expressing of these functions U,, and. U, in the form of definite integrals of 
sufficient simplicity seems to involve difficulties not as yet overcome.f However, 
for any particular case, for any particular pair of values of p and q, the constants. 
Cand a might be determind in the following manner: Having chosen a value of 
z for which (18) and (28), for example, give a sufficiently close approximation, 
compute the numerical values of these expressions (18) and (28) for this value 
of x. This would give one relation between C and a. By proceeding in a 
similar way for a second value of x, the values of O and a would be determined. f 


III. The Roots of U, — 0. 


Although we have not determined the constants C and a in (18) so that (18) 
shall be an approximation to the fundamental integrale Up and Uy, yet it is 
. possible to determine from (18) the general behavior of these functions for large 
values of x. For the sake of simplicity we carry, the discussion through with 
the variables U, and x and denote by Uj, either of the integrals U, or Uj,, 
where the a will serve to indicate that on the value of the constants a and C 


* That is, if in (31) we put U, = Jzi, we have, after reduction, 





1 
pue a iL 
E d zi 


ei; 


and this is the ordinary form of the Bessel equation with #3 replaced by — p. 
+See III, where the value of a is approximately determined, but not in this general manner. 


1Bee the numerical example in V. Here the arbitrary constant is determined in the above-mentioned way. 
42 | l 


i 
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will depend whether the one or the other of these integrals is intended. We 
have then, from (18), | | | 


U, = O [P cos (a — æ) 4- Q sin (a —2)]; (31) 
and we proceed to find where U,, vanishes. We put | 
P = M cos 4, Q— M sin q, (32) 


where, as before, 


P= 1 ud Ee a T 





| (19) 
| Ge, Bd deus 
(31) becomes then | l | 
| U;, = CM [cos (a — æ) cos b + sin (a — x) sin 4j], (33) 
U,, = CM cos (qj — a + z), | (34) 
where, from (32), since 
M=V P+ Q l 
y = tan! : : P^ 
p= tan (24 Ani Is—hh-IJJ: T ffs q en), (36) 
4 
Pa hn-hh+ A 
Heiler Te eg er a (37) 


Now, from (34), Uia will be zero when 


cos (4 —a+2)=0; 
that is, when o 
no èn 2n — 1 
Ņp— at= -F 791 un, $3 . TE, 


that is, when 





= my (38) 


v= a + 


(where n is an integer). This equation we have to solve for æ on the supposition 


mm . n= ĝ, then we 





that æ is large. If in (38) we put, for shortness, a + 


have to solve 


z= — y. (39) 
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If now we expand qj in terms of æ by means of the expansion of tanz, 


namely 
5 1 


tanie zz g— | a? ig — y? Fiss, 


à 5 


we obtain, after reduction, 


a ARA. KA hh Pee foe 
A yg = ee. (40) 


Putting this value of T in (39) and solving the resulting equation, namely 
4 ARCA 
— 2y 
h—-th-hfithh—-hthht TA 
BB. zn -5 | Tee, (41) 
by the method of successive approximations, we obtain 
AS 3t (5A EA Sr 
5 
— (A—RAA — ffs Af bth fit L 
1 
HARA tE get (42) 


We have, then, for the general formula for the nth root of the equation U,,—0, 
the following : 


- g AAA DR 
——————— 7t — 2m dM fud A —— 
2 2n — 1 "S ] N? 

a+ 5 "(s 4 x) 
By means of the relations (12) we may express this in terms of p and g. We 
find, after some reduction, 


= Mm—1 bp? + 6p — 12 | 
cad.  N— Get Gna silet b n T (44) 


By means of the Festis (6) this may be transformed into terms of the original 
quantities U, u, k and 5B. 


v =a + (43) 
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The expression (44) shows clearly how the roots are spaced along the axis. 
It shows also distinctly the influence of the undetermined constant on the 
| 2n — 1 

2 

that a change in the value of a amounts to a displacement of the roots along the 
axis. (44) shows also how the position of the roots depends upon the values of 
p and q. In (44) q appears first in the fourth term, which for ordinary values 
of p and g, on account of the rapid convergence of the series, will bé small, so 
that a change in the value of g will produce a very slight change in the position 
of the roots. 

In the calculations involved in the preceding pages— that is, in finding the 
values of 4j as given in (36) and (40), and M as given in (37), and in solving 
the equation (41)— we may proceed as there indicated, performing the arith- 
metical operations upon the infinite series there involved, and carrying the 
results to the desired degree of accuracy. These results may be obtained more 
briefly (particularly if many terms are desired) and much more elegantly by the 
following method.* 

We had found, as a solution of (5), 





position of the roots. The leading term in (44) is of course a + n, SO 


AEE Pee EE N TE I 2 . (81) 


If now we put i 
P = M cos4, Q= M sin, (32) 


and further set C — 1, a = 0, we have, as a particular solution of (5), 
U, = M cos (fp + x). (45) 


By substituting this integral in the differential equation (5), and determining 
the coeflicients so that (5) is satisfied, we should be able to deduce recurrence 
formulas for the coefficients of M and ẹ. We have then, from (45), 


U = M! cos (æ + y) — M sin (e + ¥)(1 4- V), (46) 

U! = M" cos (x + y) — 2M sin (x + 4) (1 4 4) 
— M sin (x + V) 4" — Hecke -E)(1d-X/y- (47) 
*This method was suggested to me by Professor Burkhardt, who, however, has not published anything | 


on the subject. It is generally applicable in similar problems, being particularly advantageous in the calcu- 
lation of the roots of Bessel functions, 
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When we substitute these results in (5), we have 
M" cos (a + 4) — 2M’ sin (a + 3)(1 + Y)— M sin (x + 4) y” 
— Moos (e+ W(t + VP + (14244) Meos(e+4)=0. (48) 


In this the coefficients of sin (a +) and cos (w + y) must vanish separately; 
.this gives the two equations for determining M and 4: 


M" — M(1 AY 4 (1 +244) M=0, (49) 


9 M' (1 4- 4/) + MA — 0. (50) 
Equation (50) is readily integrated, giving 


1+ Y= 4h. (51) 


When we substitute this value of 1 +) in (49), we have a differential equation 
for M, namely | 


M" — 94 (1 +444) w=. (52) 


Now, since we are concerned only with a particular value of M, we may assign 
to the constant of integration & any value we choose. As we shall see later, 
it will be most advantageous to take c, —1. We know from the equations (19) 
and from the defining equation for M, namely M = v P? + Q*, that M must be 
an even function of x, and moreover that the first term is 1. We therefore 





assume 
M=1+ 345444... | (53) 
Then follow 
2 4k 6 | 
wagt (54) 
Mac IN P EN sees .— (55) 
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Also, by the binomial theorem, - 


| 
miraträ+tst va (56) 
where the a, a,,@,, ...- are given by the relations : 
sos EE 3A, , 


PR gn | | (57) 


9? a t 9 » 9^ " © $ * 9 $$ wo 9? ^9 © & 9» 9 & * © ^  $ 9 * .» 9 o 9 


If now we put the value of M" from (55), M from (51), and yn from (56) 
in (52), we have, after putting c — 1, 


I3. 1 Sn Im 








fey k 4 
+ puce poo +. 3 4... 
E 2 | | 
ar Bp. PA 4 Ph y... (58) 
In 
> h o U 0 s icc ES 
| = —H = : er) 


When the coefficients of the various powers of x are put separately equal to Zero, 
the following recurrence formulas are obtained : 


4h, = — p, 
4h, = — (p+ 6) —q- b, 

= — (p + 20) b, — ql + bs, (59) 
4k, = — (p + 42) ka — gh, + be, 


— [p + (n — 1)(n — 2)] -— Pena + bn, 
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where b, ba, 53, .... are the same as a, ds, dg, - ... a8 given iu equation (57), 
Suy with the last term dropped; that is, 
b, — 0, 
p, 4l, 
Eb $9 , 


p, — — Shit — Bla, — 10h, 
877 3 


a » 9" 9" à» €" 9* $9 & g S - FF FS o£ * © ^» * * ^ a ee 


We have then, in (59), a formula for any coefficient in the expansion of M 
expressed in terms of the preceding coefficients, so that any coefficient can be 
at once expressed in terms of p and q; naturally, for the later coefficients the 
calculation becomes somewhat laborious, owing to the complicated character of 
ds, 4, dg, .... When expressed in terms of p and g. Below will be found a list 
of the first few coefficients calculated in this way. 








E 
=—7, 

(61) 
hy -—15 Mp OD. (°P + 5) | 
ii a 32 
= er are 46p'g  15T7pg , bg? 105g 
2048 128 128 32 32 8 ` 





We may use these coefficients of the expansion of M to good advantage in 
the further computation, particularly in the task of solving by the method of 
approximation the equation 


z=¢ọ— 4. (39) 
To show how this may be done, we have from (51), after putting c= 1, 
y= y pcd. | (62) 


; _ 
Expanding M-? by the binomial theorem, we have 


-32*242*3 (63) 
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where cs, Ci, Ce, .... are given by 
ĉa — — 2k, , 
Boy = — Ah, — blues — 6h, : 


If we now integrate (63), putting the constant of integration equal to zero, 
we have 


C C l 
a le l a RNUUENERN (65) 


from which 4 can be expressed in terms of p and q if desired. In order to solve 
the equation (39), however, we may use the value of V as given in (65). We . 
have then to solve 


eat S i gi unt is (66) 


The successive approximations are readily found to be: 





x, = >, 
= ha | 
Ta ota: | 
A 
qe | : (67) 
—d 334—195. 9 
ea 35 ——3—— 


and by : means of (64) and (61) these can be expressed in ern of p and q, 
giving the results previously obtained in (44). 

‚The fact that in (44) the value of the roots of U, = 0 depends only on 
the undetermined constant a suggests the following method of determining 
approximately the value of this constant. We have 


Up = c (4 gin V — B COS Yq), | (28) 


Lm 
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where A and B have the values given in (30). If we put 


A= N cos 0, 
B= Nain 6, 


(28) becomes 


This will vanish if 


that is, if 


Up = aN (sin ^/ d cos 6 — cos v4 sin), 


ar 


Up = aN sin (72-8). 
sin (Y2—6)- 0 | | 


— ~q Z | 
u (n= 0,1, 2,8,... i) 


We find now, as in (40), 


- 3 (Ar) 


eA (4- AA AREART ARRA I)e 


We have now to solve approximately the equation 


vq 
indc + (AA REIS 


t = 


on the supposition that æ is small. 
It will be more convenient to write (74) in the form 


v = Vies 


“ef V. ft AR Af | 
Han) © gan)? - (ey + ze Gren) MA)... 


The successive approximations are: 


43 


VG 
gi -— l u 


e € 9" ¢ y d tl g # 8 ee y gyk o» —* 99] 828 à "o @ à 8 I$ @ & 8 e 
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(68) 


(69) 
(10) 


(71) 


(72) 


(73) 


(74) 


. (75) 


(76) 


a 


328 ^— Massmaut: The Asymptotic Representation of 


If we put this ie value of c equal to the approximate value obtained 
in in we have an equation pod only a. This is 


Bp E6p—19 |. (ur) 

















a “geh, Dci ee 70 QUY 3 
(a us = n) 34 (a + 77 En) 
^ This gives, as successive nn for a: 
: 6 
2n — 1 ae 
a + 9 n= bas 
2n — 1 — po ‘ : 
9n — l _ po lip? + 6p— 129 
wb o. "—hdtua za , 


wo © 9 © & © > 234 39 8 9 «4 © 9 9 c» ewe V 9 He à 9 9o e 8 M * Pe He 9? à Be ee Fee * 


This approximate value of a, which should hold for certain values of n neither | 
too large nor too small, would indicate that the true value of a-probably is a 
rather complicated function of the two parameters of the equation, p and q. 
In a similar way the value of a might be determined so that (44) would give - 
approximately the position of the roots of the other fundamental integral Uy. 


IV. The Roots of U!=0. 


In a similar way we may compute the roots of Ui. = 0; that is, we may 


- find the maxima and minima of U,. We have 








a © [Pe cos e) + Q sin nt Us |, . (20) 
where 
af, = = (79) 
V = qe — gan t — 


/ 
Now, since U, exists, and indeed also in the form of an asymptotic expansion, 


| we may E NNNM (20) term by term, the results having of course the same 


meaning as the original expansion. We thus obtain 


VÉ PETER be Aa a A Qi. (a ^ 


+ sin (a — =) ; 9 |- r| P cos (a) 4 Qsin (a — 55). (80) 
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If we put this equal to zero, we have 


sin (a — | EE +E 9 ess (s | P— ee P|.o (81) 


From (79) we have 


 ,98.9f5, 8.4f, , Lef 
Pau — quaa t 277 ten 


g= LUN IE $^ Lu y 








(82) 





For convenience we may return to the former variable, putting, as before, 


u 
qc - , 80 that we have 


p=i-h 4 - Is +... 


A 


| | (19) 
Q — f — Jp ALI... | 
— 2f 4f, 6f, 8; 
pu 03A 8^5 8A. 
wd tu d a 


e «u e t 


h Be hy Ih 
e=- deu ux roe 
Then the expressions in thé square brackets in (81) become 


9 Aral Ara 
tP+Y— f= ag ae = R (say), 


QOATSÁAS hA ht h 


(84) 


We put now, for shortness, 


, 1i i . : 
| A+ 5 — nh» 9), (or simply — gy, 


3 
Ja + shi = 9: 


(85) 
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Then the series in (84) become . 


ot 
(86) 
=. 44% ST sk | 
The equation (81) becomes then, after dividing by z, 
ki sin (a — x) + &, cos (a — x), (87) 
where 
—1.. 9 9. __ Is " 
M Ed ac PEL ha 
— f __ 9 9s Jr 
iniri dod dir RE 
As in III, we put 
Ii, = M, cos dh, 
5, = M, sin 44, (89) 


where M; and 44 have exactly the same form as the M and 4j in (37) and (40), 
except that the g-functions now replace the /-functions. Then (87) becomes 


M, [sin (a — x) cos 44 + cos (a — x) sin 44] = 0, (90) 
or l 
sin (a — æ + 44) = 0, . (91) 
which vanishes when 
. a—% +}, = — na (n an integer or 0); © (92) 
that is, when 
v =a + nz + h. (93) 


We may solve this equation in exactly the same way as in III we solved 
the equation (39); we need only replace each f- function by the corresponding 
g-function, due regard being paid to the algebraj We thus obtain 








r= a + na 
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If we express this in terms of the /-functions, we have 


rl Dre . 
or, in terms of p and q, 


=. oP + rg 
t = a + nn — aa tar i 


I0. 188 100, 018 CM, 
P + 560? — 340” — g4? — 380 t 2 4... (98) 
| (a + nz) | 


If we put for c its value x = = , we have, finally, 


+1 5 7. 
PEE ete ts M (97) 
| rea ae 

This formula gives, then, the position of the (n +1)th maxima of the curve U,. 
Here also a change in the value of the undetermined constant a has practically 
the effect of displacing the maxima or minima along tlie axis. A comparison of 
the equations (96) and (44) shows further that the maxima and minima as given 
by (96) alternate with the crossings of the axis as given by (44). 

The magnitude of the maxima and minima ordinates, or indeed of any 
ordinate, is of course given by 


U.= S| P cos (4 — 7) + Qein (a — 7 is (20) 
which may be written in the form 
€ (0 ke 
u U.= y M cos (a— T —V), | (98) 
where If is given by (61) as 
5 
| gP t 6p —4q 
2 
M=1—-= + m — 99 
gent Wm q + l ) 


and ẹ is given by 


Lt (4 
mE M ace t o qe 
13 , i 163 316 
—p— ee en —P+ "sped 8p! — tp —96g 
+ 60 12 10 15 ( ) Joa 
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The length of any ordinate is then given by (98), thus depending upon both the 
undetermined constants C and a. This formula also shows how, for increasing u, 
the lengths of the maximum and minimum ordinates continually decrease. 

V. Numerical Verification. | 
The equation considered by Heine, Dannacher and Butts is written in the 


form 
3 
Tor + (5 008 28 + wes , (101) 
If we put ọ = tu, we have’ on 
2 
A (t ; cosh 2u + 42) E= 0. (102) 


If now we make the following u beiitanone : 


cosh 2u = 2 cosh*u — 1, 


= 
= (108) ` 
B ca 
equation (102) becomes 
d*E r 
hae C cosh u + B)E= 0, (104) 


which differs from equation (1) only in the sign of the second term. Now, by 
means of transformations similar to those employed in I, we reduce the equation 
(104) to the following form: 





d’E T .8 | 
aS ~U- a ar) B=, en 
where 
i P H 
: 2 |j (106) 
Ik, 
8 L— 146" 


For large values of x, (105) becomes approximately 


YE mo. ^ c 0) 


the Elliptic Cylinder Functions. | 333 

so that we may assume a8 an — solution of (105), for large values of x, 
| A 

E, — e(4, m m LIAE) (108) 


Proceeding now as in I, we find, for the semi-convergent solution of (102) for 
large values of c, | 


ke | 
2 fU | | 
E= 4, * es Bet cake + Tae | (109) 


where A, is an undetermined constant, and where the A,, As, hg, .... are abbre- 
-viations for the following: | 


h => , 
a n 
24? 
i-o. 2)(r 4- 6) 8 (110)* 
hs = gt  * 4.8" 


SU eg 


RR hnalr n(n —1)] + Apes . 8. 


2(n — 1) 
and where | r 
4 2 3 ú 
_ A (111) 
8 um o0 16" 


Also between the constants of equation (102) and (109) there exist the following 
relations: 


1 
r= — 35 


16 . 
Brei (112) 
i 4 
Liza n E 


*It may be remarked that A,, Ay, Ays... are the same as fi, Jas Jas... 26 defined by (13), except that 
here all the signs are positive. Also p= —r and q— — s. 
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A solution of (102) as given by Heine is 


E(u) = + a, cosh 20 + a, cosh 4u-+...., (113) 


where q= 1, a, = ES bz, and the other a's are given by the recurrence formula 
Ant, = b(n? — z)a, — ani: | (114) 


This series (113) converges (for any assumed value of 5) only for values 
of z which are the roots of a certain transcendental function.* For large values 
of u it at first diverges rapidly, and ultimately converges slowly. The series 
given by (109), on the other hand, at first converges rapidly, for reasonably 
large values of u, and then diverges rapidly. It may be used for approximate 
numerical calculation, provided care is taken not to include any terms after 
divergence begins. We wish to show by means of a numerical example how 
the asymptotic expansion given in (109) leads to ane same result as (113), but 
with much less labor in computation. 

It has been shown by Butts T that if b be taken id to .1, then one root 
of the limiting function, that is, one value of z for which the series (113) con- 
verges, is 5.58134 (correct to five decimal places). He gives the values of the 
coefficients computed for this value of 5 and s as 


. ay =f] 1.0000, 
: a, — — 0.2790, 
i ee 0.8721, 
ad; = 0.4169, 
a = 1.0147, 
a = 0.6402, (115) 
dg = 0.2284, 
a = 0.0548, 
a, = 0.0096, 
a = 0.0015, 
u 0.0001. 


* See Dannacher, !, e., p. 29. 
'1T W. H. Butts., l oy p 20. 
la, and a,, are not exactly as given by Butts, but have been changed slightly by means of Heine’s 


formula Sp} S which holds from a certain n on. 
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If we put now u= .7, equation (113) gives us 
EX.7) =.5 —.2790 cosh 1.4— .8721 cosh 2.8 + .4169 cosh 4.2 
+ 1.0147 cosh 5.6 + .6402 cosh 7.0 + .2284 cosh 8.4 


+ .0547 cosh 9.8 + .0096 cosh 11.2 + .0015 cosh 12.6 
+ .0001 cosh 14. | (116) 


With a four-place logarithm table this gives 


E(.7) = .5000 — .6000 — 7.7980 + 13.9100 + 136.9000 + 351.0000 
+ 507.3000 + 494.2000 + 354.2000 + 222.5000 + 60.7500 = 2133. (117) 


In order to use equation (109) we must in (112) substitute the values of b and z, 
namely .1 and 5.58134. This gives 


r = — 22.475386, 
s = — 1600, (118) 
k= 4/10. 


Substituting these in (109), putting u = .7, and using four-place logarithms as 
before, we have, using four-terms of the series, | 


E(.7)= 239500 A,[1-— .8824 + .3546 — (.1291 + .0765) 
+ (.0079 + .0138 + .0853)] = 239500.4,(.3727). (119) 


A comparison of (117) and (119) serves now to determine A). We have, using | 


four-place logarithms as before, | 
Ay = .02388. . m (120) 


This value of A, may now be employed in finding the value of E(u) for other 
arguments, by means of the series (109). For example, if we put u —.8 and 
use, as before, four terms of the series and four-figure logarithms, we have 


E(.8) = 869600 A, [1 — .7976 + .2904 — (.0956 + .0566) 
+ (.0052 + .0089 + 0572)] = 869600(.02388)(.4119) = 8552. (121) 


We may verify this by means of (113). Carrying the series to ten terms and 
using, as before, four-place logarithms, we have 


E(.8) = .5000 — .8672 — 8,5130 + 25.3400 + 305.20 + 954.2 | 
+ 1766 + 2004 + 1599 + 1345 + 444.0 = 8434. (122) 


Considering the roughness of the approximation used, and particularly the 
possible incorrectness of a,, uL Ay, ds, po, this may be regarded as a very close 


A a4 
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agreement. The fact that (122).is too small may be.accounted for by the fact 
that the next few terms would contribute materially to the result. In using 
series (113) for large values of the argument it would be necessary to know the 
value of z and the corresponding values of a,,a,,...- with much greater exact- 
ness. This fact determined in a way the choice of the particular values u= .7 
and w--.8 in this illustration. For values of u much smaller than .7, (109) 
does not converge at all; and for values of u much greater than .8, the use of 
(113) is too uncertain. That the example is a particularly unfavorable one is 
due to the fact that 5 was chosen so small and z large in comparison, which has 
the effect of making both r and s large. Under more favorable circumstances 
(109) would converge much more rapidly, and for smaller values of the 
argument.* = 


*Bince the above was written, my attention has been called to an article by R. C. Maciaurin In Vol. XVII, 
Pt. I, of the Transactions of the Cambridge Philosophical Society. In this article, which is entitled «On the 
Bolutions of the Equation (A? + %%)w=-0 in Elliptie Coordinates and their Phyatcal Applications,’ Mr. 
Maclaurin reduces the equation (A? + 9b = 0 to the form 





diy dy 
He then obtains power-series solutions in the neighborhood of — 1, + L, co this latter being asymptotic. He 
suggests the possibility of using this asymptotic expansion in finding expressions for the roots of the function 


itself and of its first derivative, and calls attention to the Importance of these roots in practical applications, 


4 


(z* — 1) 


A Theory of Invariants. 


By LEONARD EUGENE DicksoN. 


. General Theory, §§ 1-6. 

1. Consider a system S of forms f, .., f, on m variables, where / is the 
general polynomial of degree d,, having as coefficients arbitrary parameters in 
any given field F, finite or infinite. Let L be any given group of m-ary linear 
homogeneous transformations with coefficients in F. The particular systems 
S', S", .., obtained from the general system S by assigning to the coefficients 
partieular sets of values in the field, may be separated into classes C; under the 
group L, such that S’ and 8” belong to the same class if and only if they are 
equivalent under L. 

We shall employ the term function in Dirichlet’s sense of correspondence 
and shall consider only single-valued functions taking exclusively values in the 
feld £F. . | T 
Let the function $ have one and only one value in field for each of the 
systems S’, S”,... In particular, if, for each ti, @ has the same value », for all 
the systems in the class Q, then $ is an invariant under the group L. 

For & finite field such an invariant is & rational integral funetion of the 
coefficients of S, an explicit expression for which is given in $4. More con- 
venient expressions may be given when S is a special system (§§ 10-18). 

2. Let the invariants Z, .., Z. completely characterize the classes C,, 
t.e., each J, has the same value for two classes only when the latter are identical. 
Let $ be any invariant of the kind defined in $1. Then $ takes one and only 
one value for each class, while there is one and only one class for each set of 
values of the J}. Hence ¢ is a single-valued function of L, .., Z,, as related. 

In particular, let $ be a rational integral function of the coefficients of S. 
Let $ be of degree a, in the coefficient ay. Then 4 is completely determined 
by .N — IL (ay + 1) distinct* sets. of values of the a, in the field. By means of 


* For the GF|p*], we may set ay X p*— i. 
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the resulting N sets (not necessarily distinct) of values of 4,.., I, we may 
construct by a general interpolation formula ($3) a polynomial in A, .., J, 
which takes the same values as @ for the N sets. Hence any BR integral 
invariant is a rational integral function of 1,,.., I. | 

3. Interpolation for Any Number of Variables. We construct a polynomial 
in x, y, 2, .., which takes prescribed values for a finite number of distinct sets 
of values of the variables. Consider first the case of two variables. Let x take 
the distinct values z,, .., 7. When x—~a,, let y take the distinct values. 
Yas «+, Ju. We desire a polynomial P(z, y), which shall take, the value vy 
when x —2,, y=y,, for each set of subscripts $, 7. By any interpolation 
' formula in one variable y, construct for each i a polynomial Y,(y) which takes 
the value vy for y = yy (J = 1, .., 8). For example, Lagrange’s formula gives 


| Ls y — Yu 
Y, (y) = Zou E | (1) 


Next, we construct a polynomial P in x which becomes Y, for x=a,. If we 
again use Lagrange’s formula, we have | 

P(z,y)=2%(y) u (a). |) 
When the function (1) is inserted into (2), we obtain the required interpolation 
formula for two variables. The extension to three or more variables is obvious. 
Speaking geometrically, we first interpolate for the pointe in each line parallel 
to one of the Cartesian axes of coordinates, then for the various lines in a plane 
parallel to & coordinate plane, etc. 

4. Animportant case is that in which each variable ranges T 
over the p" elements e, of the Galois. field G.F[p"]. Then* in (1) the product . 
may be RS the form (y? — y)/(e,— y). Thus 

ey —y). 
P(e, y) = E (9. (q—2)(6— y) P 
In general, the integral he obtained from 
hup —qg zP.—q, 
j Pia, E a) = EAE ia EST (3) 
takes the value v,,.. a for 24—6&,, .., «c, — e,. Any polynomial, of degree 
<p"—1 in each x, which takes these values v is identical with P. 


9 Cf. Annals of Mathematics, 1897, p. 69. 
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For a system S of forms in a finite field the investigation of invariants, 
‚which take one and but one value in the field for each set of values of the 
coefficients, may therefore be restricted to polynomials in the coefficients. The 
characteristic* invariant J, for the class C, is that invariant which has the value 
unity for the class C, and the value zero for the remaining classes. Let a,,.., a, 
be the coefficients in the system 8; a, .., a® the coefficients in a system of 
forms in the class C}. Then by (3), 
j 8 af" —a : 
L > II 2, (4) 
ay”, .., ag Ts aj? Zu 

In particular, for the class C,, composed of the system of forms with all 
coefficients zero, the characteristic invariant is 


= (ap) (4) 


From the definition of the 7, or from their expressions (4), we have 





f-1 
R=f,, 4-0 (£4), 2 hr 1, (5) 


where f denotes the number (necessarily finite) of the classes. 

Any invariant / takes certain values v, .., v; , for the classes C, .., G1, 
so that I= Zv, lI. Any invariant can be ES in one and, but one way as a 
linear homogeneous function of the characteristic invariants. The number of linearly 
independent invariants equals the number of classes. 

The fact that any invariant is a linear function of the 7, also follows from 
(5) and the general theorem in $2, since the present set of J, is a special case of 
the set there discussed. 

b. When the group L is the group 'G of all m-ary linear homogeneous 
transformations in the field F, the invariants, defined in $1, are absolute in- 
variants of the system S. When L is the group G; of all the transformations of 
determinant unity, those invariants of G, which are multiplied by A" under 
any transformation of determinant A are relatwe invariants of weight w of the 
system J. - 

The theory of the characteristic invariants enables us to prove . (Trans- 
actions, l.c.) that when F 4s the.GF[p"], the number of linearly independent 
invariants, relative and absolute, equals the number of classes under the group Gy. 


* Transactions Amer. Math. Soc., Vol. X (1909), p. 126. The existence of the invariants was there established, 
but not the explicit formule (8), (4). 
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In the special systems investigated below, we do not presuppose this result, but 
obtain a direct verification of it. 

6. In the investigation of the invariants of a system of forms in a field F 
under a group Z, the chief aim is the determination of a fundamental system of 


independent invariants* (all invariants being single-valued functions of these) ; 


and a complete set of independent relations between them. A practical method 
of determining these relations for the case of a finite field may be based upon the 
knowledge of a complete set of linearly independent invariants. As we shall 
usually not go to the trouble (in general very great) to determine f the characteristic 
invariants, we propose the following procedure} for the determination of a com- 
plete set of linearly independent invariants, which establishes automatically 
their linear independence. 


Let the classes be separated into sets K,, Ky, .., K (in practice by specifying 


the ranges.of certain parameters) and let there be a with X, a set V, of 


linearly independent$ invariants, in number equal to the number of classes in Ay 


and such that every invariant in the set V, vanishes for all sets X, (J >i). The 
aggregate of the invariants in the sets V; constitutes a complete system of linearly 
independent invariants. Indeed, their number is the total number of classes, 


while any linear relation has its coefficients all zero, as shown by employing in. 


turn the classes in K,, K, ,,.., X. For instance, for the classes in K,, the 
invariants in V;, .., V, , vanish, and those in V, are linearly independent. 
In particular, if L is the group G, (§ 5), we obtain a complete set of linearly 
‘independent relative and absolute invariants, when the chosen invariants of the 
sets V, are of that kind. | 


e^ 


Field || C of all Real and Complex Numbers. 


7. Consider a single quadratic form on m variables. Denote its deter- 
minant by D, Within the group €, a complete set of canonical types is 


Daj + e$ sce .+% m (DO), a+..+ a (t=1,.., m— 1), 0. 


* To be chosen on the basis of their expressing fundamental properties of the ce of torme, rather 
then the simplicity of their expressions or the smallness of their number. 

+ More explicitly than by the general expression (4). 

{First employed in my paper on the modular invariants of the general system of g linear forms in 
m variables, Proc. Lond. Math. Soc., 1909. 

8 Tested by employing the classes in A, alone. 

| The discussion in $$ 7-9 applies also to the infinite field F, given by the aggregate of the Galois flelds of 
orders pr, n = 1, 2,3,.., provided p <m (also to certain fields contained in E). 


* 
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The classes are completely characterized by the invariants D and r, where v is 
the rank of the matrix of the form. Thus D and r form a fundamental system 
of invariants. A complete set of independent relations is 


r(r—1)..(r—m)=0, rD=mD. 


A polynomial in D and r therefore equals the sum of a polynomial in D and a 
polynomial in r. Thus ($2) the only rational integral invariants are the poly- 
nomials in D. The characteristic invariant for 22 + .. + 22 ($ « sn). including 
0 for $ — 0, is 





n (5) (£—0,1,..,m; t i). 


8. A binary cubic form in Q can be transformed within @, into one of the 
canonical types a?, zy(x + ry), 0, where r is a particular square root of the 
discriminant D. The corresponding classes may be designated T, Cy, V. Let 
m be the function of the coefficients which specifies the maximum multiplicity 
of a linear factor, viz., m = 3, 2, 1, 0 for classes T, ©, C, (D +0), V, respectively. 
Hence D and m an a fundamental system of invariants. A complete set of 
independent relations is 

m(m—1)(m—2)(m—3)=0, mD=D. 


Thus P(D, m) = P,(D)+ P,(m) where the P's denote polynomials. - Hence 
($2) the only rational invariants are DU The characteristic invariants for 
T, Oy, V are 


&m(m —1)(m —2), — àm(m—1)(m—8), —4(m—1)(m—2)(m—8). 


9. For the field C we consider a pair of binary quadratic forms with the 
determinants a, b, bilinear invariant 0, and resultant E (813). 

If E +0, the family has two independent unary forms, which become 
multiples of a° and 3? under a transformation of G,. Then : 


qi = Ay" + a4 y^, gs = ba? + b, y, E = — (ag by — ay by F 0. 


Applying (y, — g) if necessary, we may set ay £0. Applying (px, py), where 
p^ = ap’, we obtain a similar pair with a, = 1, viz., 


Qi = a + ay, Q= By? + Bay, ByB,=b, Bd aBQ— 0. 
If a=0, then 0? — — E, 00, B,—0, B= 5/0. If ao, 
B,—(02- /—R)/(2a), B, = (0 = /—R)/2. 
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. But the two resulting pairs of forms are interchanged by (a%y, —a-*x). Hence 
the invariants a, b, 6 completely characterize the classes with RŒ 0 under G. 

If the rank 7, of q, is zero, so that q,=0, the classes are characterized by 
7r, —0 and the values of b, r, (S7). For use in characterizing* the classes in 
which g, = 0, qg — cq, let M= c in that case, but M= 0 if g,=0 or if g, #0 
and g, is not a multiple of g,. According to the definition in §1, Mis an 
invariant. We may also define M by means of the pencil Ag, + ug,, A and u 
being arbitrary variables; if the functions Aa, + ub, have a common divisor of _ 
the form à + cu, we take M = c; in the contrary case, we take M = 0. 

It remains to consider the case R=0, M=0, 7, 0, 74 0, so that neither 
qı nor q vanishes identically, and q, is not a multiple of g,. Then 


d = ab — ab, e= agb, — ab, f= a,b, — ab, | (6) . 
are not all zero, viz., the Jacobian of g, and g, is not identically zero. We have 
the relations R=4df—é¢, afa. ad —0. (T) 
Multiply (7,) by af and eliminate f by (7,). Then since R=0, 

= — dad, SSae—2a,d. — (8) 


For the present case, a and b are not both zero. 
(i) a0. First, let a0. Then d#0. Let r=Öö/(2d). Then r is a 
l particular square-root of —a. Applying the transformation of determinant unity, 





a #4 r— ay ee Ay ! 
| xir rA I 57 Y, Ve p (9) 
we get (since 7? = — a) | E 
| qi72rXY, q = BX? — r10.X Y + BY", (10) 
Bo = (8 — 2rd)/a, Ba = (8 + 2rd)/(47’). (11) 


Inserting the special value of r, we have B, = 0, 8e F0. Applying a trans- . 
formation (p, p^), we obtain | 
|^ Q,—23rXY, Q,— —r230XY + F. | (12) 
Next, let a, — 0, so that aq £0. Eliminating e from (7), we get 
dk =0, kzzáolf-— old. 
Tlie factors d, k are not both zero. If d= 0, so that b, = 0, the transformation 
of determinant unity . _ yy jayaY, y= ¥ u (18) 


* It suffices to employ M alone if M + 0, but r,>0, a, , — 0, if Mo. 
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replaces g;, ga by (10) with r = a, 8) = by, Ba = k/ (4a) F0. If d= 0, 8o that | 
k = 0, the transformation 

a=tay'aX+Y, y=—X | 
replaces q,, q by (10) with r—-—a,, B= k[(4a), Ba=b #0. In the last 
two cases we obtain (12) with r = a, and — a,, respectively. 

In every case we have obtained the canonical type (1 2) : in which r is a 
particular square-root of the invariant —a. No transformation of G, replaces 
(12) to a like pair with the parameter —r. The additional invariant V, 
necessary to characterize the classes may be defined by its values as follows: 
If R0, or M0, or r,=0, or a=0, set. V, —0. If R= M=0, r,>0, a$0, set 

V, = 6/(2d) for a0, V,— a, for q=d=0, V,=—a, for a, —0, d 0. 
Since V, has the same value for all sets of forms in a class, it is an invariant. 
For the corresponding rational integral invariant in a finite field, see § 14. 

(i) 50. We employ the invariant V, derived from V, by interchanging 
the a’s and 6’s. By modifying our definition of V, when a = 0, we could make 
a single invariant cover both cases a Æ 0 and a = 0, bÆ 0. 

We have now shown that a complete system of ocne is given by 


a, b, 0, rj, v4, M, Va, V,. (14) 
Invariants of Two Binary Quadratic Forms in the G.F'[2"]. 
10. Since the modulus is 2, the forms are designated 


q; 7 4€ + ary tay, qo by + b xy + dy’. (15) 
A single form q, has the invariants,* the third being (4/), 


h, H= gladia), L= U (1a), (16) 
where =e ifn>1, e=1 ifn=1, while 
m= 2" —1, xl) =E 
The necessary and sufficient condition that g, be irreducible in the field is 
H,=1; that it be the product of two distinct linear factors, H,=0, #0; 
that it be a perfect square, a,—=J,—0; that it vanish identically, 7, = 1 
Within the group Gy, the corresponding canonical forms are | 
Qi = iP + awy tey’, aay, x, 0, (17) 


* Concerning the invariants here employed, see AMERICAN JOURNAL OF MATHEMATICS, Vol. XX XI (1909), 
pp. 109, 115. This paper is cited henceforth as A. J. 
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where a, £0 and c is a particular solution of y (c) — 1. Hence, by $2, the 
‘three invariants (16) form a fundamental system of invariants of q,. 

When gq, is transformed within G, into one of the types (17), let g, become 

Q = Bye? + bay + B, y. 
For (17,) it suffices to normalize 
Q,—ai QU, l= re t sy. 
For the eliminant of Q,, / and the resultant of q,, 9, we have 
| E=d#?+ars+cr, R= E. 
If E—0, then r=s=0 by the irreducibility of Q,, so that me forms are 
already in their canonical form (I). If EÆ0, 
ksa, kreaj! 
kra k(r+ uid : 
is an automorph of Qı, has determinant unity, and replaces | by E*rar!y. 
Hence, if q, is irreducible, the canonical type is | 
(I) Q=aje+aaytoy, gabs +a hey (a EO) 
" Asin A. J., $18, 819 (with k= 1), the remaining canonical types are 

(ID, ID Qa zy, Q= P + biy + ai^ Ey, or b, ay (a, # 0); 

(IV) Q=, Q,—UcR^ + Bay + Ry (REO); 

(V, (VI) Q=2, Q,=)b, ay + Ray (b, R not both 0), or bye; 

(VII-X) Q,—0, Q= bia? + bay + cy’, bay, x, 0 (#0). 

To construct the additional invariant required by the type VI, we may 
.proceed as with M in §9, or as follows. The relation 


Las ht I,(5 1) + 2 LE, (i = h) 


defines certain absolute invariants Z,. But Z, = Zf, as shown in A. J., § 21; 
while Z, has the following characteristic properties: If g, is not a, zero, 
Z,==t when g,zzíg,, Z, — 0 when g is not a constant multiple of q,; if g,=0, 
then Z,=0. Thus Z = (1— R")ar!b, for type I, ah for III, b for VI 
zero for the remaining types. 

We thus employ Z, to differentiate the types VI from each other, and 
type II with R=0, b #0 from type III with 6,0. The invariants 

0; H,, dij bi, H,, I, R, Z | ; (18) 

completely characterize the types I, .., X and hence (32) form a fundamental 
system of invariants of forms (15) in the GF [27]. 
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These eight invariants are independent (4. J., § 23). By employing in- 
variants whose interpretation is not so immediate, we may obtain (A.J., § 32) 
& fundamental system of six invariants (four if n — 1). 

11. Teeorem. The 2°°+1+ 2?9 invariants* in the accompanying table form 
a complete set of linearly independent invariants of two binary quadratic forms 
in the G.F' | 2". 

The following table is arranged according to the principle in $6. The 
number N of canonical types specified in any line equals the number of 
invariants in that line, the linear independence of the latter being readily 
established by inserting the values of the invariants for the forms in that line. 
The linear independence of all the invariants then follows from the fact that 
each invariant vanishes for all the types in the later lines of the table. 


PAIRS or Forms. INVARIANTS. ‘NUMBER. 
I, H,—1 | H,Hyaibj Re | | mg 
I, H,—0, 6,0 | Habj R m? 2^7 
I, à,—0 Ha R^, H,ail, m 2^ 
HI . HL, aZ, dMZ(j 0) m? 
II, Hea ; Hai H bi. R° m? 2—1 
II, H, —0, 6,0 | af b kh E m? grt 
II, 6,=0 at pi, ait] Rm m 2^ 
VII 1,5 A, m 
VIII Lb ` m 
X | £4 1 
IX I, | 1 
IV H,UB o : m? 
V, RÆO0 BR, pP EM m 2^ 
V, R—0 | D , | m 
VI l, wa 2^ 


Throughout the table the exponents have the ranges 
t,7=0,1,.., m—1; e=0,1,.., 2" — 1. 


* Identical with the set (82) of A. J., $ 28, there proved complete forn<8. Fors = 1, we may delete a, Zi 
from the fourth line of the table and insert Z,, in view of (09), A. J. 
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On account of the complexity of the expressions for H,, we have made three 
. subdivisions for types I and II. Since y(c)=1, 4? — y, we have for I, 
H, = x(cbr) + x(a1 bP ORS) = oF + glar oR), 

the final term being also the value of H, for type II. Hence in lines 1, 2, 5, 6” 
of the table, R satisfies an equation of degree 2-1, | 

Relations (68)-(73) of Á. J., 825, together with b 2 = a2 for n — 1, 
enable us to express any product of the invariants (18) as & linear function of 
those in the table. i 


‘One Binary Quadratic Form in the GF| p"], p > 2. 
12. Fora single form in the GF[p"], p>% —— — 


qı = aya” + 2a,my + ag? (a= aa, — ài), (19) 
the canonical types within the group G, are | | | 
z*--ay* (a0), ©, na, 0 (», a fixed not-square), (20) 


according as respectively a +0, — Q = square, — Q = not-square, or a= Q — 0, 
where Q denotes the absolute invariant (A. J., $ 7): | 
Q = (rat o [v—i(25—1 (21) 
Hence a and Q form a fundamental system (§2). The identically vanishing type 
may be characterized by 7 — 1, where 
| I=1— a" — Q = (1 — atu — ata — ap). (22) 
A complete set of linearly independent invariants is (8 6) | 
a (—1,.., 27), Q, 91; 
any relation between them follows from 
at =a, aQ-0, QU'Q. 
The last two are proved by multiplying (22) by a and Q, respectively. 
Two Binary Quadratic Forms in the GF[p"], p > 2, 88 13-17. 
13. Consider a pair of forms defined by (19) and 
qs = by ax? + 25,2y + by (b = babs — di). (23) 
They have the simultaneous invariant 0 and resultant R: 
0 —a,5,—2a,5,4- a,b, R= 4ab — 6. | (24) 
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Invariants (21) and (22) will now be designated Q, and J,. For q we have 
invariants Q, and h. We define absolute invariants K, by - | 


Qs = Qa + FQ + È HK, (£r = k). (25) 


The values of certain K, for various types are given in Á. J., §§ 8- 11. 

14. First, let — a be a square #0 in the field. For 40, let r be a 
particular element for which 7? = —a, and employ formulae (9)-{11). For 
d, = 0, set r = aj, and employ (13). In either case, we reach type (10). Within 
the group G,, a pair (10) is transformed into a similar pair only by (p.X, p"P), 
whence r, 85, 9; are unaltered, and by (pY, —p"'X), whence r is changed in 
sign and £5, 95 interchanged. In each case, t = r(83— 83) is unaltered. We 
therefore seek an invariant V, of the general pair of forms such that V, = 0 
when —a is zero or a not-square, and V, —4 when —a = r*. We thus set 


V, — 41 + (—ayt W. (26) 
First, let the coefficients be such that —a is the square of an element r+ 0. 
Then V =W. Fora,4:0, we may employ (11) and get t = F, 
F-ri(b— 2rdy —(5 + 2ra)'}. (27) 
Since F involves only even powers of r, it equals a polynomial in the original 
coefficients. For a, = 0, we apply (13) and get t = L, 
L= afb — (ah by — 4a,2,5, + 4aibyy']. 
For any a, W=F+ M(1—ajp) Set a= 0; then L= F, + M, where F, 
is the value a,0; of F for a, —0. Hence , 
W zz F — a (ab — 40,050; + 4a ba) sm (28) 
Next, let a=0. Then F=0, W? = 0, since 
ai (1 — aj) = (ai — apa) (1 — ag’). 
Hence the invariant V, with the prescribed values is given by (26)-(28). 
Its weight is 1. In particular, for p*—3 and p” =, we obtain, respectively, 
V, = b, (a3 + asas) (as — Op) + ab, (a$ — 1) + e 5,(1 — a3), (29) 
V, = ba (1 — at) + bia (0$ + (bf — 25555) (a1 — 2a2,)a;(a6— a2) 


+ b, ba P —b, by P (30) 
where 


P = 2afaj(1—a) —ala(1 + a?) = 2ata, --2a3di —2a,008—ajai—a$a, (31) 
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while P is derived from P by Mami a, with a, and changing the sign of aj. 
By inspection, (29) and (30) are unaltered by (y, —2). 
The pair (10) may be transformed by (p, p!) into a pair with 
Bo=1 orm; By =0, &=0,1,r, (v, & fixed.not-square). (82) 
The resulting types are differentiated by the invariants 
a=— t, b= Bib: t+ $a 710, 0, K = pit Bi, Va =r (8i — 83. (33) 
15. Next, let a=0, 7, — 0, so that q, is equivalent under G, with aa, 
where a, == 1 or v; according to the value of the invariant Q, = —aj. Within 
G, an automorph of g, transforms g, into | 
03a ba + a536y? (040), 205° Pay (0=0,0F0), Mike (=b=0), (34) 
"in which V, is derived from V, (814) by interchanging the a’s and b’s. | 
If 7, — 1, so that ,=0, invariants 6 and Q, characterize the types ge. 
16. Finally, let —a be anot-square v». Within the group Gj, the pair g,, Qs 
can be transformed into 


qi —a —vy, g= eè + fey + gy, (85) 
v= —a, g—erz0, g—-f=b. | (36) 
We enlarge the GF[p"] to the GF[7] by adjoining a root of. 
| | =v sc | (37) 
By the transformation of determinant unity, 
X= (æ — ey)/(2), You+ ey, (38) | 
w=eX44¥, y= X4 eT, . (88) 
the pair (35) becomes | | 
Q= WXY, Q,—xX?—v^0eXY -+ oY?, | (39) 
x-k—2fe o=(k+ 2fe)/(4r), hogte. 7 (40) 
The i automorphs of determinant unity of Q, are l 
X! —AX, Y'-AGY. ^— (41) 


The corresponding transformation T on the variables v, y has its coefficients in 
the G.F[p"] if and only if AA, as follows from the fact that Y is the 
product of — 2s and the function conjugate to X with respect to the GF[p"]. 
A direct verification follows from — 


T= 2 I), a-iQ-2) y= hoea tA), = e, 
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whence A=a—ye, A 1 za d ye, AP — A. The equation 


APH = 4 u (42) 
bis p" + 1 solutions in the GF[5*]. By (40) 
g-aT[(4») aT" = k? — Avf? = 0 + 4vb=— R. (43) 


If R= 0, then x —0, k= f=0, gi =— 4 gi. 

' Henceforth, let E 24:0. By (43), there afe p” -+ 1 pairs of forms (39). 
Since x £ 0, (41) is an automorph of Q; only when 2?— 1. Hence the pairs of 
forms (39) fall into two sets each containing $(p + 1) pairs equivalent under 
transformations (41), satisfying (42). For given values of the invariants v, b, 0, 
with RFO, the pairs (35) fall into two non-equivalent sets under G,; the sets are 
differentiated by the two square roots of — E in the GFT p*]. 

To prove the last statement, set 7=4(p"-+1). Under transformation (41), 
subject to (42), the pair (39) is replaced by a pair with x' = xu, where u — 2? 
is a root of ui=1. Hence we may restrict x to two values x,, xs, such that 
xj and xj are the two square roots of — R. 

We proceed to the construction of an invariant Q of the general pair of 
forms Qı, g in the @F[p"], p > 2, which will differentiate the two sets just 
mentioned. To this end, we first determine a non-vanishing of multiple of x 
which is expressible rationally in terms of the coefficients of (35). Since 4 is a 
square and v a not-square, (4y)! = — 4v. Hence, by (43), . | 


x t 4yo! =e [1 F (— Ry], r= d(p'—1) © (44) 
According as — ER is a not-square or a square in the GF p"], we employ the 
upper or lower signs in (44) and see that the non-vanishing functions 


U, = «(b — 2/6) — (k + fet, Uy=(k—2fe + (b+ 2/0) — (45) 
equal polynomials in », e, f, g, which are unaltered by every transformation of 
. determinant unity which replaces (35) by a like pair. Set* 


0, = i[1—(—2)'] W, , 0, == i[1— (—a)'] (—a)"W;, (46) 
in which W; is to be determined so that it shall equal U, when the general pair 
of forms becomes (35). Now. C B), will replace 2? — v3?. by (19), with a = — v, 
and will have determinant unityf 


a? — vy? = a, B = (aa + vy) ja, = (a+ay)/m. 


* Whence Q; 20 if —a is a square +0. For a=0, W, =0, W, 4:0; hence in Q, we insert the factor 
a power of —a. 
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The inverse a d 1j replaces (19) by a? — vy’, and (23) by g; with 


Je ted ayt), k= ag?(st — 4voyd), t=a,6 + 2b, 8=a? + vy’, 
with d given by (6). Inserting the values of f, k, v = — a, e = (k— 0)/(2v) into 
(45), we have the required functions W,. The resulting forms have the dis- 
advantage that they contain the auxiliary quantities a, y. For small values of 
p” we may effect the expansions, apply a? — »j? = a, and obtain functions free 
of a, y. We shall, however, make use of a different method of attack. 

According as a, is a square A? or a not-square vh*, we apply | 


Sz (A ph i 5 we 14-1, j^ 
N= 
to the general pair of forms "s (23). \Fora,= P, we obtain (35), with 


e = ba, f= (a, 5, — a bo) / a0, g = a by — 2a, b, + abe (47) 
For a we get E 


—e+ ry, vige — fey + vep. —— (48) 
To the latter we apply transformation (38/) and obtain 
—2eXY, x" X* + vy 108eXY + oP Y*, (49) 


each coefficient being conjugate with the corresponding coefficient in (39). The 
only transformations of determinant unity multiplying XY by —1 are 

L = (uY, — pw" X). | (50) 
By a discussion similar to that for (41), we see that LL corresponds to a trans- 
formation (56) on x, y with coefficients in the GF|.p"] if and only if 


1 
: +l == —, 
u 1, | (51) 


Applying transformation L to the pair (49), we obtain 

, 2eX Y, x.X?*—v 0s XAY +o Y, xy =o], oc, — y. 
As noted above, (4v)! = — 4v, so that by (43) and (51), | 

x|-—-—x*, of =— o. 

Hence by (44) and (45), the functions U, for the pair (48) are the negatives of 
: the functions U, for the pair (35), subject to (47). Now aj = + or— 1 in the 
respective cases. Hence in each case the desired function W, is a} times the 
function obtained from U,, in (45), by inserting the values of & and f given 


by (47), viz., 
Z k = 0 + 2ey = 0 — 2ab)/a. 
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Expanding the binomials and replacing & by —a, we get 
G+D/2 | 
Sala] € Oha (aaan, 
8—1 . ; 
iem —i 2r l T = 3 8 287j—38 ` (52) 
=] E C (—a) (24 P7", 
d-—ajb,— ad, t=ad— 2aby. 

Invariant ©, is of weight 3, OQ, of weight 2. Under (x + ty, y), a, bo, d 
are unaltered so that each Q is unchanged. To complete this direct verification 
of the invariance of Q,, it remains to test the transformation (y, —x). The 
following special forms of the Q, are obviously unaltered by the substitution jS 
‚which interchanges a, and a,, 5, and 5,, and changes the signs of a,, b. 
For p^ — 3, 

N, = bagras(as — ap) + b, (8 — bg) (agg + ajay + aga501), 
the product of 1+ a by the invariant ba,(a,— ay) — ab,(b, — bo); 
Q, = {b(1— i) + B+ OF} (aia + ayes) + aola (a + abi) + abs (Bot Be) (tots — aga). 
For p" = 5, Q; = aa,Q;, where 
y= ET va art 2aga5)(a$— a5) + bba, ( 2a$-1- am ) — bba, ( 2az+ aom) 
+b (b — bi) (aa m— 1— 20) [m aas 207], 
Q, = bba (at a3) ( 1— aqa521) + byt bbt + boo + bzw 
| ++) dran (223— atat —adad), 
t = 2a3(1—aj)— 2a 1 -- a3) +H aga ( 1— 2825), 
v = aj — agas(1— a1) + asa (aqaz— 2), 
t and v! being derived from and v by the substitution S. 

The classes with —a a not-square are completely characterized by the 
invariants a, b, 0, Q. Instead of (39), we may employ canonical types with 
coefficients in the initial field. For the case —# a not-square, let % be a fixed 
element for which (#° + R)/(4v) is a square p". Then by (43), (36,), (40), 

f=+ p, e=(k—6)/(2r), g= (k + 0)/2. (53) 
Hence any pair of forms with —a and — not-squares is equivalent under G, - 
with one of the two pairs (35), subject to (58), In view of (45,), the sign of f 
is determined by the invariant Q,. | 

For — R a non-vanishing square m?, there occur types (35) with f = 0, 
in view of (43). For such a type, | \ 

f=0, e=(—O04m)/(2r), g=(OFm)/2 (m —R). (54) 
46 
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If an automorph 7 of ®— vy? replaces ex? + gy? by a form lacking xy, then T 

is either (+ x, + y) or (vyy, yz), where y^» — — 1. Hence the two types (35), 
with the specification (54), are not equivalent under G,, if —1 is a square, 
and may be taken as representatives of the two classes with the invariants 

a=—v,b,6. Now ,=2(=F m)’, so that Q, determines m, since 5 is here 

odd. But if —1 is a not-square, the two preceding types are = 
. we then employ 


+ (x — vy), (F 0 + my + Ha 0+ my, (55) 
m being a fixed square root of —R. The two types (55) are not equivalent 
under G, when —1 is a not-square. The only transformations of determinant 
unity which multiply 2? — v5? by —1 are | 


epee! a? — yy? = —1, | ^ (56) 


viz., transformations (50) on the original variables. If (56) replaces (55,), by a 
form lacking xy, then may = 0, whereas a Æ 0, y F0, —1and» being not- 
squares, For (55), Q = + 2 m. Now j is even. Hence Q, differentiates 
the two types. 
THEOREM. As a fundamental system of invariants of a pair of binary quadratic 
forms in the GF| p"], p > 2, we may take* 
a, b, 0, Qo; Yo) A, K,, Vas Vps Q, Q4. (57) 
.17. To determine a complete set of linearly independent invariants, we 
- employ the method of $6. The invariants in any line of the table are linearly 
independent, equal in number to the classes in that line, and vanish for the 
classes in the later lines. 


CLABSS8X8. INVARIANTS. NUMBER. 
J| —4, — KR not-squares 


— R a square, —a not 
— a not-square, f= 0 


aR E, [(—a)'—1] [(—Ry— 1a Re 6 | 2p" 
CR CO, Kay Jared 2q°p" 
[(—ay —1] at! 0 Tp” 


—a = square at F(b, bK., V V,, K?, K, V3) vp" (2p" + 8) - 
(34) 0: p 4cp" 
(345) Di, b Qa Vo AT 
(345) SE | © | 2p” 
‚=0 be, Qi, 1 | p+ 2 





*In place of Q,, we may employ K, and A, (in differentiating the classes at the end of this section). 
Of, A. J., $10. 
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The exponents take independently the following values: 
8,02:0,1,..,94—1; ¢=0,1,.., T; 4,720,1,.., 27; g=1,.., 27; e= 1, 2. 
The total number of linearly independent invariants is thus 
| 259^ per + 2p". 
Obvious linear combinations of those in the table give a simpler set. 


Binary Quadratic and Linear Form in the GF[p"], p > 2. 
18. Consider the pair of forms | 


q= + 2aay+ ay, L= rg + sy. (58) 
In addition to the invariants in $12, we have | 
R=a#— 2a tar, J-(1—ry(1—»2) (59) 


where R is the resultant of the pair (58) and u = p" — 1. 
We construct an absolute invariant V with the value a when q =al, LÆ 0, 
and with the value zero in the remaining cases. Thus 


V=o(1—B\(1—a"), azig|..- 
To determine v consider the pairs (58) with R =a —0; then 
qa, a =a’, Q = ars, a4 = a8. (60) 
First, take r #0. Thenvo=«a/r. Hence for any r, 
v E hr"? + k(l — 2). 
Next, taker=0,s#0. Then ò= a/ =k. Thus, for any s, 
k = as" 4- c (1 — 8"). | 


Forr=s=0, v=0 by definition. Hence c=0. Thus 


V — (1— R*y(1 — a*)|dy ^7? + age" *(1 — r9]. (61) 
Finally, we shall need an invariant A with the value 8 when 
q—28À, h=yetdy, rb—sy—i, BO, ^ (603) 


and with the value zero when. g is not the product of two distinct linear factors 
one of which is 70. Thus X=%(1— E^) To determine x, consider the 
pairs (58) with R = 0, 7/0, g/l? not a constant. Then (62) holds, whence 


d, = 20ry, a,=B(rd+ sy), a = 2050. (63) 
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First, take r:f0. Then by (62) and (63,), a, = 8 (28y +1). Eliminating y 
by (63,), we get 8 —a,— ay s/r. Hence, for every r, m 

x = q — ager’ + m(1— r^). 
Next, take r— 0, 5:0. Then 8y — — 1, Bey =œ. Thus 


x-—Ó0--—a, x-a-4m. 


Thus, for every s, m = — 2a, +d(1— s"). Finally, take r=s=0, so that 
x —0 by definition; while x = —a,4- d. Hence d= q, 
K= (1 — £*)la,r* — ags — a8" (1 — r*)}. .(64) 


It remains to test the pairs for which (60) holds; but the second factor in (64) _ 
then vanishes. Hence KA is an invariant of weight 1. 

We may-now characterize invariantively a complete set of canonical types, 
under the group G5, of pairs of forms (58). 


I= 0; AX: x, har + Ry. 
J=R=0, aF0: x, 2Kay. 
gw! x, Væ. 


For J=1, then, 1=0 and the types (20) for g are characterized by a and Q (812). 
Hence J, R, a, Q, K, V form a fundamental system of invariants. As a com- 
plete set of linearly independent invariants we may take 
1, J, Q, @, Ba, Ba, Ky VO el... (65) 
Any product of the invariants (65) can be expressed as a linear function of 
them by means of the following relations: 
=J, JQ —Q-—V*? +. R^ (a^ —1), JR=JK=JV=0, 
Ja -—a(1— R") + E, Q'—Q, Qa=0, QR=(1—-ar) RR, OK=0, 
QV—V'"^ RE=RV=aV=KV=0, aK=—K*, P" —1 (t= B,a, KV). 
Defining the invariant / by (22), we have ' 
(1— I)(1— J) 2 R*+ K* + Ve. ~ 
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Symmetric Binary Forms and Involutions.— Continued.* 


By AnTHUR B. COBLE. 


810. The Form H,, as a Ternary Quartic. 
In the representation of § 2, the symmetric form 
Hs, a = (ayx) (ass) (ayt) (a2) 
is viewed as a ternary quartic with reference to an arbitrarily chosen proper 


norm-conie N. If no conditions are imposed on the form the quartic is general, 


An involutive set of the form determines a set of five points on .N such that any 
four of the five are pon to the quartic, i.e., an antorthic five- -point or Aj, of 
the quartic. The Af s are subject to five conditions and are c in number. 
A conie will pass through each one. If N be chosen as such a conic, H,, has 
one involutive set and therefore, according to (26), has ©! involutive sets. 
Hence | 

(83) The c 5 antorthic Pi Aj, of a general quartic are distributed œt! at a 
time on each of a system of œ* conics. On each conic of the system the Al 28 COn- 
stitute the involution H, , of (26). 

In the representation of $3, the translation of (26) is: 

(84) If a pentahedron in P its five points on a quadric and its five S;’s 
on a norm-curve N,, there are œ * pentahedra with points on the quadric and- Bye 
on N, 

The next and last stage in the honor of involutive sets of HA, is when it 
has oo? sets and becomes an /,,. Hereafter we shall suppose this to be the case. 
The quartic, Q, has then c? A? ,’s on the norm-conic N. Ifa point z, on N be. 
fixed, the J} ; reduces to an /,, and N is an involution conic of a cubic, f, the 
polar cubic of x, as to N. Since the invariant, 48, of this polar cubic is of 
the second degree in the coefficients of the J,,, there are four points on N 
whose polar cubics have S=0. These four points are determined by the 
equation a M M 

(85) — Cans) (asesY (add) F (xad) (a42)] (aed (aer (ate o. 


* This article is a continuation of one under the same title in this volume, pp. 182-212. The numbering 
of paragraphs and theorems is consecutive with that of the previous paper. 
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Let the four parameters of points on N, determined by (85), be 3i, ys, Ys, Yi- 
Since N is an involution conic of the polar cubic of y,, for which S= 0, it must 
pass through the vertices of the Hessian triangle of the polar cubic. But these 
also are known to be points on the covariant S of the quartic Q and therefore 
must be the points Y1, Y2, ys. Hence the four points are a symmetrical set on N; 
‚the polar conic of any two is the square of the line joining the other two or any 
three of the four are apolar to the quartic. Zf H,, is an 1,5, the quartic Q has 
an antorthic set Af,.* To show that this condition is sufficient and to find the 
number of conics N when it is satisfied, we employ the convenient canonical 
form of a quartic with an 4§,, namely, a sum of the fourth powers of the six . 
lines joining the four points. Let then the four points be the vertices of the 
~ triangle of reference and the unit point. | 


(86) Q= aut + bab + caf + (zs — ag)! + may — + nfe — 23) 
Since the conic N must contain co? A’ /s, the polar conic of any two points 


y and z on Nas to Q must be (when taken in line form) apolar to N. Since also 
N must pass through the A§, its equation is 


a. (ag — 2g) + Bas(xg — 1) = ai 
atBty=0. 


Then if y and z are two points on N, we have 
(E — y): (y — a): (a — 8) = 
Yılya — Ys) : Iss — Yı) : Yalyı — Yo) = ala — z) : al — 21) : 2% — 2). 
Forming the line equation of the polar conic of y and z as to Q and substituting 


for the coordinates of y and z their values in terms of a, 8, y, the apolarity 
condition, reduces to 

(87) al(B — y + bm(y — a)" + en(a — y= = 0. 
Hence if Q has an Aj ,, there are three conics on the Aj, each of which contains 
oo? At s of Q which constitute an 1,,. Such conics will be called involution 
conics of Q. | 

The binary, cubic (87) is apolar to the cubic (B — y)(y—a)(a — 8) and its 
Hessian 18 


bemn(y — a)(a — B) + canl(a — 8X8 — y) + ablm(8 — y (y — a). 


where 


* Quartics of this type have been noticed briefly by Caporali; Memoire, p. 347, $835, 86, 87, 40 and 44. 
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But d—y=0 determines the parameter of a degenerate conie in the pencil 
through 44$ ,. Hence the two conics of the pencil which form the Hessian pair 
of the three involution conics are 


bomn ass — u) — m) t-- +, 
which according to Caporali is the covariant §. Thus the triad of involution 
conics is completely defined by its apolarity with the triad of line pairs on 45, 
and with the pair of conics into which S degenerates. 

That Q have an Aj, is a single invariant condition which is easily deduced 
from the canonical form (86). Denote this invariant by’ 8, because of its 
resemblance to the invariant S of a cubic. ‘Caporali calculates the invariant of 
Q of the third degree | 


A= aas (a + B+ omn nl + Im) + a + 0 o RE 
+ bm(c + a) + en(a + 5) + abc. | 
- The invariant B of degree six which is the condition that Q have an apolar 
conic i8 
B = 50,0 = abelmn. 
The covariant conic of degree five which, when B=0, is the point equation of 
the apolar conic is 


C= Qum BÍS 4 pa a, aa (a m 


The invariant D of degree fifteen, the discriminant of O, turns out to be B*A, t.e., 
D — B*A* = 0. 

Since in general D does not factor into B*4A,t this is an invariant aan 
satisfied by our special quartic and furnishes the required invariant, = D—B*A, 
of degree fifteen. Summing up the above we find that 

(88) The involution form, l} a, with reference to a norm-conic, N, represente 
a ternary quartic which satisfies the single invariant condition of degree fifteen, 
S,=0. Q has an Aj, and the covariant S of Q is two conica on the A$ ,. In the 
pencil of conics on Ak, there te a set of three which is apolar to the set of three 


degenerate conics of the pencil and-whose Hessian pair is S. On each of these three 
involution conics, one of which is N, the sets AS, of Q lie in an hs. 


* The numerical factors of the invariants are not adjusted to any given system. 
+ E. g., Dis irreducible for the special quartic of Salmon which contains only even powers. 
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The simplest picture of an 4, is the system of intersections of a rational. 
quintic A, in S, by the planes of $3. Hence we have shown that 

(89) The rational invariant theory of the rational quintic in S, coincides with 
that of a ternary quartic subject to the condition 8, = 0 after the adjunction of the 
cubic irrationality which separates the three involution conics." 

To every comitant of Q there corresponds a binary comitant of the form 
],;, the transition being made with formulae (29) and (30). And to every 
comitant of J, , there corresponds a comitant of the ternary form Q which may, 
however, according to (89), be irrational. Each covariant of Q cuts the involu- 
tion conic N in a set of points whose parameters are the parameters of a set of 
covariant points on By; e.g., Q itself determines on N the parameters of the 
eight byperosculating planes on Ks. The Hessian of the polar cubic of any: 
5 point x, on N cuts N in three pairs of corresponding points; each pair with x, 
determines the parameters of a triple secant of R,. The covariant S determines 
on N the parameters of the four meets with A, of its unique fourfold secant. 

Let us consider the 24 meets of N and the Steinerian of Q, k= T? — 48°, 
a curve of order twelve. If a, is the parameter on N of one of the 24 points, 
for this fixed xı, J}, becomes an J,, represented by the nodal polar cubic of x, 
for which .N is an involution conic. Since the discriminant of f (for any point 
x; on N) breaks up t into two rational factors of degree six, the 24 points separate 
into two sets of 12 points. The involution conic passes through the nodes of the 
polar cubics of the points of the one set. The node and flex-line of the- polar 
cubics of points of the other set are pole and polar with regard to N [see pp. 
205—6]. Hence | 

(90) Hach of the three involution conics of a ternary quartic with an Af , meets 
the Steinertan in the 12 points (8) which correspond to the 12 points (a) in which 
it meets the Hessian. It meets the Steinerian further in 12 points (y) of whose 
nodal polar cubies the node and flex-line are pole and polar as to the conic. 

To the sets (a), (8), (y) on N there correspond on Jt; sets of twelve points 
described as follows: 

(91) Rs has twelve tangents at points (a) which meet the curve again at 
points (B). | 


* In some special cases noted hereafter the part of this theorem which concerns the number of involution 
eonics requires modification. 

+ This separation does not involve a degeneration of # into two curves of order 6. Similarly for any 
point z, on X the Invariant S of the polar cubic of z, 18 the square of a rational expression, but the covariant 
S8 is not the square of a conic. 


5 


r 
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(92) A triple secant of R; on a point r meets R, in points s, and s, and con- 
tains two planes which touch R; at points t, and ta; there are 12 points r, points (y), 
such that the three triple secants on r determine three pairs s8, tnvolutorily pro- 
jectwe to the three pairs tty. 

To every invariant of Q there corresponds an invariant of Rs. Let us 
examine for example the invariant B. When S,=0 and Q is in the canonical 
form (86), clearly B = 0 requires that one of the six coefficients, say 7, be zero. 
B= 0 is also the condition that Q have an apolar conic which in this case is the 
point pair wu, two points of Aj,. The conic C is then x? and it cuts N in the 
apolar point pair whose parameters are, say x, and a. The polar line of the 
three points x,, 4, &, where t, and ¢ are arbitrarily chosen on N, will cut N in 
the points a, and &, t.e., every one of the set of A} ,’s which contain v, contains 


parameters of a double point on Fy. 

(93) Thecondition that R; have a double point is the vanishing of the invariant 
B of the siath degree in the coefficients of tts li». The parameters of the double 
point are determined from the two double roots of (c,x)*(cgr)® — 0, where (oa) (c)? 
is the symmetric form of dis five tn the coefficients of 4, 3 uio represents We 
conte C. 

Instead of using known properties of Q to obtain facts concerning R, T 
reverse process can be employed. It is well known that an A can lie on a 
quadric surface, in which case all generators of one kind are fourfold secants. 
The J% of such an A, determines an interesting ternary quartic not noticed 
hitherto. As before, to each fourfold secant, there corresponds on N four double 
points of S, whence § must be the square of the conic N and its points must 
fall into sets of four which belong toan Z 4. Hach set of the J, ; is an Af, of Q. 


We shall show first that S the square of a conic is a sufficient condition for 
this phenomenon, the necessity of the condition being obvious. Let s; be any 
point on the conie &. The polar cubic of s, as to Q has a Hessian triangle. whose 
vertices, 4, 4, t, also lie on S. Each set of three points, 6,¢,¢,, is apolar to Q. 
The polar cubic of ¢, has a Hessiun-triangle with vertices s 7,7, on S. But site 
and sf are apolar to this cubic, whence 42 is the line of the Hessian triangle 
opposite s,, 4. e., the lines 4f, and Tgr, coincide. Hence the pairs tf, and cz, on 
the same line arid conic coincide. Thus any three of the four points stits are 

47 


~ 


also æ. This requires on A, that every plane on the point whose parameter is ^ 


x, meet the curve again in the point whose parameter is z,, whence these are the 
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the Hessian triangle of the polar cubic of the remaining point and the four are an 

Aj, of Q. Evidently there are œt such At ¿8s of Qon S inan Ls. That Sis 
an involution conic follows from the fact that S is on the Hessian triangle of the 
polar cubic of any point on S and therefore is an involution conic of the polar 
cubic (p. 204). Butif an H,, for any assigned value of one variable reduces to 
an Z, the H,, isan l. Hence 

(94) That the covariant S of a quartic Q be the square of a conte is the neces- 
sary and sufficient condition that Q have co! Aj je which must lie in an T, 4 on the 
conic. The conic also contains oo 9 A}, js of Q which he in the Ih, of an R; on a 
guadric surface. | | 

Further it is clear that 

(95) An Is on a conic determines a unique quartic Q whose covariant A 18 
l the square of the conic. The sets of I, y are Ab s of Q. 

The R, on a quadrie, the 7,,, and the quartic Q each depend on three 
absolute constants. The quartic Q with a unique A‘, depends on five absolute 
constants. It is one condition on a, b, c, l, m, n that K be the square of a conic.’ 
Writing | E 
| 7, = al, | Ta = bm, Tg = €n, 
8j = Ty + T: + Ts, 5 = Tyra H Tar, - ifs, 83 = TYT4Ts, 


this condition is 83— 46,85 — 0. When this is satisfied, the number of constants 
is four; but the reduction to the canonical form is possible in o»! ways, whence 
the number of absolute constants is three. In treating Q we must suppose 
B 4-0, which emphasizes that an A, on a proper quadric can not have a 
doable point. 

The Steinerian and Hessian of Q have remarkable properties. It ‚will 
happen six times that two points of an A‘, coincide: Let the coincident pair 
of such an A‘, be ps and the other two points be c, and 7, t= 1, 2,...., 6. 
Then pjc,, pit,, and por, are each apolar to Q. This requires that the polar 
cubics of c, and q, have cusps at p, with cusp tangents PT: and po; respectively. 
So all points on the line c7, have polar cubics with a node at p; and the line is a 
part of the Steinerian. Since the Jacobian of a net of curves has a double point 
at a point where all the curves of a pencil in the net have a double point, the 
Hessian of Q (the Jacobian of the net of first polars) has a double point at Pr 
Evidently the Steinerian, E = 7?— 48", factors into two sextics when: S is the 
square of a conic. The factors are E, — T--A/$195 and Ry = T—/ 188. We 
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shall see that, to accord with our earlier convention,* the first factor must repre- 
sent the six lines og,. Since T= 0 and R,=0, when R, = S=0, we find that 
the line oj, must meet both E, and 7 three times at c, and three times at r. 
Thus R, and 7 each have the line oy, for a double flex-tangent at the flex-points 
c, and v,. Since the cusp tangents of first polars touch the Hessian at the cusp, 
the tangents to the Hessian at p, are pır; and p,0;. 


(96) The Hessian of Q has six double points p, on the conic S whose tangents 
cut S again in pairs of points o;r,. The Steinerian decomposes into the six lines 
or, and a sextic R, which has the six lines og, for double flex-tangents which touch 
at c, and *,. — H4, being in one-to-one correspondence with H, has six further double 
points not on S. The polar cubics of points on om, have double points at p,, the 
double-point tangents being harmonic with pr, and p.0,, which are the cusp tangents 
of the polar cubics of o, and v, respectively. un 

According to (94), N=VS8S 18 an involution conic of Q. But Q has also 
other involution conics. From the definition of the involution conics in (88) we 
conclude that when S is a perfect square two of the three involution conics on 
an A‘, coincide with $. But the third is distinct and still has the property that 
taken with the conic S twice it forms a triad apolar to the three degenerate 
conics on the 4$,. But this requires that the involution conic be apolar to Sin 
line form.[ The four points on § being given, there is a single conic of this 
kind and the J, , of Aj s determines a pencil of conics M which meet in a set 
of four points, O*, orthic to the conic S. On an involution conic M there is a 
single Ai, of Q and its involution is that of an R, which-does not lie on a 
quadric. As before, we show that the twelve meets of M and H correspond to - 
the twelve meets of M and R, whence the sextics H and E, are cut by ©! conics 
in twelve pairs of corresponding points. | 

Through a point a on a line opm, there passes a conic M which is an involu- 

. tion conic of the polar cubic of x. The invariant R, of this cubic vanishes; 


*In the first paper the general cubic was considered with regard to a proper involution conic, the polar 
conic of a point Pas to the cubic A. If, however, P were on the Hessian of A, A,, its polar conic would be 
degenerate and the entire construction would fail, From (54), A, = —42,(B-—-2y}&f). The condition that 
P lie on A, 1s given in (52). a (49) we find it to be R, — 0. For this case, how- 
ever, a new determination of the involution conics was made (p. 205). 

tA triad of conics in a pencil, (az)*, (bz), (ex)*, is apolar to the triad of degenerate conica In the pencil if 
(abe)! = 0. l 

14. e, 8 in lines is a sum of squares of the four points. 
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hence its flex-line is the polar of its node.p, as to M. The polar lines of p; as to 
the pencil M meet in a point 7,, the partner of p, in the quadratic Cremona 
involution determined by O*. The line r,p, is touched by two conics of the 
pencil at r, and p. Since the conic on p; touches N at p,, the line rg, is the 
tangent to N= Ñ at p. This is also evident from the fact that this tangent 
is the flex-line of the cuspidal polar cubics of c, and qy. 

(97) In addition to the spectal involution conte N whose square is S, Q has 
oo ! involution conics M which lie in a pencil apolar to N in lines and cut N in the 
Ais of Q. The conics M each cut the Steinerian sextic R, and the Hessian in 
twelve pairs of corresponding points. 

The flex-lines of the polar cubics of points on a line og, meet in a point r,, each 
line on r, being a flex-line of two cubics. r, 18 on the tangent to N at p, and the pair 

of points Tp, te apolar to all the conics M. 

| We shall show further that the six Steinerian lines touch a conic. Take 


Pis Ci, T; 88 the reference triangle 14, t, ug and let a + z= 0 be the tangent 
to N atu. Then Q takes the form 


aad + Bad + ya + das + og + adr, + Aun 
B= ada u’ 


C = a2? uà — ady Ah — ae + 2adAp (Ar + uds). 
Thus c, — 0 meets C in two points apolar to wus, the two points in which it 
meets N. Hence this line lies on the conic locus of lines which cut N and C in 
harmonie pairs. 
(98) The six Steinerian lines touch a conic, thé intermediate or Clebschian of 
C and N. 
-Further study of the comitants of Q would no doubt yield results worth 


noting. For example the point equation of the contravariant $ of degree 5 and 
class 4 has been determined * to be 


2(3.BS — 2C*)(2HC —.8*) — (3BH — SOy = 

. Its twenty-four cusps are the meets of 3BS—2C?=0 and 3BH— SC=0. 
From the equation of $ we find that it has the six double points of H as double 
points with the same tangents as H. Also since 3BS— 20” factors, the 24 cusps 
of $ lie 12 at a time on two conics of the pencil determined by ~ Ñ and C. The 


and 


*Coble, AMERICAN JOURNAL, Vol. XXVIII, pp: 344—45. 
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locus of lines whose associate conics degenerate is in general a sextic 4. The 4j 
of Q is the square of the cubic whose lines join pairs of points in the /,, on N. 

The above discussion suggests a classification of non-singular Zjs into 
three types: 

(99) Type (4). R, is the general quintic with a single fourfold secant. 

| Q is the general quartic with an Aj, and three involu- 
tion conics (90). 

Type (B). R, has a single fourfold secant. Q has co! A‘,’s. The 
involution conic is one of a pencil and contains a ele 
Aŝ +. E, depends on four constants, Q depends on three 

oid and the involution conic on one. 
Type (C). R, has o! fourfold secants on a quadrie. The involu- 
tion conic is unique. A, and Q each depend on three 

. constants. i 

In the usual classification according to the number of fourfold secants, 
types (A) and (B) coincide. In this classification with reference to Q, types (B) 
and (C) hang together. 

To characterize the R; of type (B) we observe that on the involution conic 
M the 12 Steinerian points whose corresponding Hessian points do not lie on M 
are cut out by the six Steinerian lines and separate into six pairs. The polar 
cubics of a pair have the same flex-line. But this line cuts Min the fixed points 
of the binary involution described in (73) and (92). Hence 

(100) Onan R,of type (B) the 12 points (y) of (92) separate into stæ pairs, 
the points of a patr determining the same binary tnvolution on the curve. 

This is not a very marked geometrical peculiarity of the curve. A better 
condition should arise from the existence of the four special points of the curve 
which correspond to the base points of the pencil of involution conics. 

When R; has an actual multiple point, the number of Aj,’s of Q and the 
number of involution conics vary. 

If E, has a double point, Q has an apolar point pair, pips. The polar 
cubic of either point is three lines through the other. The Hessian pairs of the 
two sets of three lines form a quadrilateral with opposite vertices pj, ps; 91, qs; 
and 7,, 73. Then both Pi, Ps, qi, ds and Pi, Ps, Tiy % form an Aj, of Q. On 
each A‘, there are three involution conics. S is the product of the four sides 
of the quadrilateral. ) 
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If R, has two double points, Q is a sum of the fourth powers of four lines. 
Any two of the three pairs of opposite vertices of the quadrilateral are an Aj , 
of Q, there being three involution conics on each A$,. Again S is the product 
of the four lines. | E 

If E, lies on a quadric cone and has a triple point at the vertex, Q is a 
sum of three fourth powers. © vanishes identically. Any conic through the 
vertices of the three-line is an involution conic. The vertices determine the 
parameters of the.triple point. 

I will obtain finally a covariant conic of Q which becomes S when S is the 
square of a conic. Taking Q in the canonical form (86) and using the notation 
of p. 360 we find that the conic whose polar as to Q is C is | 


E= Bx S [un + ty + om) — rye] E 


This conic and S involve the six coefficients only in the combinations 7, v, 75. 
The point equation of K is 


GEB [Beh + ad + of — 8m — a) + (2 — m + ( — a] 
O +y Lett tl (nay m nya 
The polar of K as to $$ is 
q= BY 5 [— 321 + 22$ + 205 nn) + A — 2)? + 2(2 — zs] 
D [= ++ n ( — 2) (n — 2]. 


Tg 





T2 


Then | ' 
O + BO, = 6.B*^1 2 (rir; — rir — ryrirs + Tirar) L (2s = ty) }. 


Evidently this covariant conie of degree twenty goes through A$,. When Q 
has oo! Aj,’s, it must either vanish identically or pass through all and coincide 
with § But one easily verifies that its vanishing imposes further conditions on 
Ti, Ta, Tg than the one, s — 48,8, — 0, which requires that S be the square of a 
conic. Hence it must coincide with S. 

A. discussion of the relation between a ternary rational quintic and the 
cubic surface determined by its 7, 4 is reserved for a later article. | 
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A Theory of Geometrical. Relations.* 


By ARTHUR RICHARD SCHWEITZER. 





" INTRODUOTION. © 


In the present paper we aim primarily to establish the result that descriptive 
or projective order in n-dimensions (n = 1,2,3,....) may be generated p-dimen- 
sionally (p = 1, 2,3, - . . ., n), so that the corresponding geometric spaces i$ ns Èp, n 
may be said to have the index ( p, n), where p denotes the dimensionality of the 
generating relation and n is the dimensionality of the space generated. T Hach 
of the geometric spaces is generated by two indefinables, viz., the element point 
and the generating relation; the other indefinables, such as that of the ordered 
dyad, are more broadly logical. Provided & 3, each of the descriptive spaces 
Šp,» 18 extensible to the usual n-dimensional projective geometry by well-known 
methods. f | 

Among the p-dimensional relations which are effective for the generation 
of descriptive or projective n-space, those which involve a minimum number of 
points, viz., p+ 1, are especially important. We designate such a relation, 
which is necessarily descriptive, by a, #03. + ap, where p—1,2,3,..... 
This relational proposition may be interpreted concretely for p — 1 by, “a, pre- 
cedes a,” and hence A, is the well-known relation of Vailati;§ for p= 2 by, 
“if a person swims from a, to ag, the point a, is at his right”; for p=3 by, 
“to a person stationed at a, ‘motion’ along the triangle a,a,0, in the indicated 


* Read before the American Mathematical Society under the following titles: “On the Foundations of 
Abstract Geometry," April, 1906; ‘Concerning Abstract Geometrical Relations,’ “Systems of Axloms for 
Projective Geometry," September, 1906; “On the Ausdehnungslehre of Grassmann," March, 1907; “On the 
Relation of Right-handedness in Geometry; ™Reptember, 1907. : 

+The interesting memoir by F. Morley, “On the Geometry Whose Element is the 3-Point of a Plane," 
Trans. Am. Math. Soo. (1904), Vol. V, p. 467, has an important relation with our development. 

t Klein, Mathematische Annalen, IV, VI; Pasoh, ** Vorlesungen über Neuere Geometrie"; Bonola, Giornale 
di Matematiche, XX XVIII. | l 

$ Vallati, Rivista di Matematica, IT, pp. 71-16. 
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order appears clockwise," * hence R, is equivalent to a relation of (absolute) 
right-handedness. In general, the relation #, is p-dimensionally transitive and 
alternating. T 


The p-dimensional systems OR, generated by the relation R, are equivalent 
to the systems ?K, generated by the (p-dimensional) linearly transitive and 
symmetrical relation A, between two ordered (p -1)-ads,[ a; a, T 
K,8185.... Bon (P 71,2,8,....). For p —3 the relation A, expresses 
sameness of sense, or relative right-handedness. An important distinction 
between the systems ?A and ?A, is seen when each system is extended to 
n-dimensions, n >p. For such an extension an infinite class of relations of the 
type R, is required, whereas a single relation between (p + 1)-ads, analogous 
to the M K,, suffices in case of the extension of the system ?K,. 


For p 5:3 the systems ?&, are made ''complete," for euclidian Vost. 
by adding a certain number of axioms which permit the introduction of the 
real number system in a very simple manner.§ These “complete” systems are 
shown to provide an elegant basis for Grassmann’s Ausdehnungslehre and the 
exposition of the latter by Peano. || 


Finally we discuss, in addition to the relations R, and X,, their projective 
analogues and other p-dimensional relations whioh neris n-dimensional . 
geometry; also we consider their mutual definition. For example, we show 


that the well-known relation of “betwoenness’ ' Q4 z Bı B, has the p-dimensiorial 


extensions a, J, 8; 9,....8,4,, and a,05....a, Bp 0, 0,, where the order of the 
. elements in the terms of each relation is immaterial. The former proposition 


expresses concretely, “a, is in the interior of the p +1 independent points 
B1B, ....B,,1 ; the latter proposition expresses, ‘the p independent points 
d As. -ap are between Bı, ba” T IS 


** Cf. Möblus, ‘Der barycentrische Calcul,” Gesammelte Werke, I, 88 17-20. 

+ For definitions, see Chapter III. 

‘tif the (p+1)ads are identical, the order of the elements is immaterial. 

$ Cf. Grassmann, ‘‘ Ausdehnungslehre,’” 1844, Gesammelte Werke, I, p. 188, note 1. 

1 Peano, ‘Calcolo Geometrico;" Formulaire Mathématiqwe, Turin (1908), pp. 877, 888; (1905), p. 188. 
Cf. also Schweltzer, «On the Logical Basis of Grassmann’s Extensive Algebra," Dulletin American Math. Soc., 
November, 1908. \ . 

4 In connection with these relations we find it desirable to formulate descriptive axioms in terms of a 
relation & a, 8 B, B,.... By, which expresses thet, ta a, are on the same side of the Independent points 
B, By--+- By’ A comparison of these “S” systems with our BZ’ systems is most instructive. 


uU 
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ÜHAPTER I. 


Historical Remarks on the Theory of Relations. 


Previous to De Morgan the subject of relations was considered almost 
wholly from a metaphysical standpoint. Thus De Morgan says:* 

“Much has been written on relation in all its psychological aspects except 
the logical one, 4. e., the analysis of necessary laws of thought connected with 
the notion of relation. The logician has hitherto carefully excluded from his 
science the study of relation in general; he places it among those heterogeneous 
categories which turn the porch of his temple into & magazine of raw material 
mixed with refuge." 

Again, on the inadequacy of the previous logical treatment of relations 
the same author says: — | 

“The only relations admitted into logic, down to the present time, are those 
which can be signified by is and denied by is not.... Accordingly, all logical 
relation is affirmed to be reducible to identity, A is A, to non-contradiction, Nothing 
both A and not-A, and to excluded middle, Everything either A or not-A. 
These three principles, it is affirmed, dictate all the forms of inference, and evolve 
all the canons of syllogism.... I cannot see how, alone, they are competent 
to the functions assigned.” 

Observing that one may ignore on the logical basis ihe metaphysical aspect 
of relations, De Morgan was the first to investigate their formal theory.f His 
suggestive memoir on relations has been of marked influence on subsequent 
authors and contains features which have been generally recognized as fundà- 
mental. § 

Although De Morgan first ad the formal theory of relations, it is 
due to Peirce || to have systematically developed his ideas and to have pointed 
out their adaptability to a calculus. The work of Peirce has been carried to a 


* Cambridge Philosophical Transactions, 1864, p. 831. 

On the definition of a relation J. 8. Mill says (James Mill, « Analysis," II, 10): “Any objects, whether 
physical or mental, are related .... in virtue of any complex state of consciousness into which they both 
enter, even if it be a no more compl tate of consciousness than that of thinking them together.” 
Compare De Morgan, I. o., p. 309 ; Beiroa, American Journal, III, p. 42. 

th c., p. B85. 

1 On the Syllogism I, II, III, IV," Camb. Pail. Trans., 1847-64. 

$ Cf. Peirce, American Journal, VII, pp. 201, 202; III, p. 21, etc. . 

J American Journal, III. 
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high degree of elaboration by Schroeder. * i the plan of his discussion of 
relations the latter says: 

“ Bei der fast unermesslichen Mannigfaltigkeit der Richtung: gen, nach welchen 
sich die Disziplin entwickelungsf ähig zeigt, der Fülle ihrer Anwendungsmöglich- 
keiten auf die verschiedensten Gebiete— zu denen die Begriffe von ‘Endlichkeit’, | 
‘Anzahl’, ‘Funktion’ und ‘Substitution’ ebensowohl gehören als wie z.B.die _ 
‘menschlichen Verwandtschaftsverhältnisse’ —, bei ihrer Doppelnatur als einer 
Algebra einerseits und einer Entwickelungsform der Logik andrerseits, nämlich. 
ihrer Ausgestaltung zur Logik der Beziehungen (und Beziehungsbegriffe, * Relative?) 
überhaupt, scheint es unerlässlich — soll nicht die Uebersicht leiden und der Ein- 
druck der Schönheit und Konsequenz des Ganzen verloren gehen — dass wir die 
verschiedenen Gesichtspunkte, unter welchen unsere Theorie zu betrachten sein 
wird, thunlichst scharf von einander getrennt halten. Ich werde deshalb 
zunächst eine Seite der Theorie fast ausschliesslich bevorzugen, und zwar dieselbe 
lediglich als eine Algebra, einen Kalkul aufbauen.... Erst wenn auf diesem 
Wege ein gewisser Grundstock geschaffen und ein Ballen recht ansehnliches 
Kapital von absolut feststehenden Wahrheiten — Thatsachen der Deduktion — 
gesichert ist, gedenke ich ..... auf die Fundamente der Disziplin zurück zu 
kommen, um deren zuerst nur einfach hingestellte Festsetzungen dann auch heu- 
ristisch zu motiviren und aus allgemein logischen Gesichtspunkten reflektirend zu 
erörtern, insbesondere sie als den Zwecken eben dieser Wissenschaft, der Logik, 
dienstbare nachzuweisen.... Meine Bezeichnungsweisen schliessen sich sehr 
nahe an die von Peircef in einer seiner Abhandlungen gebrauchten an und 
werden die Abweichungen späterhin gekennzeichnet und gerechtfertigt." . 

. The genesis of a “binary Relative" is thus given by Schroeder:$ 

“Die Disziplin geht aus von der Betrachtung eines Denkbereiches 1!, 
bestehend aus ‘Elementen? A, B, O, ...., die als einander gegenseitig aus- 
schliessend und van dem Nichts (0) verschieden vorausgesetzt werden. Als 
aueh dieser Elemente wird der Bereich mittelst 


!=A+B+C+H. 
= 


* «Vorlesungen fiber die Algebra der Logik.” 
ti. e., ITI, 1 (1895), p. 1. l 

t Schroeder, 3. o., I, p. 710, Note 9c. 

1 Mathematische Annalen, XLVI, p. 144. 
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in Gestalt von deren ‘indentischer Summe’ (logical aggregate) dargestellt. 
Doch ist sogleich zu betonen, dass diese Elemente — wie die (reellen) Zahlen 
oder die Punkte einer Gerado (ev. Strecke) — auch ein Kontinuum bilden 
dürfen. Irgend zwei Elemente ¢ und j lassen sich — etwa unter dem Gesichts- 
punkt einer gewissen von i zu j bestehenden ‘Beziehung’? — in bestimmter 
Folge zu einem Elementepaar (oder individuellen binären Relative) ¿i :f zu- 
sammenstellen, und bildet die Gesammtheit aller erdenklichen Elementepaare 


l = Zy 4:7 
| 


einen zweiten aus dem ursprünglichen abgeleiteten Denkbereich, der aus den 
Variationen mit Wiederholungen zur zweiten Klasse von des letzteren Elementen 
besteht. In diesem zweiten Bereich bewegt sich unsere ganze Disziplin, und es 
wird unter einer binären Relative (a oder b, c,....) nichts anderes zu verstehen 
sein, als ein Inbegriff (identische Summe) von Elementenpaaren (keinen, 
einigen, oder allen) irgendwie hervorgehoben aus genanntem Bereiche.” 

That is, a class of elements gives rise to a class of ordered dyads,* and one 
obtains a relation, say aQPß, satisfied by every ordered dyad af of a class of 
dyads derived from the initial class in virtue of given principles of selection. + 

Schroeder’s treatment of relations contains many valuable contributions, 
: such as the preceding generation of a binary relative; but, as he himself 
indicates, it is primarily an independent. discipline, an algebra of relations. 
It is due to Russell} to have developed a theory of relations which is at once 
free from a complicated symbolism and, as he shows, broadly accessible to 
mathematics. In accomplishing this task Russell has been very materially 
aided by the investigations of Peano. § | 


* On the meaning of an ordered dyad, see Chapter II. 

7 +Royce, Transactions of the American Mathematical Society, VI, p. 358, has also generated relations on the 
selective basis.. Cf. also Schroeder, «Algebra der Logik," Vol. II, 2 (1905), Anhang 8. It is an interesting 
problem to arrive at our “E” or “K” systems by means of purely selective methods on the basis of a sultable 
existential domain; undefined principles of selection will then take the place of our formal indefinables, 

t See his ** Principles of Mathematics.” 

& Cf. A. T. Shearman, t The Development of Symbolic Logic,’ Chapter-VI. The general logical position 
of our paper is formal (of. De Morgan, Russell, i. o.), not selective. The reader will find 1t interesting to 
compare our paper with the following wectigns of “Russell”: $$ 58-55, 71, 81-82 (cf. 54), 83 (last lines of 
p. 87), 89, 96, 98, 187-208, 222, 225, etc. 
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CHAPTER II. 
On the Theory of n-Dimensional Ohains* (n = 1, 2, 3,.---). 


In the following, as indeed throughout the-present paper, we assume as 
logical indefinable. the functional ordered dyad xy in the variables z, y. 
A functional ordered dyad xy has the property that xy is a proper ordered 
. dyad when x and y are given specific values from their respective ranges. 
If a zE b, then the ordered dyads ab, ba are distinct; also if ca or b, 
or dẸÆa or b, the ordered dyads ab and cd are distinct. Thus the necessary 
and sufficient condition that ab — cd is a — c and b — d. Also the elements 
of an ordered dyad are not necessarily distinct. | 

Of the dyads ab, ba any one is called the conjugate of the other. The dyad 
aa is conjugate to itself. The dyads ax, xb are said to be connected, ab is their 
resultant and a is their element of connection. We define now a linear permu- 
tation of the elements a, as, ...., a, to be the set of ordered dyads formed out 
of these elements with the following properties : 

1. Every element appears in -— as the associate of the remaining 
elements. | 

2. A dyad and its conjugate are not both in the set. 

3. If any two connected dyads are in the set, then their resultant is also , 
in the set, 

‘ A linear permutational set in n elements a,, @&, ...., a, is then of the 
following type: 


Ai a, 

Two permutations are identical if they contain the same elements and the dyads 
of one set can be identified with the dyads of the other set. . 

| A set of elements S gives rise to a set of dyads called a linear chain under 

the following conditions: 


* On the term “chain,” as used in this —€— compare article on Kinematics in ERDE der 
Maihsmatischen ie LV, 8, § 28. 
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Every element appears in at least one dyad of the set. 
A dyad and its conjugate are not both in the set. 
Every dyad is connected with some other dyad. 
If there exists a dyad connected in only one element, there exists at 
Nos one other such dyad. P 
5. No element appears in more than two dyads of the sol: 


ee 


These conditions are satisfied by the following sets of dyads: 


1) ab be ca ef fa, 
2) ab be ca ef fg ge. 


The conditions are also necessary, as is shown by these systems: 


1. This condition is obviously independent. 

2. ab be cd ef fe 

3. ab be ca ef. 

4. ab be cd ef | jg. 

5. ab bc ca ce. | la 
In order that the chain of dyads satisfying 1—5 be unique it is necessary to add:* 

6. Ifaset of dyads satisfies 1—5 it also satisfies the condition: The set of 
elements S is contained by any set T of elements with the following properties : 

. 1) If there is a dyad ad such that a is not an element of connection, then 
T contains an element a; if there is no such dyad, then 7 contains some 
element of S. 

2) T contains every element « of S such that some element u common to 
S and T forms with x a dyad uc in the set of dyads. 

Under postulates 1-6 two cases may arise: there exists a dyad which is 
connected in only one element, or there is no such dyad. In the former case 
the chain is said to be open; in the latter, it is closed. An open chain in a finite 
number of elements contains two dyads, ab, kl, such that a and / are not elements 
of connection; a and ! arë called the first and last elements of the chain respect- 
ively. There is, moreover, a unique second element in an open chain, a unique 
third, etc. An important property is the following: Every linear permutation 
contains uniquely an open linear chain in the same number of elements. Con- 
versely, given an open linear chain of dyads in a finite number of elements we 
may arrive at a permutational set of dyads by adding to the set of dyads of the 


* Of. Russell, “ The Principles of Mathematics," $$ 189, 229. 
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chain the resultants of the connected dyads in the chain, adding the resultants ' 
of the connected dyads contained in the set thus obtained, and so on. 

In an interesting memoir on tactical systems E. H. Moore* has given 
a valuable generalization of a closed linear chain by means of his systems 
S {k,l m}. In fact, every closed linear chain is a system §{2,1,m}, but not 
necessarily conversely; since, for example, the dyads 12, 21, 34, 43 are an 
S 12, 1, 4], and the dyads 12, 23, 31, 45, 56, 64 are an S{2,1,6}, but contradict l 
postulates 2 and 6. 

An important — s of open and closed linear chains may be made 
in the following manner.. By a planar triad [abc] we mean the dyads cb, ac, ba. 
The triad [abc] has a unique conjugate, namely, [bac]. The three-dimensional 
tetrad [abcd] is the set of planar triads [dbc], [adc], [abd], [bac]; and [bacd] 
is the conjugate of [abcd]. In general, we define the (p—1)-dimensional p-ad 
[a; ag. - - -ap] to be the set of (p —2)-dimensional (p—1)-ads [a,a,y...-a,_1] 
[a dp. - 05. 3]---- [d] dy. pa] [as 4..-.a5.,]; and [aj,aqy...-a, a] is | 
the conjugate of [a,a,....a,]. The (p—1)-dimensional p-ads [xa,....a,] 
[a 2....a5]....[a05....*] are connected, x is the element of connection 
and [a,@,..--@,] is their resultant. A set of connected (p—1)-dimensional 
p-ads (p= 2,3,....) may be exhibited in the following formal way: 

[av] [eb] 

[axb] [bac] [oxa] 
[acxb] [bede] [codax]: [xabd] 
[bezde] [edxba] [abzxec ] [cexad]  [daxch] 

etc. etc. ` 
If p is odd each set is obtained from a definite set of closed linear chains and 
the element x by a simple process of formal interpolation; if p is even, each set 
is obtained from a definite set of open linear chains by a similar interpolation. T 
To construct now p-dimensional open chains we proceed thus. We illustrate 
the construction for p — 2, although the method is easily recognized to be 
general. With every planar triad [abc] three systéms of connected triads can 
be constructed in the elements a, a, b, c, each system containing the triad [abc]. 
For we need only find the sets of connected triads of which each of the triads 


* American Journal, Vol. XVIII, p. 208. 
+ The p-dimensionsl open and closed chains which we shall construct below are made accessible to the sub. 
stitution theory by exhibiting them formally in a manner analogous to the above exhibition of connected pads. 


; 
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[abc], [axc], [abx] is the resultant respectively; we get then 
[abc] [xac] = [xba] 
[bze] [abe] [azb] 
[ed] ^ [aex] [abc] | 
Consider now the triad [ade] and let x Æ a,b,c. This triad gives rise 
to an open chain of triads if 1) [abc] is replaced by the three triads [a5c], [axe], 
[abx], of which [abc] is the resultant, 2) or to the triad [abc] is added any one 
of the three sets of two triads which form with [abc] a set of connected triads. 
Thus an open planar chain in four elements a, b,c, consists of three connected 
triads and the triad [abc] gives rise to four distinct chains in four elements. 
Likewise the conjugate triad [dac] will give rise to four distinct chains, each of 
which is distinct from the former, so that the total number of planar chains in 
four elements is 2.4 — 8. Hach of the preceding chains may be lengthened 
in a manner analogous to the above, viz., we replace any triad of a chain by the 
three triads of which it is the resultant or we add to the given chain of triads any 
one of the three sets of two triads which are connected with the boundary of the 
chain of triads. The boundary of a chain of triads is that triad which gives rise 
to the given chain under the following successive processes: 
1. Replacing the triad by a set of triads of which it is the resultant; 
2. Replacing some one of the set of triads thus obtained by a corresponding 
set of connected triads; and soon. - 
The boundary of a set of connected triads is evidently their resultant. 
It is easily seen that five elements give rise to 2.4.6 — 48 planar chains 
and that the total number of planar chains in n elements (n = 3, 4,...-) is 


2.4.6....2(n— 2) = 2-3, (n— 2)! 

For three-dimensional chains the discussion analogous to that for planar 
chains may now be carried out. We find that the complete number of spatial 
chains in n-elements (n.— 4, 5;6;....) is 2.5.8....(3n —10). The preceding 
is also easily extended to p-dimensions p 1. We may show that the.complete 
. number of p-dimensional chains in n-elements 1 Z p « n is 


N=(0.p + 2) (1. p 4-2) (2 + 3)....([n —p— 1] p + 2). 
Thus, for p —1, N=n!l; p=2, N= P? (n —2)1; etc. 
The preceding p-dimensional chains were open; if to each such chain we 
add the.conjugate.of its boundary, we get closed chains. 
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From a p-dimensional chain arises a p-dimensional permutation by adding 
to the (p 4- 1)-ads of the chain the resultants of the connected ( p +1)-ads in the 
chain, adding the resultants of the connected (p-+1)-ads contained in the set thus 
obtained, and so on. Of course, a p-dimensional permutation may be formally 
defined independently of a p-dimensional chain, and vice versa. Evidently a 
p-dimensional permutation in » elements contains a p-dimensional chain in the 
same number of elements. The formal theory of p-dimensional permutations is, 
moreover, intimately related* with the p-dimensional generation of p-space, 
which is discussed in Chapter IV. 


CHAPTER III. 


On the General Theory of Relations, Classes, and Operations. 


As formal types of relational, class, and operational propositions we take 
aRb, aeC(b), O,(a) respectively. These propositions may be considered as ex- 
pressing, ‘‘a possesses the relation R with reference to 5," “a is in the class C 
with reference to 5," “the operation O with reference to b affects a." With 
respect to the interdependence of the preceding propositions, we assume that 

a Rb ~ asC(b) ~ O,(a); | 
that is, they are equivalent to one another. T 
We assume the following analysis of the above propositions: 
a Eb — a E +b =a + Rb, 
a all) — aC 4+ b — a + Ob, 
O;(a) = Oa + b =a 4- b0. 
The symbol of composition “+” is an indefinable which implies no ordering - 
of the terms. The symbols aR, a0, Oa: may be interpreted concretely by, 
“a possesses the relation R,” “a is in the class C," “the operation O affects a.” 
The symbols Rb, Ob, bO may be interpreted by, “the relation R refers to b,” 
‘‘the class C refers to 5," “the operation O refers to 0." We call ak and Ra 
the regressive and progressive relational associates of a respectively; ete. Two 
such associates are always distinct; and two regressive (progressive) associates 


* For example, consider the planar permutation in 5 elements: 
[42938] [548] [158] [145] [124] [148] [1381]. 
In the plane we have then the transitive property that [428] [148] [194] and [548] [158] [145] imply 
[523] [158] [125]. 
t Professor George H. Mead suggests that 1$ may be better to assume ad implies acC(b) implies O; (a). 
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bR, cR (Rb, Re) are identical only if their terms b, c are identical Further, if 
akb, then for any relational associate Rc, a is distinct from Re. Thus if aRb 
and cfd are identical, we must have ac, Rb= Rd; similarly, b=d, aR=ck; 
that is, a=c and b=d. Hence ifa$#b, aRb and bRa are distinct. The terms 
of a relational proposition have, therefore, the character of an ordered dyad. * 
We consider the equivalence 

aRb ~ asO(b) ~ O,(a). . 
Let a/b/ and ab be distinct dyads and suppose that for one of the members of the 
above equivalence, say ab, we have a! Rb'; then we assume that 

a! Rb! ~ a'eC(b') ~ O,(a’). 
Let us assume also that Ä 
akb ~ ab E, ab. 
Then ab is an ordered dyad. Finally, if aRb ~ abR,ab, and a'b Æ ab, we 
assume that 
RG ~ alb! E a!b'. 

Thus from the preceding it follows that for any two terms x, y such that xy, 
the latter proposition is equivalent to zy, cy and therefore to wyeO(xy). That 
is, every relation can be interpreted in terms of a class of ordered dyads. 

By the ordered n-ad a,a,....a,,n52 we mean some one of the sets of 
ordered dyads obtained from the open linear chain 2,2, 2,25.... 2, 412, of dyads 
in n distinct variables. Thus the elements of an ordered n-ad are not necessarily 
distinet. | 
Now the terms of the proposition ab. may be, in particular, an n-ad and 


a p-ad. Ifthe n-ad and the p-ad are identical the relational proposition is of 


the type a,a,....a,Ha,a,....@,, which we write a,a,....a,%,..,, the 
subscript of the Æ being a linear open chain. In this case we say that the 
dy, Gj,----, a, are mutually related. We postulate that from the preceding 
proposition n! derived (and equivalent) propositions exist, viz., 


ya Oi Baste fr 
including the identity, t. e., the given proposition. The relations 


HESS d 
are called the derived relations ofthe relation Ry..,,. In particular, if n = 2, 


Fy ig the conjugate of the relation R. Bha... 18 an even derived relation 


* We need hardly say that the analysis in this paragraph and the equivalence in the preceding paragraph 
are speculative. The reader may compare our remarks with Russell, }. c., $$ 38, 71, 76, 77, 96, 312-215. 
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of Ris... if the (n—1)-dimensional n-ads (cf. Chapter II) [12..:.n] and 
[Aids --- 7] are identical; otherwise Ris... is an odd derived relation of 
Rys...n- lf all the derived relations of a given relation are identical, then the 
given relation is symmetrical; if only the even derived relations are identical, 
the given relation is alternating.* | 

Mutual relations may or may not be transitive. Transitiveness is either 
linear, or planar, .... or n-dimensional. We define the mutual relation R to 
be n-dimensionally transitive (r=1,2,3,....) if the propositions (dropping for 
convenience the subscript of the E) ES | 


. imply 
| Gy Ag. «+ .G444 Be | 
The analogous definition in the case of relations which are not mutual is 
easily found. | | 

If ajaz... -an 1... i8 a mutual relation, we assume that it is equivalent 
to the mutual relation 


^ 


b ba.. e br Qiii, 


. where ` 
5 = ay ay... < ay, c Mel; 
b, = Ga ag e Ja = Ja — Jis 
Mart AET T ae T Ne ; 
b,— aj, +, ta A Kahl; (Jy = n) 


the numbers j,j,....j,., being chosen arbitrarily. It is also assumed that the 
mutual relation @,a,....a, Rıs.....n 18 equivalent to each of the following relations: 


a, R az. Any 


Oy 0s... An- RO ay. | 
An illustration of the latter equivalence is easily given. Consider a point x 
in the interior of the triangle abe. We may look upon these four points as 


* For the suggestion to use this term in the present connection we are indebted to Professor E. H. Moore. 
If the relation #,,,...., is alternating, then the alternating relation #,,,...., is called the conjugate of 


Ba]... and conversely. Buch a conjugate will sometimes be denoted by X. 
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constituting a PE T the points are then nalis aated. 4. e., we have 
xabeIxabe. Then the statement that x is in the interior of whe expresses 





à | 
eo 
a b 
CH z I9 abe va I® bc xab I9 c 


z1U0abc. xzal®bc is implied by the existence of y such that y is in the 
interior of bc and æ is in the interior of ay. Finally, zabI®c is expressed 
by the statement that the compartment of the triangle rab at the vertex a 
has c in its interior. | 


OnaPTER IV.*. 
Geometrical Relations: The Systems ^E, (n = 1, 2,3, ....). 


In the present chapter we give systems of axioms for descriptive geometry 
in terms of the relation #, (n = 1,2,3,....). For n $3 each of the corre- 
sponding systems is sufficient for projective geometry if an axiom of continuity 
is added; the discussion of the systems thus amplified is, however, reserved for 
a later chapter. Under the respective axioms, the relation R, involves n+1 
independent points and therefore it may be termed n-dimensional. Since the 
generating relation J£, is n-dimensional and involves precisely n+-1 points, we 
call it fundamental. The relation E, is, moreover, n- IBIDEM transitive 
and alternating (cf. Chapter WI). 





* In the original exposition of the system R, the author used the expression agyó = Q to denote aRßyd. 
The expression aßyd = Q’ may be read ‘the tetrad afyd is in the class 0.” Further, afyd = £^ was defined 
to be Bayó = 0, and by aßyd=Q was denoted, aßyd=D’ or Q”. If agyó =Q! and a! 8^y!ó' =D’, then aByd a! fly's, 
which may be read **agyó and a'8^y' are in the same class,” or, ‘the points a, B, y, d and a’, 8', y', & are in 
the same order’’; similarly, 1f aByd—Q" and a'y’ =Q", then aByóca'p^y'0'. If aByó Q' and a! By =! 
then afyd # a! yd’; and similarly if aSyó = Q” and a! 'y! 9! = Q/, aByd + a! By! 0^; i. e, ‘the tetrads afyd and 
a'f'y'd' are in opposite classes’? or “the points a, B, y, Ó. and a’, B', 7, d’ are in different orders.” The 
expression aßyd = Q/ may be read ‘the eae y, ó are in the order aßyd.” With reference to the term 
«order," as here used, compare O. Veblen, Transactions Am. Math. Soc., July, 1904. For the suggestion to 
employ, instead of the symbols ==”, Æ”, uniformly a relation K, the author 1s indebted to Professor E. H. 
Moore. The author takes pleasure, in this connection, in acknowledging the stimulation of Professor 
Moore's suggestion in the preparation of the present paper. (7 l 
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The systems ^E, will retain validity if for the generating relation a, E, a; 

. 0,44 18 substituted the well-known outer (alternating) product of n-+1 points 

[a - ds .... anı] due to Grassmann.* In this way the systems become a 
fundamental part of Grassmann's calculus. | 


System 1R,. I. Axioms. 


1. There exists a. T 

2. The existence of a implies the existence of a), o such that ay B Bo 
or By Ray. 

3. a RB implies B Ba. t 

4. a RB and Ea, imply a Rg or ERB. 
. a RB and a RẸ and E#P imply ERB or BRE. 
a RB implies the existence of & such that 8 Rg. 
. «RB implies the existence of & such that & Ra. 
. a RB implies the existence of £ such that a RE and ERB. 

II. Definitions. 

1. £ is on aß means, a EG and (a RẸ or ERB). . 

2. f is in the interior of a8 means, a RB and a RẸ and ERB. 

That is, we obtain one definition from the other by the proper ale 
of € gp? and (t and". 


a N C» GC 


III. Theorems. 


1. D implies a È or 8 Ea. 

By axioms 1 and 2, m RP, or y Ra. Suppose af Bo. Then if the 
points a, 8 are the points as, f, the theorem is true. We distinguish, 
therefore, these cases: 

1) & Fay, Bo; BER, Bo. Since a, E B, and a o, Bo, by axiom 4, we 
have af, or ay Ra. If aR, since Ba, By, then BRB, or aRPß. 
If a R8, and BRP, then a RB or BRa, by theorem 2. If a, Ra, since 
B Fa, a, we have B.Ra or akp. If a, E, then by axiom 5, a4 Ea and 
ag A (9 imply o RB or B Ra. 

2) a — a, or By, Bay, By. That is, we have a E y or „Ra. Proof 
as under 1). 


* Of, Gesammelte Werke, ** Ausdehnungalehre," 1844 and 1862, For further details of the development 
from this view-point, see Chapter VI. 

T Greek letters are used to denote points unless otherwise specified. 

I The rule over the AZ is a symbol of negation. 
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| 8) B za, or By, a EM, Bo. That i is, BRB, or a, RB. Proof analogous 
to that under 1). . 

2. a EB and ERB and Eau imply a RẸ or Ra. By axiom 7 there 
is a point-y such that y RE. Then assuming ay, we get by axiom 4, y a 
or akg. If y Ea, then since y RE we have by axiom 5, ERa or a HE. 

9. a RË and ERG imply a EB. By axiom 3, E-a,8, Pa. Then 
since a RË and B Æa, £, by axiom 4, BRE or aRß. Since ERG, by 
axiom 8 RE is impossible and «RB is true. 

We have thus shown that our linear system 'R,' implies the system 
due to.Vailati.* Our system has, however, advantages which arise from the 
particular form in which it is stated. Namely, let us inquire whether the 
system 1E, is extensible to higher dimensions or not. That is, if we omit 
axiom 4 from the system iR, and leave the remaining axioms in force, is it 
possible to add axioms in terms of the relation Æ such that a geometry of 
dimensionality greater than unity results, and what is the character of this 
geometry? In answering this question, we observe first that there exists a finite 
system of elements which satisfies all the preceding axioms except axiom 4; 
indeed, it is the following system f of 21 dyads in 7 elements: 


12 28 384 45 66 67 7l 
2 67 +74 A41 13 36 62 
5I 16 64 42 27 73 8b 


Thus the dyads form three linear closed chains; the dyads of any two closed 
chains can be obtained from the third by means of the substitution 

. (4) (125) ' (376). 
Every element is common to six dyads, and on every dyad lie five elements. 
The dyads may be arranged into a system of 14 (planar) triads: 

[712] [625] [351] 

[234] [574] [164] 

[456] [is] [427] 

[671] [362] [785] 


[res] [867] 


* Vallatl, Rivista di Matematica, Vol. II, pp. 71-75. 
+ The extension of this system to n dimensions (n > 1) we shall discuss elsewhere. The above system 
is one of an inflnitude of analogous systems. Cf. Bulletin Am. Math. Soc., March, 1908, p. 265. 
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and into the following umi of 21 (linear) triads: 
162 273 364 42b 516 627 74 


335 867 m m m 856 m 
571 186. 674 +412 257 718 346 

It will be observed that each dyad occupies all possible positions in the triads 
once and only once, thus occuring in three triads. Hence the preceding system 
is a subset of Moore’ s 3-idic system §{3, 2,7}.* It is easily verified that - 
under the preceding system of dyads all the axioms of the system +R, are. 
effective, d. e., their hypotheses are fulfilled; and that axiom 4 is contradjcted, 
the remaining axioms being satisfied. The geometry which is represented by 
the preceding system of dyads is not, however, a descriptive system; consider, 
for example, the triangle 125: we have 3 on 12 and 25.. Let us require, then, 
that the geometry represented by the extended system of axioms be descriptive. 
We define, as above: 

E is on aß means, a EO and. («RE or ERP),f and hence £ not on aß 
means, a RB and a RE, ERB. 

Let us see in what particular form we must put this BERUINOR, Suppose 
that £ is not on af and that 


aR, akı, ERB. 


Then since our geometry is to be descriptive and we have £ not on a fj, we must 
have, also, B not on a£, a not on £ B; that is, 


8 R, E, a R, B, 

a ksb, E la. | 
Different cases evidently arise according as R, Ri, Ra, R, R,, E, are distinet | 
or not; these are in essence aa follows: 

1) R, or R,— R; i.e, ERa or BRE. If a RB and £ Ra, then let "Ra 
and „' RB; hence 7’ is on Ea and af, which is impossible since v/a. If 
uRB and GRE, let 8 En" and a Ey". Then „” is on aß and BE and 
n" B. This is poe: 





* Cf. E. H. Moore, '* Tactical Memoranda,” American Journal, Vol. XVIII, pp. 288, 270. The preceding 
system of fourteen planar triads may be looked upon as two triple systems in seven elements. This connection 
was kindly pointed out to us by Professor Moore. 

+ I. e, for some relation B. 


Sonwurrzer: A Theory of Geometrical Relations. 381 


2) RRERR R,— R, or R. If R= R, aR, and ER,B. Let 
a Rın and ER,n; then x is on o£, EB and n EË, which is impossible. If 
R,— À, then we have a RE and BRE; that is, 6 is on a£. 

Other cases differ from the preceding only formally, so that we may say, if 
three points a, B, E form a descriptive triangle, then the corresponding relations 
R, R,, Rs, R, Ry, Ry are distinct from each other. Further, on the basis of the 
preceding we may say that if two descriptive lines intersect, then the corre- 


sponding relations PUE _ 
I ) Is 3 R, ) Iis 


are distinct. To construct, therefore, an n-dimensional descriptive geometry 
(n > 1) an infinitude of relations of the type R is required.* However, all the 
axioms of system IR, except axiom 4 are satisfied if we define a RG and a Ei B 
to mean that «ß and a'8' are two euclidian parallel and similarly directed+ 
segments. Thus any set of euclidian, similarly directed parallels in n-space 
(n > 1) will satisfy all the axioms of the system !R, except axiom 4; so that, 
on the basis of the remaining axioms, the single relation R is s capable of 
generating an (unlimited) linear vector. 

The independence of the axioms of the system 1R, may be briefly discussed. 
Axiom 1 is obviously independent, since if there is no point, the remaining 
axioms are not effective. For axiom 2, take one point a such that «a £a. For 
axiom 3, take one point a such that aa. The independence of axiom 4 is 
established by the above finite system of 21 dyads; the latter system also shows 
that axiom 4 is necessary to prove the existence of an infinitude of points. To 
show that axiom 5 is independent, take as points the ordinary system of rational 
numbers, and the imaginary unit $ ordered thus: ak 8 means a < B, and we 
define i RB if 8>0 and a Ré if a<0; also 0$, £20. Then axiom 5 
is contradicted, since (—1) £0 and (—1) Et do not imply «RO or O0 Ei; 
the remaining axioms are satisfied. The independence systems for axioms 6 
and 7 are the sets of positive and negative rational numbers, respectively ; 
the independence system for axiom 8 consists of the positive and negative 
integers ordered in the usual manner. 


erden 


*In the extended system, instead of axiom 4, we have the axiom of transitlveness: a Et and ERB 
imply aA. i 

+Not to be confounded with sameness of sense, This confusion has occurred with many authors. 
Similarity of direction is excluded by means of the axiom, *a 2f and hs imply up or y Ea" ; cf. 
our paper, Trans. Am. Math. Soc., July en p. 308. 
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System *E,. I. Axioms. 


. There exists a. | 

: The existence of a implies the existence of a, s, Yo such id. ag Ft Qo yo 
or as E y, Bo. E 

3. o EB y implies a Ry B. 

4, aRßBy implies B Rya. 

5. a E y and £a, B,y imply ERBy or aRgy or o. EE. 

6. aRßy and £ EB y and Ea imply ERya or ERay or EE a or 
£ Ra p. 

7. aRBy and aft By xb a* imply the existence of ô such that ô Ray 
and 6& a. | 

8. o Ey, s E y, o Rey, a Re, e#a,8,y imply: the existence of £ 
such that Rae, £ Rea, and the existence of 8 such that 0E Oy implies 
SREy and YRBE, and the existence of à" such that 6’fy B implies S" REB 
and à" E» E. 

II. Definitions. 


1. £ is on aBy means, akßy and (ERBy or aR§y or a RBE). 

2. Eis on aß means, a and the existence of y such that y Rag 
implies y Ra£ or y REB. (Cf. Fig. 1; shaded portion, including linear boundary 
through «, 8, indicates possible domain of E.) 


y 























NS 


e 


3. E is in the interior of a y is defined by substituting, in definition 1, 
“and” for “or”. (Cf. Fig. 2.) 

4. E is in the interior of aĝ is defined by substituting, in definition 2, 
“and” for “or”. (Of. Figs. 3.) 


NU 


NN 


SN 


» 
N N N 


NS SNR NS 
b. nn u SS x T 


A N 
ue Ss N 









N N 





Fre. 1. 


* That 18, a, B, y are distinct. 
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As an equivalent definition under the axioms we may give: 

£ is on aß means, a x: B and Rag. . 

For if a8 and ERaß, the existence of y such that y Ra implies 
yRa&oryR&ß, by axiom 5. Conversely, if the existence of y such that 
y Eo implies y Raf or y RE, then ERaß; for ERaß implies ERaE or 
EREB, which in either case is impossible under the axioms. 





Fras. 8. _ 


If we adopt the latter definition, then the corresponding definition of “E in 
the interior of a 8” is | 

£ is in the eee of aß means, 23: B, £Raß and the existence. of y 
such that y Ea 8 and (y REB or y Rak) implies y REB and y Rat. 

On the basis of the above definitions we may define: 

E is on the plane of the points a, Q, y means, £ is on aßy or Te 

£ is on the line of the points a, 8 means, £ is on aß and Ba. 

£ is in the interior of, or between,* the points a,ß,y means, £ is in the 
interior of aßy or Bay. | 

£ is in the interior of, or between, the points «,ß means, £ is in the 
interior of af and Pa. 

TIL Theorems. 


1. a E B y implies a 8 -EyFa. 

By axiom 4, a EO y implies 8 Ey o; similarly, 9 Rya implies y Rag. 
Hence, by axiom 3, we have, respectively, PTT) y'Fboe, at PB; $e, 
at B cy Foa 


* On the terminology cf. GENSSTURDS «u Ausdehnungslehre,'’ 1844, $110 (Eckgebilde); also Vahlen, t Ab- 
strakte Geometrie," p. 10. 


50 
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2. There exist three distinct points. 

By axioms 1 and 2, and theorem 1. 

3. ERE gy, aby, o RBE imply aRßy. | 

We have £ EB y and a-E£,B,y. Hence by axiom 5, aRßy or £ Ray 
or £E a. But from the hypothesis it follows that ERya and £a. 
Hence by axiom 3 we must have a E f y. 

4. o. E B y and a E£y, EFB imply £EB y or £Ey or £ Ea B or £E a. 

This follows at once from axiom 6, since we have GRya and Rya 
' by axiom 4. 

5. ERaß, ERBa, n Rag, nRßa, EEn, aB imply 241209 a Bng, 
BREn, BRnE. " _ 

It is sufficient to prove that ak En, « Ex£. Suppose aREn. Then since 
Fa and we may assume f -E£,»x, we have by axiom 5, BREy oraRßn 
or a REB. Therefore BREn. But by axiom 6, aREn and BRE» imply 
ati Bn or aRnß or aREB or o EO £. Hence BREx is impossible; ù e., 
' aBn is true. Similarly, a R q£. z 

6. Ez: implies the existence of J such that t RE. 

By axioms 1, 2 there exist the points a, Bo, Yo such that, say, a R Boyo. 
If Fa, Bo, Yo, we have by axiom 5, ERPyy, or a4 E£ ys or a RBÉ. 
Let £ RE Biyo. Then if nE, By, yo by axiom 5, ~RByy or E Ruy, or 
E Ryu. If yRByyo, since ERß,y, we have by axiom 6, ERny, or ERyın 
or £ Gy or ERnß,. Suppose £ E yw; that is, yo Em E. Then by axiom 7 
there exists a point ¢ such that (REx. 

In the preceding proof is contained implicitly the following theorem: 

7. a ky, Fx imply Ena or nREa or En or n REB or my | 
or » REY. 

8. a E implies the existence of £ such that £ is in the interior of a, 8. 

By theorem 6, a +8 implies the existence of y such that y Raf. Then 
by axiom 7 there is a ô such that ky and 0 Kay. Since yRaß, 0 fy 8 
and öRay, we have by theorem 3, öRaß. Therefore, by axiom 8, there is 
a point E in the interior of aĝ and Ba. 

9. aRßy, a’ Ry and aa’ imply the (unique) existence of £ such that 
ERBy, ERyß and & is in the interior of a’, a. 

Since B =f y, there exists by theorem 8 a point £j in the interior of Qj, y 
Then let, first, £j Raa’ or &Ra’a. Suppose & Aaa’. Since & is in the 
interior of Q,y, & kya and £j Ka! y; that is, £y is in the interior of aa’y. 
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Hence by axiom 3 these exists an 7 such that y is in the errr of a, a’ and 
n Rby, n By Éo Since £, 2 y and & Ry B, it follows by theorem 5 that 
nRßy, nRyß. A similar proof holds if & Ro! a. 

Let now Raa’, &Rala. Since £z y, there is an y in the interior of 
£p, y, by theorem 8. Hence y Rya, yRaké and „Ray and „R£a’. Since 
nRéa! and aÆ¥n, &, a! by axiom 6, aR&a' or n Rao, or „R£a. Hence 
„Raa. That is, n is in the interior of aa’ y. Hence by axiom 8 there is 
a point in the interior of a, a and such that (Ryn, (Any. Since „R&y, 
nRky& and &RBy, E, Ey D, it follows, by theorem 5, (RBy, (Ry. 
Thus the theorem is valid. 

With the aid of the — theorems we can easily derive, on the basis 
of the axioms 1-8, the usual properties of the (unique) descriptive plane,* ex- 
cepting, of course, the continuous property. A set of points satisfying system 
* E, may be said to be cyclically ordered. 

We inquire now into the extensibility of the system ®R,. In the extended 
system, the axiom of dimensionality, axiom 5, will be contradicted, the remaining 
axioms being valid. There exists a finite system of planar triads such that 
axioms 1—4, 6—8 are satisfied or are not effective, and axiom 5 is contradicted ; 
it is the system consisting of an arbitrary number of closed chains of the type 


[EBy] [ey] [oBE] [lay] 


In such a system, axioms 1-4 are satisfied; axiom 5 is contradicted; axiom 6. 
is not effective; axiom 7 is satisfied; axiom 8 is not effective. The preceding 
system of triads is, however, not a part of a descriptive geometry; for if so, 
there would be a point 0 such that 6#£ (6 and in the plane aĝ ë. Then 0 is in 
the planes aĝ E, EBy anda is not in the plane §@y. But this is impossible in 
a descriptive geometry. Let us require, then, that the extended system be 
descriptive. Let £ be not on the plane a B». That is, if a. EQ y we have 
ERBy, aREy, aRBE. We may suppose a RBy, ER By, EB,yo, E Rab. 
We consider these cases: 

1) R= R, or R, or R. If R= E, £ is on aBy, which is contrary to 
hypothesis. Similarly, RÆ R,, R. l 

2) Ř= R, or R, or R,, where R is the conjugate of R. If R — R, 
we have a RBy and £ Ey 8. Let 0 be in the plane £y 8 and such that ORG y. 


* Cf. E. H. Moore, Trans, Am. Math. Soc., Vol. III (1909), p. 142, 
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Then 6 is in the planes a 8y, £y B, not on the line f, y, and £ is not on the 
plane a y. Hence R= R, is impossible; HE) ‘R= R or R is im- 
possible. 

3) Ro RB, BER, R. Supron R, = R, Then £R, By and ER,yo, 
i. e, B Rıy&, aRı&y. Since & is not on the plane a 8y, a is not on the plane 
By& Then we may take a point 0 in the plane a&y such that 0 R,yé. 
Then 0 is also in the plane BYE. . Since 0 is not on the line y, £, R, = RE, 
is impossible. Let R,=R,. Then Eli py and £ R;,ay. Hence a is on dd y. 
That is, £ is on a gy. Therefore, &, = R, is impossible. 

Since the preceding cases are the only essential ones that can arise, we 
conclude: if £ is without the plane a 8y, then the corresponding relations 


R; Bi; By, By, ER, E B, B, 


are distinct. We may say further, on the basis of the preceding, that if two 
descriptive planes intersect, the corresponding relations 


R', Ri, Ri, Ri 


€ 


are distinct. To construct, therefore, an n-dimensional descriptive geometry 
(n > 2) an infinitude of planar relations of the type R is required. However, 
axioms 1-4, 6-8 are satisfied if we make the agreement that a Ey and 

a/ E Bly mean that a y, a’ By’ are two euclidean parallel and similarly 
directed triangular segments; that is, any class of euclidean parallel, similarly 
directed planes satisfies the above-mentioned axioms; the relation R, then, may 
be said to be capable of generating in this case an (unlimited) planar vector. 


The independence of axioms 1-8 can be established in the following 
manner. „Let us denote by C, (n= 1,2,3,....,8) the class of points such that 
with respect to this class axiom n is contradicted and the remaining axioms are 
satisfied or are not effective. Then €, consists of no point. ©, consists of one 
point a such that aaa.‘ O, consists of one point a such that a Raa. 
C, consists of two points a, @ such that aRaß and «A a. O, is indicated 
above. For C, we take the ordinary Cartesian plane (rational coordinates) and 
the point (— ($4), where « is distinct from the elements of the preceding 
plane. The class is ordered thus: the plane is ordered in the usual manner; 
v EQ y is valid if, and only if, oRBy, where o = (0, 0); and if £ is any point, . 
then Ro, Rio. The necessary and sufficient condition that aRBy is 
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Ay A, 1 
818,1 | > 0, 
Yıyal 
where a = (a,a,), B= (8,83), y = (yiya). Thus ifa=ı, Ay— Bsy1 > 0. 
O, consists of three points a,@,y with the agreement that a Ey. 
O, is the set of points in the usual Cartesian plane with integral coordinates; 
a R Q y if, and only if, 





2,051 
918.1 
yiy.l 


where a = (a1), 8 = (BB), y = (y1 y2). 

Thus it will be observed that axioms 1-5, 7 are necessary to prove the 
existence of an infinitude of points. 

[We note that for axioms 3, 4, 5 of °R, the following axioms may be 
substituted: 

3. a RO y implies 8 Bay. 

: a Ry implies y Ba. 
' a Ry, Fa imply ERBY or ERya or ERaß. 

se ‚aRßy implies «Ey. 

By axiom 3', 8 a; hence if a Ey B, by axiom 5, 8 Ey or BRBa or 
B Ray. By axiom 4, 8 Ey B is impossible; 8. Ea and Ray are im- 
possible by axiom 3' and the hypothesis. Hence a Ey is impossible. 

Theorem. a Ey implies B E ya. 

By axiom 3', aRßy implies 8-Ea. Hence by axiom 5’, 8 Ey or BRya 
or BRaß. By axioms 3’ and 4, BRBy and 8.Ea are impossible; hence 
B Rya. 

Theorem. ahBy, EFa,ß,y imply ERBy or a E£y or a EE. 

Proof follows at once from axiom 5’ through the previous theorem. ] 








System *Rg. I. Axioms. 
1. There exists a. 
2. The existence of a implies the existence of aßoyoðp such that 
dy R Bo yo do or ao E Bodo Yo E 
3. a. RO y 6 implies a E By. - 
4. o. E y à implies a £y 68... 
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5. a Ey implies y Rba8. 

6. a REB y6, Ecko, 8,y,0 imply £EBy9 or a E£y8 or a RBES or . E B y£. 

7. o RB y 8 and ER By, Ezxka imply aREyö or aREdy or «Rg£S 
ora EgGó£ or akByE or aRßEy. | 

a. aRByd, ERByn, Eta), odia imply ERByl or ERBSy or 
ERBya or ERßay. 

9. akByd, aFßFYyFI$Fa imply the existence of « such that e Ray ò, 
s Ea, £e EB ya. 

10. a Ey, e Ry, a Rey à, a RBa5, akBy e, ea, B, y, imply: 
the existence of £ such that £ Rae, E Ras), and the existence of & ð" 
such that n" implies 9E "£86 and IRS" yz. 


II. Definitions. 


1. £ is on aByd means, a EG y 6 and (ER Gy or aREyd or o REO 
or a E B y E). | 

2. Eis on ay means, There exists À' such that ó'Ra y, and the 
existence of ô such that öRaßy implies SREBy or Raty or ó Ra. E. 

3. £ is on aß means, aĝ and the existence of 88" such that d Rö'a B 
implies à E à" £ or VRS aE. 

Definitions for E in the pn of ay 8, aBy, aß are obtained from 
the above by substituting for “or”, “and”. We notice that if £ is on aß, 
£ is also on ĝa; but if & is on aby, E is not necessarily- on ayß. 

As equivalent definitions under the axioms we may give: 

E is on-aßy means, There exists ö’ such that 9 Ray and ERaßy. 

Eis on aß means, a8 and the existence of 9 implies 6Ra E. 

If we adopt the latter definitions, then we define correspondingly : 

£ is in the interior of a y means, There exists a 6! such that. ð Raßy, 
‘and the existence of ö such that ô Ra By and (6 RE By or ó Ra£y or 6 Ra B E) 
imply 9 &£ By, 0 Ra£y, dha E. | 

E is in the interior of a8 means, a Æ 8; the existence of ò implies ô 2a BE 
and the existence of à'à" such that à /E'a 8 and (ME ò” EB or RÒ ag) 
imply ð REB, VR aE. 

On the basis of the above definitions we may define: 

E is in the space of the points a, B,y,d means, £ is on ay à or a8 dy. 

E is on the plane of the points a,ß,y means, £ is on appa and ay B. 

£ is on the line of the points a, 9 means, £ is on aß. 


SCHWEITZER: A Theory of Geometrical Relations. 891 


9. a, Ama, ERagagaym, EF 04,05, m E 0,0 imply Ẹ R asaza as 
or Ra ,aga,a, or ERa,aga,a, or E Rdaaga d. 

10. a, Ra aga,as, E Ragagni ye, EF 01,04, 05, mE 04,04, ag, 07.04, 94, 0 
imply E Rasaşaas or ERagago,a, or £ Ra,agago, or & R a5 050 as or 
E Rasazsaya, or £ Ragaga,ay. 

11. a, Razasa,as, ES ER E a, E£ a £a, imply the existence of e 
such that eRa,aga,a,, efhagza,a,a,, € azagaia, e Raraga. 

12. a, Ra5050,05, e Ragaga,as, a, Reagsaras, a Raedas, a, Ragageas, 
a R agaga, e Ea, Qg, A, u, oy Imply: the existence of E such that 
£ Beasaas, E Reagasa,, and the existence of 6’, 8”, 6” such that a, Ra, 9 ò" 5!” 
imply £ Rað 0'8", a, RES S'S". 

| IL Definitions. 

1..£ is on a,a,a,a,a, means, a, Ra,a,0,0, and (E Ha,aga,a, or a, R Eagas 
or a, Rag £a,a; or a, Iva, ag£ ag Or a, R agao E). 

2. £is on a,a,a,a, means, There. exists a; such that EN and 
the existence of as such that as Ra,azaza, implies as RE aaga, or as E o£ aso, 
or ds E a ag% a, or as Fi d4 Og Ag E. 

3. £ is on a,a,a, means, There exist aj, af such that aj Rafa,aza,, and 
the existence of a,, a, such that a,Ra;a,a,0, imply that a, Ra ,Eaga, or 
o, Rasai ag or a, Rasa, o E. 

4. £ i8 on a4a, means, a, fa, and the ns Of ag, a, ay such that 
a, Ray@sa,a%, imply that as Ra,asë as or a; Ra, aa é. 

Definitions for £ in the interior of 0,0050,4%, &;05G504, Q0, 0405 
are obtained from the above by substituting “and” for “or”. It'is readily 
seen that if Eis on a,a,, Ẹ ison asa; if £ is on a, E is ọn apa ag; but 
if E is on a,agaga,, £ is not necessarily on a40,050,. 

Analogous to the definitions under °R, we may give definitions equivalent 
to 2,3,4. Also we may define: | 

5. £ is in the 4-space of the points a; Os, Og, Oy, Qg means, £ is on 
Q4 Og Ag Ay Ag OT Ag 0 Aga, Ay. 

6. & is in the 3-space of the Ba G1, Ag, Ags % Means, E is ON 0,0400, 
and Ag a4 0504. 

7. &isin the ‚2-space of the points ai, Aa, «4 means, £ i8 on 4,0%. 

8. £ is in the 1-space of the points a4, a, means, £ is on a, ag. 

Definitions.for £ in the interior of the pointe G1, 0$, Mg, Gy, Qg, etc., are 
readily obtained. E 
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System ^R, (nZ 3). 


A system of axioms for n-dimensional descriptive geometry (n5 3) is easily 
constructed on the basis of the foregoing systems. The n-dimensional analogues- 
of axioms 1, 2, 3 of system ‘R, are immediately evident. Corresponding to 
axioms 4, 5, 6 of the same system are a group of n—1 axioms which are 7 
given by means of the rows of the following matrix: 


1 2 3 4 B....n—1 n n --1 
2 3 1 4 D....n—1 n n --1 
3 4 1 2 5b....n—1 n n-+1 
4 b 1 2 Q....A—1 n nm+1 
m—2 n-—1 1 3...-%-—3 n n--1 
4—1 n 1 2 3 n—3 n—2 n41 
n n+1 1 2 à n— g n—2 n—1 


Thus, from the first and second rows we get, 


Q; B agag. - - -an1 implies ag R agadi.. -Angs 
and from the first and third rows we obtain, 


A Fi ag dg. . -Any implies as Le cy 0, Og « tai 
and so on. It is clear that the preceding matrix gives us at once a set of 
generating substitutions for the alternating group on n + 1 symbols.* 
- The n-dimensional extensions of axioms 7 and 8 have no difficulty. Corre- 
sponding to axioms 9 and 10 is a set of n—2 axioms, These are as follows: 


1) a, E azaz... Gs. Oy Ariy E R agag... 04 10,9; imply £ Ragag...- 
Ani On Anti or E R dig Gg. ++ Ani Anti An or E R dg Gg .... 04, 10,404 or E R agas 
+ An] 04 Ap» f - | 
2) G4 E agag « - -e Ani An Antiy E B tig Og o.. Ou a Hs imply E Rayags. + 
An 1 Xn &nyı OF E fe dg dg. ++ An-1an41 Oy or E R dg dg. +++ On 104,103 or £ E asa. 
(Oy %ı Anyi OF E fé azas. -Any 03 An or E Raag... Any. 


9 Wog* wow RS SS € 89e €,9 9, * E 9 8. 4 ERY 8-2 9.9 e ee a et ar $4.4 9 E 





* Of. E. H. Moore, Proe, Lond. Math. Soc., XXVIII, p.357. Our generators do not satisfy Moore's relations 
directly; they correspond to the standpoint of D. N, Lehmer, Bulletin Am. Math. Boo., XIII, p: 81. It is very 
easy to find generators which satisfy immediately Moore’s relations. 


i 
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n — 3) Oy Fb Gs Gg. + On 10 Angry E E ag ag ayn Ts e -Ans imply E fe dg asa, 


-Annan OF E Ha5050,....04 ,04,,04 OT E Ka5a50,05. 0,044104 OF 
240503 OP Oase or £ Rdg dg ay Gy Gp Qg---- Gq, OT E E agag a4 a as a 


€t +, Ani» . 
n —2) a, E asas... 04 1050541, E Rasa Ns. - - Nn- imply £ Ragag..-- 


Ga Angi OF E Bag dg. --+Onyi Gm OF E R agaga as. -anpa OF Ë Ras agagas. ..- 
Aian OF Ë Rayagayay----a,a4, OF E Ragagati.. -Agay OT ..--...-. Ve. OF 


The n-dimensional extensions of the remaining axioms are readily obtained. 
We may also easily give definitions analogous to those under system *E,. The 
independence of the axioms of system "E, (n = 2,3, ....), and in particular 
the associated finite systems, we shall discuss elsewhere. * 


CHAPTER V. ` , 
The Systems "K,, (n = 1, 2,3, ....). 


In a former chapter we have given a set of descriptive systems in terms of 
an alternating relation Æ. In this chapter we give for n = 1, 2,3 the corre- 
sponding systems in terms of the transitive and symmetrical relation K between 
two (n+ 1)-ads. Each K-system implies the corresponding K-system. Con- 
versely, on the basis of the A-systems the R-systems are definable.t Thus, in 
order to define a®R,8yd on the basis of system *K, we need only put | 
a R 8y ò = a yo EK, ay Boy, 9. ] Notwithstanding the definitional equiva- 
lence of the K- and R-systems, it should be noted that as descriptive systems 
they are essentially distinct;§ for example, they are extended to higher dimen- 
sions in very different ways, as we have already pointed out in our introduction. || 


* Of. the abstract of the author, Bulletin of the Am. Math. Soc., March, 1908, p. 265. 

+ Compare B. Russell, “The Principles of Mathematics,’ pp. 166, 285. Russell’s insistence on the 
asymmetry of relations seems to us somewhat strained; compare, for instance, $ 225, p. 236, of the 
work cited. 

1 Bee the system 9K, in the present chapter. 

$ A logical distinction Is that between the relative and absolute standpoints. Compare also p. 814 of our 
paper, Transactions Am. Math. Boc., Vol. X (1909). 

| Compare also Chapter IV. 
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In the systems "K, (n = 1, 2, 8, ....) we may replace the statement 
Q105..--On41 KB, bz- -Bany by the congruence * 


Q4 Ag Ong: E Bt Br Bo. Bast 


without impairing the validity of the systems. 


System IR). I. Axiome. 
1. There exists a. 
2. The existence of a implies the existence of 2; 8, such that a 9, X 
or yas E. 
3. aß K implies Ba K. 
4. o. B K implies aß K Ba. | ' 
5. a B K, Ea, B imply EB K or a£ K. 
6. aß K, EBK, Eck a imply a£ K. 
7. EG Kak implies £ Q Ka g. 
8. aß Ka! B! implies a K. 
9. aß Ka! Q' implies a! BK. 
10. aß KEn, £u Ka B' imply aß Ka! f. 
11. aĝ implies the existence of £ such that a 9 K£ a. 
12. aß K implies the existence of & such that aß KEB and af Kag. 
13. aB K and a/ @'K imply «8 Ka'B' or aB Ka 
l II. Definitions, 
1. «aß and a! @' are collinear means, aß K, a! B' K, a8 Ka'b! or a. K Ba. 
2. £ isin the 1-space aß means, aFß, aß KEB or aß Kag. — 
3. f is in the interior of the segment aĝ means, a B, aß KEB and 
& B Kat. t 
| System *K,. I. Axioms. 
1. There exists a. m 
2. The existence of a implies the existence of ap, Bo, y, such that 
do Boyo K or Bas y, K: 
3. aByK implies Bay K. 
4, aßy K implies «gy K Bay. 
* Compare Grassmann, Gesammelte Werke, I, 1, p.127. The terms of this congruence are symmetric products; 
see Chapter VI for further details. 


t An extension of our system !K, to two dimensions will be found in Transactions Am. Math. Soe., 
Vol X, p. 809. E 


Schweitzer: A Theory of Geomeirical Relations. 395 


. aby K implies aBy KB ya. 
aBy K, Exo, B,y imply EBy K or a£y K or a BEE. 
aby K, EBy K, E+a imply a£y K or aßEK. 
EBy Katy, EßyKaßE imply [By KaBy. 
8. EByKaky, aßEK imply [By Kay. 
9. a B y'a! 8'y! implies aby K. ^ 
10. aBy Ka! B'y’ implies a! 8' y! K. 
11. ay Kin’, Eng Ko O'y' imply ay Ka! Bly’, 
12. «8 y K implies the existence of £ such that aßy KEay and ay KE Ba. 
13. aBy K, EByKaky, EOy Ka. BE, EBy Ka By imply:the existence 
of n such that 4£y K, and the existence of y' such that a 8 y! K aa 
a By Kn»8y and aßy Kany: 
14. aBy K, By K imply ay Ka! B'y' or aBy Ka! y. 


Il. Definitions. 


1. a B y, a! Bly’ are coplanar means, & B y K, a! gy! K, aby Ka! Bly or 
aBy Kp a'y’. 
2. E is in the 2-space aß y means, aby K, By KEBY 0 or aßyKafy 


or o gy Ka E. 
3. f isin the I-space a 8 means, a$ß and a E K. 
4. E is in the interior of the triangle a y means, er y K, aby KEBY, 


aB y Katy, aBy Ka Bé. 
5. E is in the interior of the segment «ß means, a8 and the existence 


of y! such that a 8j! K implies «B y! KE 8 y', ay! Kaky’. 


System *K,. I. Axioms. 


1. There exists a. : 

2. The existence of a implies the existence of a, Bo, Yo, & such that 
do Bo yodo Æ or Boa yo d K. 
|. 8. aBydK implies Bayd K. 


. aßyöK implies &8yóKBay6. 
b. aBydSK implies aByd KByad. 
aßyöK implies aby db Ky da B. 
ay K, Fa, ß,y,ô imply, EBy dK « or abydkK or aBESK or 


-14 C» 
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8. aBydK, EBySK, Ea imply ağyð K or aßEdK or aßyER. 

9. aBybK, EBynK, Eta S; n#0,6 imply £8y8K or EByaK. 

10. £8y 8 KaEy0, EGyó Ko BE8, EBßydKaßyE imply £8y8 KaBy 8. 

10. £8yó KaE£y8, EBy8 KaBEO, aßyEK imply E8yà Kay. 

10". £8yó KaEyà, aBESK, o By EK imply Eby 3 KaByd. 

11. aByd Ka! B'y'à implies aß yò K. 

12. aB8yd Ka! B'y'Y implies a! B'o/ Y K. 

. 13. abyd KEnger, Engr Kal 8'y imply «By Ka B y! dt. 

14. «aßyöK implies the existence of £ such that apy KEaoy, 
aBydKEBad, aby dS KE Bya. 

10. aßyöR, EByd Kakyd, EBydKaßEd, EßydKaßyE, EBydKaßyd 
imply: the existence of 7 such that „yEöK, and the existence of y', à such 
that a By! ð K implies aBy' ð Kany’ and aBy' Kn By V. 

16. aßyô K, a Bly 9 K imply aByd Kal B'y' or aBy dS KP aly’ dt. 


II. Definitions. . 


1. aßyð, a! B'y' 5 are cospatial means, er a! Bit K, aby dK 
a! 9! y! or a 8 y 8 KB a s! Wf. 
| 9. f is in the 3-space afyd means, a By 8K, aBydKEBYS or 
aBydKabyd or aßydKaßEd or aBysKaByt. _ 

3. E is in the 2-space a By means, a ByE K and there exists a ô such 
‚that a 8 y à K. 

4, £ is in the i-space aß means, a3 and the existence of y implies 
a BEX K. 

5. E is in the interior of the tetrahedron a gy means, aBydK, 
aBydSKEByS, aBydKafyd, aby Ka BES, aßydKaßyE; that is, 
aBySKEByi KakydS Ka BEd KaByé, where the order of the terms of the 
latter statement is, under the axioms, immaterial. 

6. & isin the interior of the triangle a 8y means, There exists ô m that 
.& B. y 8, K; and the existence of 6’ such that o8 y K implies aBy SKE y, 
aby Katy), aßydKaßEd, aßydKaßyE; that is, oBy I KEBy IK 
atyö'KaßEd. 

7. & is in the interior of the segment a 8 means, a Æ 8 and the existence. 
of y’, 9' such that af y's! K implies aBy i KEBY S, ui lala dl that 
ia. ABN KE BSS Kak Bl. 
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_we have, by theorem 7, aBEnK, ay En K, BytnK. Hence aßyt E; i. e, 
since a y E Ks, a By Us. 

. Theorem 11. If aBE AK, and a; A K, and Ey, then Ena AK, and 
EnBAK. . | | 

We may suppose £-Ea, and nFu,ß. Since aL B, there exist, by 
axioms 1, 2 and theorem 5, two points y, ô such that a 8 y 6 K. Then a 8 y £ Ky, 
aß EK, a yn K,, a 90x K,. Since ay 0 K, EFB, we have, by theorem 5, 
E8y8K or £88a K or EBay K. Hence, £8y5.K. Similarly, » 88K. 
From aßyEK, and aßynK, we have EB yn K; i. e, since Ey K, 
EByn K,. Similarly, Bòn K,. Hence, since £8y 9 K, £O yw K,, £80» K;, 
we have, by theorem 6, £4 GA K,. In a similar manner we show that 
Ena AR. 

Theorem 12. If ag y£ K, aByn Ky, BEY: and Ent tE, then 
Enta E,, EnG B K,, Ent y Ks. 

It will suffice to prove that ya K,.. If En lak, then Enta K. 
Suppose now £n{aK. Then from aBynK, and aBy{K,, we have, by 
theorem 7, a8 y ; K. But az EK. Hence an{ßK,. Similarly, «£48 Ky. 
Therefore, by theorem 6, «8/2 A K,. Similarly, ay / A.K,. Since (Fa, we 
have then, by theorem 11, a 8 y A K,. Since this contradicts the hypothesis, 
we must have £Enlaß; te, Enla Ky: 

Theorem 13. If aßyöK and & is any point, then aßyöKEßBYS or 
aBydiKaéyd or aByd Ka BES or aByi Ka yE. 

We suppose, first, that EByd K, afydK, a BES K, aByEK. Then 
if the theorem is not verified, by the application of axiom 16, we must have 
aßydöKEayd, aBySKBEYS, aBbydS KBaks, avi E Bay. Since the 
K'is symmetrical and transitive, we have £ay 6 KGEyÀ, Eayó KBaEOS, 
£ayóKBayt£. Hence, by axiom 10, £uy 0 KBayd. Since a 8y8à KEay 8, 
we have aßyöK Bays, which contradicts axiom 4. 
| OR EBy dK, aby SK, aBESK, aßyEK, then we proceed as above, but 
employ axiom 10! instead of axiom.10. Similarly, the theorem is verified by 
the use of axiom 10" if EBy dK, afy dK, aBEsk, aByEK. 

Finally, if EBydK, a£y dK, aßEsK, a Bye R, we have =a by 
axiom 8. 

Theorem 14. If ag y SK, EOBy o K, a£y dK, a BESK, a By EK, then 
č is in the interior of one of precusely fifteen compartments associated with 


a By 6. 
52 
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.. By theorem 13, we have, since af yd KE, aByS KEByÓ or aBydKakyd 
or aßyöKaßEs or ay Kay. Suppose aByðKEBys. That is, by 
axiom 12, EBySK. Since ag y 6 K and EBydK, by axiom 8, wk yb K 
or aBESK or aßyEK. Hence, by axiom 16, (ays Kakyd or aByd Keays) 
or (aByd Ka BES or aBydKBaks) or (aByiKaByé or aBydK Bay). 
We have then the following eight possibilities: 


(1) (2) (3) (4) 
aßröKEßrd | aByO KCBy0 | aByO KEfy0 aprdKé fred 
aBréKaty3é | afByOKatOÓy | aByüKaty0 | agyoKafto 
aByMKaBtO — aBpBKaBOt aßröKaßdE afydKapey 
aßröKaßyE  afyeKaBty ^ aßfryðKaßêy | aByü Kat0g 
(5) (6) (7) (8) 
apyd KE Pra ay Ke Bre afr KBr? afßyð KEByè 
aByéKapyré aBrdéKaéy3 aBrà Kafg£óà aByéKapyré 
apy Kafðy aßröKaßEd aByéKapyé aByé Katya 
aßröKaßdE afyeKapéy afytKafsy ays Kapeé 


if aBy di KaEy6, 
only the following new 


we again get eight possibilities, leaving, however, 


ones: 

(9) (10) (dm) (12) 
aßydKafyoö aßydKafyd aßröKafyd aßrdKafyd 
aßyöKEBör aßyrdKaßtd afytKapy& apfydKapkd 
aßrdKaßdE | afy9Kafpty aft KCBOy | aByO Kafyt 
apro KaBty afydKéBdy afrsKaBst — apy0 KEBOg 

If aßydöKaßEd, from the corresponding eight possibilities, we get 
two Cases: 
(13) (14) 
apyó Kagtà aByeKapée 
aBràKEtBOr apyóKafyt 
afy09Kat0y aBydKE Bey 
apyréKapty apyréeKabdy 
Finally, if «8y8KaßyE, we get as the only new case: 
(15) 
apyroKafryt 
apro Kt Bor 
aßrdKafdr 


aßyrdKaßdE 
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. The theorem therefore follows. It is plain that of the fifteen compartments 
indicated above there is a compartment associated with every vertex, every face, 
and every edge of ayßö, in addition to aßyö itself. Thus: 


1) & is in the interior of «878, | 

2) & is in the interior of the compartment at a of aßyd, say C., 

3) & is in the interior of the compartment at aß of aByd, O,,, 

4) £ is in the interior of the compartment at ay of ay, O,,, 

5) & is in the interior of the compartment at ad of a9» 6, Cys, 

6) £ is in the interior of the compartment at ay of aByd, C,,,, 
` 7) £ is in the interior of the compartment at ayó of aßyô, O,,s, 

8) £ is in the interior of the compartment at afd of a8 y9, Cass, 

and so on. 


Theorem 15. If 8-Ey, there exists a £/ in the interior of By. 

By theorem 5 and axiom 2, there exist two points y,é such that aBy dK. 
Hence, by axiom 14, there is a £ such that ay à KEay, aByS KEB aS, 
aBydS KEBya. Hence, by axiom 10, aByd KE y. Therefore, by axiom 15, 
there is a point y in the interior of By such that Eady K, 


Theorem 15’. If & is in the interior of By, & is in the interior of y @ and 
B is not in the interior of £y. | 

Since £. is in the interior of By, by definition 7, for any two points ô, ôs 
such that 6yd,6,K, Byó, 06, KEy 0,0, KOES d. Hence, by theorem 4, for 
any two points ôi, ôs such that y 00,9, K, y86,6,Ky ES, ô KE B 610, | 

Also B is not in the interior of £y, for if so, for any two points ôi, à 
such that £y dj, K, Ey 0104 K Gy 910; KE 80165. But £y 0,0, K, since E is in 
the interior of By; hence ee eee which is impossible 
by axioms 4, 11, 12. 

Theorem 16. If & is in the interior of af and n is in the interior of o£, 
then y is in the interior of af. 

By definition.and the hypothesis, we have, for any two points ö,, à such that 
a 08,6, K, aß K EB 0,0, Kats d, and for any two points ô, à; such that 
abe K; aE Kn bb Kandid,. Since a€5,8,K, a£8,05,K 5 d d Ka 9,9,. 
Hence 2£8,8, KEB dds, n8 EO K, nGEO, K ; therefore, by axiom 10", 4£0,5,.K 80,0, 
Hence «860,0, € 5 90,0, Kandida, i e, 7 is in the interior of a f. 

Theorem 17. If a y K,, & is in the interior of aß and 7 is in the 
interior of y£, then x is in the interior of a B y. | 
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Let aBy6,K. Then since £ is in the interior of ap we have, 


apByó, KEBy0, Katy, (1) 
Since a£ y 3E and 7 is in the interior of Ey, we have, | | 
ryad Kyrad, K £728. (2) ` 


Since «£59, K and a£ AK, , by theorem 8, Ba an 6; K. Therefore, since £ 
is in the interior of aß, 


2873, Kt B9, Katy 9. ! : (3) 
Further, since £y 99, K and y is in the interior of £y, 
Ey hd, Ky pe, KE Bs. | | (4) 


From (1) and (2, «868, Ka»»yó,; from (1), (2), (3, «By à, Kaßndı; from 
(1), (2), (8), (4), «8 y 0, Knßydı. Hence x is in the interior of ay. ` 

Theorem 18. If o, Oy 9 K, then there is a £ in the interior of a. y. 

Proof follows at once from theorems 15 and 17. | 

Theorem 19. If aBySKaly 88, aBa' AK for any A, and E is in the 
interior of yò, then £ is in the interior of aa’ yò. | 

Since £ is in the interior of Byd and a gy 0 K, o/8y à K, by definition 6,- 
we have, afréKafyéKapésKaBré, 

apy i Kad Eyð Ka'gCO Ka Bre. 

‘Since a BydKa'y 86, we have affdKa'é Bò, af y EKo/ yB£, a£y 6 Kao! y £9: 
Also, since a gy K, by theorem 13, a8 y 6 Kal Gy or re yd or 
ag y3KaBa! or a8 y ó Kaya. | 

Now «y Ko y 89, and hence aByd Kal @ Prand since aBal AK 
for any A, aBy SK ago! and aßydKaßya’. Hence we ‘have aBydKaa'ys. 
“Ina similar manner it is shown that a G£0 K and a’ imply aß Kao! £8, 


since a BES Kalk BS and a 8a’ AK for any A; and that aßyEK and o 


imply aßyEKauyE&, since agy£ Ka'y BE and aßa'AK for any A. 
Therefore, we have aßydKaua'yd, aBEdS Kats, aByE Kao y£E. But 
from the preceding, aßydKaßEdKaßyEKafydka yE&ö. Hence 

| aayöKauföKaayEKakydkkayd; 
that is, £ is in the ident of aal»y 9. 
| Theorem 20. If £ is in the interior of By à and » is in the interior of a£ 
and a B y 9 K, then x is in the interior of a. y à. 

Since aßyöK and £ is in the interior of 879, aBybKatyMEaBESKaByt. 
Since y is in the interior of a£. and afydK, aBEdK, aßyEK, we have 
atyöKanyd, aßEdKaßnd, aßyEKaßyn. Hence 

anydöKaßndöKaßynKaßyo. 
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Now we have „ßyöK; for if n8y9K, then aBydK, nßyðK, EBySK 
imply EnyöK, by theorem 7; but this contradicts £y óa K £y», since y is 
in the interior of c£. Since 1 By 8K, we have, by axiom 16, aBydKnBys 
or aBydKny B8. ! 

We suppose a By 6.K me 6. .Then since „Bys K and ¢ is in the interior 
of By 6, we have ~Byd Knbyd Kn BesKnByé; that is, nByd Knéy 6s, 
But from the preceding, EydaKByda,. and therefore, since yy 80 K a B y 0, 
4»y£óKatyó. Thus £a AK for any A, nyEöKafyd; also, by theorem 18, 
there exists a / in the interior of y £0; thus we may apply theorem 19. By 
the latter theorem, ¢ is in the interior of an y à; hence, by axiom 15, there is 
a £' in the interior of an and such that P'Zy à K. Let us suppose Ec E. 
Then since £'»«a AK, and £xa AK, and &$£', by theorem 11, we have 
aff AK, Since a £y 6 K, by axiom 7, EEyöK or a£ y 8 K or a EE'O K or 
aby K; that is, since £Ey8K,* af OK, a£t y K, aflySK. Then 
a'y K and afydK imply, by axiom 8, ££'ay K or Fad K or Eby OK, 
which is impossible. Hence = E. That is, £ is in the interior of an; but by 
hypothesis y is in the interior of ag. Therefore, by theorem 15’, these state- 
ments are contradictory, and hence a 8 y 6 Ky 85; that is, «By 6.K x 8 y à. 
Hence we have i a laa Zu a Salk Mae 4. €, 7 is in the 
interior of aĝ yò. 

Theorem 21. If aBydK and £ is in the interior of af y, then there 
exists an 7 in the interior of By such that a£» Ky. 

By theorem 15 there exists a č in the interior of 3£; dessins, by 
theorem 20, ¢ is in the interior of a 8 y 0. Hence, by axiom 15, there exists -: 
an y in the interior of By such that a0» K,; that is, ad&én Ky, by theorem 10. | 

Theorem 22. If a 8yó Kay Bà and aa B A Ki, then i is in the interior 
of aa’. 

By theorem 18, there is a £ in the TM of yò. Hence, by theorem 19, 
the point £ is in the interior of aa’yd. Hence, by axiom 15, there is a point £' 
in the interior of. aa’ such that 8'j8£ K. Then, as in the proof of theorem 20 
(in the case £ Æ ff), we show that 8 = g. 

Theorem 23. If aBydKa'Bdy, then there is a E in the interior of aa’ 
such that By dé K,. 

Suppose, first, that a’ By 6 K, aay dK, a Bald K, aßyu'K. We dis- 
tinguish the following cases: 





*Bince {yda K, C&ydR, CE yd K, by theorem 7, Ef yd E. 


rn 
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Cass I. a’ is in the interior of a compartment at a vertex of aß y à, 
say B. 

Then o. B y 3 Ka! BB, a By Kaa!y6, a By Ko B Sal, a, B y $ Ka Ba! y. 
. That is, since aa/y dK and ao! y K 8a/y 6, aa! y 9 Ka. Gy 0, aa! y 6 Kaa! 6, 
aa! yóKao y 8, B is in the interior of aa'yô.- Hence, by axiom 15, there 
exists a £ in the interior of aa! and such that By ó£ Ky. 

Case II. o! is in the interior of a compartment at an T of a. (y 8, 
say By. | 

Then agy Ka By, aßydKaayd, aßydKaßud, aByd KaBa'y. 
Since B Æ y, there exists, by theorem 15, a point & in the interior of By, and 
we have, therefore, since aS By K, o'ug8y K, aößyK, 

dOüpryKadóoy, wafyKdagy, abByp Kady, 
adB;yKadéBy, "aßrKdafpyp, adfyKadby. 

1) If aa’d@K, then we have afBySKaaldo or aBydKaladg. If 
aBySKaa'do, then > is in the interior of aa'ôß. For we have aa/S@K, 
and a/8dyKoa'dS8, aßydKaysß, aBa'y Kaa $8, aBydKaa' d¢. 
That is, since aßyöKaßa'y and aßydKaBöy, aByóKao 08, we 
have aa’ B Koa 8B, aad dBKaegd8, addBKadoB, aad 858 Kaa'do. 
Thus $ is in the interior of aa’öß, and therefore, by axiom 15, there is a point 
in the interior of aa’ such that Bdn K; i. e, O69» K,. Since BSoy K, 
we have then, by theorem 7, BöynK;t.e, By dn K. 
| 3) Let aa/84 K. Then there is a point 0 in the interior of #8. There- 
fore, 0 is in the interior of By, by theorem 16. To show that ap yon ager. 
We have al S@ BK, aa’ ob K, o99 8 K. Hence 


dOópBKo 008, adagiKad ab B, aöpyßKaöddß, 
dàügBEKo0g0, dagf Kdagh, a0pBKadgf. 


Since 2/89 0.K, we have, by theorem 13, «890 Kad90 or al Spb Kao 90 
or af 0$ 0 Ko/ $20 or o/09$0 Kal doa. 

Now we have «590 Ka8490, a/890Ko/809 8 and 8a B Ka/0Q D; hence 
aĝ Ka 809. Also o'890 Ka/39 0, a'aq0Kal'ao9B and d'ap l Koo o B; 
hence a/890 Ka/a0$. Finally, we have a’ad@K. Hence, we have a/à90 Kal dab. 

But o/89 8 Ko/890 and aByd Kpa ðB. Hence aByb Ka'daf; te, 
a B y 38 Kaa! 60, and we may proceed as under 1). 

Case III. a’ is in the interior of the compartment at the face Byd 
of a By 9. 
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From the hypothesis, we have a@ydKaly 6d, and aßydKau'yd, 
aBbyd KoBo ð, aßydKaßyal. Since 8 Fy, there exists a 6 in the interior 
of By, by theorem 15. Then since aBydK, aßya'K and a! By db K, we have 

aßyröKatyd, dr80Kc 089, aBya Kaba, 
aByróKaB00, drBOÓKeory00, afrd Kafüd. 

1) If «2/80 K, then a8 y 0 Kao/80 or «Uy 9Ka/a80. If «By 6 Kaba'd 
then a’ is in the interior of the compartment at 00 of 08a. For we have 
a. y Ka. 808, and hence «808 K. Also since «y Ka/y 88 and a/y 86. Ka 000, 
we have «gy Ko/086. Also aBydKaba'd and ag y Kao 9. Finally, 
since ay ó Ka ya! and «B yo! Ka 0a/, we have aBySKaB6a'. Hence 
a 8068Ka' 088, .808Ka02 8, a/008 Kafa! 5, 805 Ka 0o. Thus we 
may proceed further as under Case II, 1). A similar discussion is valid 
if a y ó Ka 08q. 

3) Let aa/80 K. Then, by theorem 15, there is a 6 in the interior of 68, 
then, by theorem 17, @ is in the interior of 8». Hence, by theorem 21, there 
is a 0" in the interior of 88 such that ya 0! K,. If y a0'o! K, then we 
proceed as under 1). Suppose yaa’ K; then since a00o/ K, 2500 K. and 
a000 K, we have, by theorem 7, a Fa K. Similarly, y a6' o! K, yao 0 K, 
y o0" 8 K imply a a E. Since 00" 8a, K and a/@adK, a Gab K, ad CAR 
for any A. Moreover, since # is in the interior of ßy6, we have BO a KO'B dal; 
and, by theorem 18, there is a £ in the interior of 806. Hence, by theorem 19, 
E is in the interior of a0/86.* 

Suppose, secondly, that a/8y 9 K or aay 9 K or aBoldK or a ya! E. 
We distinguish two cases: 

Case I. a/8y 56K, ao/y0K, o. Bo ôK, a By al E. 

Since- B Æ 9, there exists a $ in the interior of 8d. Then since a'y 86 K, 
aga 86 K, ay 80 K, we have 

arBóKeryoó, acd BÓ Kad oó, aryBo.Kaye0, 
wd adypeKkdyBo, adBiKadBo, ayßdKarypep. 
Hence ay 09 Kady. Also d'y K, aða’ K, adya K. Further aa' yọ E. 
For if aa'y&K, since aßya' K and «y 89 K, then aya'AK for any A, 
by theorem 6. Hence aya/0 K, which contradicts the hypothesis. Hence 
a.a! y $ K, and this case is reduced to the previous discussion. 


*Bince aad AK, and B0'0a.K0' Pda’, by theorem 92, 6' is in the interior of aa’; since &'8yd E, 
-~ 8 is the point required by theorem. 
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Case Il. a BySK, ao'y 8 K, aBaldK, a ya! E. 

Since a By 6 K, aBaldK, o yo! K, then aga AK for any A. By 
theorem 18, there is a & in the interior of Byé. Also, by hypothesis, 
aByéKaly86. Then we can apply theorem 19 to show: that £ is in the 
interior of aalyd. 

Theorem 24. If EByéKakyd, EBydKaßEs and a B y EK, then : is 
in the interior of a 8 y. 

By hypothesis „E88 KaßE8, and hence, by theorem 23, there is an » in 
the interior of ay such that £88» K. Therefore, since ayE& SK and aBydék, | 
we have ^. yr60 Kant d Kaz F a, | (1) 

7„rßdKanßdKarßb. m (3 
From the hypothesis and axiom 10', we have afydKa £8, and from (1) 
we have afydKakyd; hence naEdKBEad. Further, we have from (2), 
aBxndK; also BnEöK, and since a y E K, and aynAK,, we have, by 
theorem 9, aßEnK. Hence, by theorem 6, BEnAK for any A Since 
naboKBEad and. B Ex AK, by theorem 22, £ is in the interior of By. Since 
a @ySK and n is in the interior of ay and £ is in the interior of Bn, & is in 
the interior of a @y by theorem 17. 

Theorem 25. If —— then there existe a & such that EO EDO 
and ay £A K. 

Since a By à.K, by axiom 14, there is a point y such that aßyöKnays, 
aßydKnßud, aßydKndya. That is, by axiom 10, aßydKnßy6. Since 
aßyöKnßYya, by theorem 23, there is an y’ in the interior of nö such that 
aßynK* Since nößaK, ndyßK, ndayK, we have then „ößaKm'ößa, 
nöyßKnöyß, ndayKn'day. Since aßydKnayd and yday Ky day, 
we have aßyöKn'öay; that is, ByaðKn'ayð. Hence, by theorem 23, 
there is a £ in the interior of 5/8 such that ay 0E K. Now since 4'8ôa K, 
we have "BdaKEßda; also 508a Kx lba and aßydöKEnßead. Hence 
Bayd KEBSa; i. e, aBydS KBaEO. Moreover, we have „"BEAK, and 
aBbyy'K,. Hence „BEaK, y' Bak K, and Bay; therefore, by theorem 7, 
aBy&K; ie, aßyEK,. Since aB yE K, ay 9E K, and aßyöK, we have, 
by theorem 6, ay £A Ki. 

Theorem 26. If a,8 are distinct, then there is a £ T that B is in the 
interior of a£. 


' * This statement follows also by the direct application of axiom 15, since a is in the Interior of 7fyd. 


i 
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By theorem 5 and axiom 2, there are two points y,ö such that aĝ y ó K. 
By theorem 25, there is a £ such that aß č A K; and aBydKEy 895. Hence. 
by theorem 22, @ is in the interior of a £. 

Theorem 27. 1f a QE AK, and a, B,E are distinct, then one of the points 
a, B, € is in the interior of the other two points. 

Since a Æ f, there exist two points y,6. such that aBydK. Then since 
aßEAK, and &-a,8, we have yató.K, yBESK, by theorem 8. Then, 
by axiom 16, we consider these cases: | | | 


BrEdK Brad, yató Krafó. (1) 
By theorem 22, £ is in the interior of aß. | | 
BrédKBy ad, ea Karno: (2) 
Then a is in the interior of £ B. | 
| BrééKyBaé, rato Kyafo. (3) 
Then @ is in the interior of £a. 
Br£dKyßad, yatO Kay Be. (4) 


Hence Qy £6Kya£0; that is, BöyEKaydE. Therefore, by theorem 22, 
E is in the interior of a8. That is, since aByd K, «Gy ó KEByó KaEy o. 
Since yaEdKaßyd and yaEdKßayd, we have aByd KBayd, which 
contradicts axiom 4. Thus case (4) is impossible. 

Theorem 28. If aByd Ka gy, then there is no point £ in the interior 
of 3 such that aß y E K. 

“Let a point £ be in the interior of 53, supposing that ò ô. Then since 
a By EK, aßyðK and EF, we have, by axiom 8, Y Bys K or aðyð K 
or aßğ åK. Let aðyð K. By theorem 25, there exists a ð” such that 
by 0" A K, and aßyöKPBayö”, and by theorem 22, y is in the interior of 86". 
Since aByd KBayd" and «8yóKaByó, aByó KBayd" and hence 
there is a point y in the interior of 00" such that a By» K, by theorem. 23. 
Now 85 0a K, for if 609 S & K, 60 0 y K, a9 y 6 K imply 090 9 A K,; also 
99" y A K,, and hence, by theorem 11, 60 y A K,, which contradicts à5' y aX, 

To prove the above theorem, we show then that if 000^ a, K, y is in the 
interior of 66”, n is in the interior of ð ô”, and E is in the interior of 64’, then 
aynë K. Suppose aynER; then since «0/08 Ka y 6 Ka dy, we have 
ay 0 ð! K, and hence ay 9/0" Kaynd" Kayd n; i. e, ay 0 » K. Also, since 
05 S’EK and y is in the interior of 80", we have ó'V y EK; and since 

53 l ; 


e 
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5" 9 y aK, n is in the interior of 00" and 90 y EK, we have yystE Thus 
ayn K, öynER, ayn&K; therefore, by theorem 6, ynEAK,. Hence, 
by theorem 27, since y,n,£ are distinct, £ is in the interior of ny, or y is in the 
interior of n, or 7 is in the interior of £y. Since 89'0"a K and the E, n, y 
are symmetrically involved with reference to 05/0" a, it will suffice to prove 
that £ is not in the interior of yy. Suppose the contrary. Since 80/0" a K 
and y is in the interior of 89", we have 35'0'a Ky y 0a K85 ya. Since 
Uy à" o, K and y is in the interior of 06 and £ is in the interior of y», by 
theorem 17, £ is in the interior of »0'0; therefore, y 6/0" a, KES Wa Ky ë d'a Kyd Ea. 
But since £ is in the interior of ôð' and öö'yaK, we have dV ya KES ya Kó£ya. 
Hence ð ya KES ya and yi 0a Ky £a. Therefore y 99a R09 ya. The 
remaining cases are proved in a similar manner. Therefore theorem 27 is 
contradicted. Hence a y£» K. 

Since a9 y 9 K, aßynK, ied then aBy& K. For if o. B y EK, 
since ayEnK and a8 yx K, then ay AK for any A, which contradicts 
aßyô K. Thus if £ is in the interior: of à and "per then 
aßyEK, which establishes our theorem. 

- . Theorem 29. If a 8 y E K, and EFEK, there exists an y Æ £ such that 
a B y x K, and Edn K. 

If aByd &,, then since dES òK, and ô Æg, 6 is the point required. If 
aBy 9 K,, then since 9£ 00 K, and FE, is the point — Let aBy dK i 
and «y K. Then we distinguish the following cases: 

Case I. a 8y 6 KBayd. | 

Then by theorem 23 there is a point y in the interior of 88 such that 
aßynK,. Since dy AK, and 8EY EK, we have 88 E K and 8E» K,. 
Also Æ n; for if £— 5, then $Ö'EAK,, which contradicts SV EE E. 

| Case Il, aByd Kay. 

Then there i is a à" such that ESS" AK, and aBESKBag ds", by theorem 25, 
if we suppose a BE E. The latter assumption is permissible, since a By à K, 
Ecko or.B; if Ea, then; by theorem 5, fa 8 y K or Ea BSK or EaydK. 
Since fa By K, Ea BSK or Eayd; we suppose, as indicated above, £a 85 K- ` 
Now a ò K; for if a 8£0 K, since a BEd K, and aßEyK,, we have, by 
theorem 7, «8 y 0 K. Also a 8E0 Ka GEO. For otherwise, a BFS K Bat 6, 
Hence, by theorem 23, there is a point »' in the interior of 58’ such that 
a DEZ K,; that is, since aB&yK,, by theorem 7, ay Ky. But since 
aByd Kay, there is no y’ in the interior of 64 such that a8 yx! K,, by 


f) 


i ~ 
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heorem 28. Hence, apes Ka btd. Since, jit 2 BESKBaE V, we have 

£0 K Bak 3%, Therefore, there is a point y in the interior of 6/6’ such that 

BENK Since: ßen Kk, and o, BEy K,, we have, oe e p 

Also KOEK, and BEA K,; hence §£ 0" SA; that ja, òE Sò" K,. Since 

YES K, and §'S' yA K,, we have, by theorem 9, £37 Kz. Ales tob 

for otheswise SEO AA, and En imply, B theorem 11, 99 £A A, 
"Ueontradiots ôE 0 E Ks. 


Be OTE toes de E is in the interior of af, a B y » K, 2j Enaa Ke, 


Eng B E, Eny yR, th the on hen eres: such that Enë AK, and Z issir the 
interior of ay ‘or By. — 


To prove this theorem it will suffice 
endßKnköy. We distinguish two cases. 
Case I ayn AK, e B yn AK. 


Then since a,y,» are distinet, by theorem 27, if N y is in tho 
interior of ay, or n js in the interior of oy, or @ is in the interior of x y. 
If 5.is in the interior of ay, then we take č =y. Let y be in the interior 


of an. Then since an BO and ančð K, by theorem 8, and y is in the 
interior of an, 


ME nag 


—. 
LO show. thet Ev day Edy or 


ap BOX yop Kag pi, (i) 
agg d E yn60Kapy£0, (2) 
and since a 856 K, o8 v 6€, and E is in the interior of aß, 
apn KERJ Katy ð, (3) 
s ußröKEßröKusre. . 7" (4) 


From (1) and (4), we have anßöKayEd; from (2), yn fd Kayt à; from (3) 
aßnöKEPßnS. Hence teposur eeu E e Taat is, yx £0 K Engs; 
$6, nE£óy KEnó. 

If œ is in the interior of » y, then since ny 8 9X and E is in the interior 
of a B, by theorem 17, £ is in the interior of y 8». Therefore, 


y Bn KEBno Ky kn Ky BES. 
Hence EByd Ky En Le, EnB nzóy. 
Case II. ay nn E, ‚and Bynn Kk. 


Then, by referring to the proof of theorem 14, it can erie be shown that 
either (1) » is in the inferior of a By or (2) aßyöKnaydKußnd or (3) 
aGys Ky Syd Kahrs or (4) aByd KBynydKanys. 


) 


, as satisfying the system °K,, suffi" 
dimensions if<one adda to the system “K, an axiom of continuity: For we may : 


Monthly, April, 1908. 
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| If 7 is in the. interior of a By, then aByd KnByiKany3KaBhrs 
Since .a8y6.K and aBydK and E. is in ‘the interior of aĝ, we liso 
aBydKEByS Kakysd and a8ydKEBud Kakys. Since EBy SE and 
Eyn 6K, we have EyönK; for if EyönK, then Eyn AK, which contradicts 
Enyy Ky: Therefore fy dy Ka£y3 or Ey on Kayes. Suppose nEyöKakys. 


Then we have a 9 y Ka; 8, x 8n6 Ka, aby SKakys, aEy 8 Kate — 
ote 


Hence æy ò Kn Ey that is, EydaKyeé ôy. Similarly if yë y 6 Ko 
The remaining sub-cases (2)-(4) are proved in an-analnge:: 477 777. 
The preceding descriptive theorems Bhoys-- “v Once uM RM ME 


eaäily identify theorems which we have proved with Hilbert's axioms of con: 


nection and order.* Thus our definition of a 8y ôK, corresponds tò Hilbert’s | 


I,.1; theorem 11 corresponds to I, 2; our definition of aß y 8 K, corresponds 
to I, 8; theorem 12 corresponds to I, 4; theorem 10 corresponds to 1,5; 
theorem 29 corresponds to I, 6; theorem 45’ corresponds to Il,1; theorems 
15 andi26 correspond to lI, 2; theorem 27 corresponds to Il, 3; theorem 30 
corresponds to II, 5. It is not necessary to prove a theorem corresponding to 
Hilbert/s IT, 4, since the latter axiom, as part of Hilbert’s system, has been 
proved redundant.T A direct proof of II, 4 on the basis of our. axioms can be 


very easily given. 





o Compare Hilbert’s «Foundations of Geometry,” translated by E. J. Townsend. 
+E.!H, Moore, Transactions American Math. Boc., 1902, pp. 142-158, 501; R. L. Moo-e, American Math. 
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